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Lecture 11

Harmonic Conjugate 8 sill (38 al

Definition:

If two given functions u and v are harmonic functions in a domain D and

their first-order partial derivatives satisfy the Cauchy-Riemann equations

(uy =v, and u, = —v,) in D, then v is said to be a harmonic conjugate

of wu.

(harmonic 8 sl &8 ,all p Al Jliy 48 D Gllaiall 8 o) 6 Gaills g il
u 4all conjugate)

Theorem:
A function f(z) = u(x,y) + iv(x,y) is analytic function in a domain D if

and only if v is a harmonic conjugate of wu.

Proof:

Suppose that v is a harmonic conjugate of u in D.

Then u and v are harmonic functions in D and their first-order partial
derivatives satisfy Cauchy-Riemann equations.

Then f isanalyticin D.

Conversely,



if f is analytic in D, then u and v are harmonic functions in D and the
Cauchy-Riemann equations are satisfied.

So we have v is a harmonic conjugate of u in D.

Example: Suppose that
u(x,y) =x*-y*> and  v(x,y) = 2xy

1. Show u(x,y) and v(x, y) are harmonic functions.

Solution:

Vgx T Vyy =0+0=0

Then u(x,y) and v(x, y) are harmonic functions.

2. Show v is a harmonic conjugate of w.
Solution:
Uy =2X =71, and Uy = =2y = —Vy

By theorem (A function f(z) = u(x,y) + iv(x,y) is analytic function in a

domain D if and only if v isaharmonic conjugate of u.)

r



f(@) =ulx,y) +iv(xy)
= (x% — y2) + 2ixy
~ f(z) = z* is analytic function.

Then v is a harmonic conjugate of wu.

3. Show u cannot be a harmonic conjugate of v.

Solution:

Since the function 2xy + i(x? — y?) is not analytic function anywhere.

Then u cannot be a harmonic conjugate of v.

Example: Show that w(x,y) is harmonic function and find a harmonic

conjugate v(x,y) when u(x,y) = y3 — 3yx?

Solution:
Uy = —6XY , Uy =—6y and u, =3y*—=3x* , uy, =6y
Uyy + Uyy = -6y + 6y =0
u(x,y) is a harmonic function in xy —plane.
Now, find a harmonic conjugate v(x,y)
Then
Uy = Dy and Uy = —Vy

v, (x,y) = —6xy — yJaaall Jalss



j vy (x,y)dy = f —6xydy

= v(x,y) = —3xy* + B(x) < xddall Gl , @ (x) Akl Al
ve(x,y) = =3y% + @' (x)

Since u,(x,y) = —v(x,y)

v 3y2 —3x? = —(-3y? + 0'(x))

= 3y?2—-3x2=3y?-0¢'(x)

= —3x%=-0"(x)

= 0'(x) =3x? S

=>f®'(x)dx =f3x2dx
= 0x)=x3+c , € g oaal b

w v(x,y) = —3xy? + x3 + ¢ is a harmonic conjugate of u(x,y).
Sothat f(z) = u(x,y) + iv(x, y) is analytic function.
~ f(z2) = (y3 = 3yx?) +i(—3xy? + x3 + ¢) is analytic function.



