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Cauchy Riemann Equations in Polar Coordinates
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Theorem: Let the function f(z) = u(r,8) + iv(r, 0) be defined at some €
neighborhood of a nonzero point z, = ryexp(if,), and suppose that
a. The first- order partial derivatives of the functions u and v with

respectto r and 6 exist everywhere in the neighborhood.

b. Those partial derivatives are continuous at (r,, 8,) and satisfy the polar
form

TU, = Vg and Ug = =TV,
of the Cauchy-Riemann equations at (ry, 6)

Then f'(z,) exists and

f'(z0) = e ¥ (u, + ivy) at (ro,6)

Example: Use Cauchy-Riemann equations in polar form to find f'(z) where
f@=-

Solution:
1 1 _i6
f(Z):E:rew:_e , z#0



f(2) =%(cost9 — isinf)

u(r,0) = ;cos@ and v(r,0) = —;sin@
1 1
ur=—r—2c059 and vr=r—251n9
1 1
u9=—;sm9 and v9=—;c059
1
rur=r<—r—2c039>=—;c059=v9
ru, = Vyg
_ 1 6 = = (1 i 9)— in 0
ug = ——sinf = —rv, = —r{5sinf ) = ——sin
Ug = =T,

f'(z) exists when z + 0

f,(Z) = e %0 (ur + ivr)

. 1 1

=e‘19(——2c059+i—zsin9>
A r

1 ., o
=—r—2e 'W(cos@ —isinb)

1 . .
=__e—198—19

r2



1 1 1

r2p2i0 == (reif)2 = 22

1 .
f’(Z) — _r_ze—ZLQ — _

Example: Use Cauchy-Riemann equations to show that when « is a fixed

real number, the function

i6
f(2)=3re3 , (r>0,a<6<a+2m)

has a derivative everywhere in its domain of definition

Solution:
.~ 0 0 0
f(2) =res = \/?<COS§+ ising)
6 0
= Vrcos=+ iVrsin=
3 3
3 0 s~ . 0
u(r,0) = \/7cos§ and v(r,0) = \/Fsmg
11, 6 1=2 86 1 =2 6
ur=§r3 cos§=§r3cos§ and vr=§r3 sm§
1 0 1 6
u9=—§§/?sin§ and v9=§§/7cos§
1 =2 6 11 6
ru,=r (57‘ 3 COS§> = §T3COS§ = Vg
ru, = vy
1 0 1 -2 0 1 0
Ug = —g?{/Fsing = -1V, = —T (ngsing) = —§Wsin§

Ug = =T,



f'(z) exists when z + 0

f'@) =e @ +iv)

_ie(l%Z 9+1—T2_9)
= _ —_— J— n_
e 3r cos3 3r si 3
1 =2 . 6 6
= gr 3 g~ i0 (cos§+ isin§>
:l 1 e_ieei§
33
:1 1 e%zie
3R]
_1 1 1
Y 20 92
3 [¥r] [e%]
£1(2) 1 1 1 1
7Z) = — — _
3 [We%r 3[f(2)]?

Examples: Where f'(z) exists and find its value when:

1 f(2) =~
. f(z =
Solution:
12z Z X —1y
f(Z)_E'E'_IZIZ_x2+y2



= +
f(Z) xZ + y2 xZ + yZ
X -y
u(x,y) = — 7 and  v(x,y) =3 2
2 2
oy ext _ —2xy _ 5 5
e 7)? vy and Uy 2 1 y2)? -V, , x“+y“#0
f'(z) exists when z + 0
y? — x? 2xy

f'(z) =u, +iv, = G2+ yD)? + i G2+ y9)?

_ —[x? = 2ixy — y?]
- (x2 +y2)2

_ G-y @1
S @ty (@) A

2. f(z) =x%+iy?
Solution:
f(2) = x* +iy?

u(x,y) = x?2 and v(x,y) = y?



Uy =V, =>2X=2y >x=Yy and U, =-v, =0=0
So f'(z) exists only when x =y, and we find that
x4+ ix) = uy(x, x) + ive(x, x)

=2x+4+1i.0 = 2x

3. f(z) = zIm(z)
Solution:
f(z) = zIm(z)
f2) = x+iy).y
f@) =xy +iy?
u(x,y) = xy and  v(x,y) = y?
Uy =Yy Vy =0 and Uy =X , v, =2y
Uy =V, =y=2y=2y-y=0=y=0 and u,=-v,=>x=0
f'(z) existsonlywhen x =0 and y =0

Hence f'(z) exists only when z =0

f'(0) = u,(0,0) + iv,(0,0)

=0+4+i.0=0



H.W.

Use Cauchy-Riemann equations in polar coordinates to show that each of

these functions is differentiable in the indicated domain of definition, and

also to find f'(2):

1
a. f(z)=Z—4, z#0
i0
b. f(z) =+rez, r>0, a<bl<a+?2n
c. f(z)=e?cos(Inr)+ie fsin(lnr), r>0, 0<0<2nm



