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Lecture 9

Analytic Functions 4sidaill Jigal

Our basic tool is the concept of an € neighborhood
|1z —zp| < €
Of a given point z,. It consist of all points z lying inside but not on a circle

centered at z, and with a specified positive radius €
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Definition 1:
A functions f of the complex variable z is analytic at a point z, if it hasa
derivative at each point in some neighborhood of z,.
A functions f is analytic in an open set if it has a derivative everywhere in
in that set.
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Example:



1. f(z) = |z|? is not analytic at any point since its derivative exists only at
z=0.

2. f(z)=% , 2+ 0

f'(z) exists at every nonzero point. Therefore f(z) is analytic at each

nonzero point.

Definition 2:
An entire function is a function that is analytic at each point in the complex

plane.
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Since the derivative of a polynomial exists everywhere, it follows that every

polynomial is an entire function.

Definition 3:

If a function f fails to be analytic at a point z, but is analytic at some point

in every neighborhood of 2z, then 2z, is called a singular point, or

singularity of f.
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Example:



1. The point z = 0 is singular point of the function f(z) = z

V4

2. f(2) = |z|? has no singular points since it is nowhere analytic

z3 +4
(z2-3)(z%2 + 1)
f(z) is differentiable at every point in the z —plane except for the points

3. fl2) =

z=4iand z = +V3.

Therefor f(z) is analytic at every point in the z —plane except for the points
z=4iand z = +V3.

Singularity of fare z=+iand z = +V3

4, f(z) = coshxcosy+isinhxsiny

u(x,y) = coshx cosy and v(x,y) = sinhx siny
U, = sinhxcosy and v, = coshxsiny
u, = —coshxsiny and v, = sinhx cosy
u, =sinhxcosy = v, and “ Uy, = —coshxsiny = —v,

f'(z) exists everywhere
f (z) analytic everywhere

f(z) is entire function
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1. Use Cauchy-Riemann equations to show that each of these functions is
entire

a. f(z) =3x+y+i(3y —x)
b. f(z) =sinxcoshy +icosxsinhy
c. f(z)=eYsinx—ie ¥ cosx

d. f(2) = (2% —2)e *e™ = g(2)h(2)

2. Use Cauchy-Riemann equations to show that each of these functions is

nowhere analytic

a. f(z) =xy+iy
b. f(z) = 2xy +i(x? —y?)

c. f(z) =eYe™

3. In each case, determine the singular points of the function and state why

the function is analytic everywhere except at those points

2z+1
a. f(Z)=m
z3+i
b. f(Z)ZZZ—32+2
2
c f2) = z¢+1

(z+2)(z?+2z+2)






