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 الحاديت عشرهحتوى الوحاضرة 

 

Lecture 11 

Harmonic Conjugate  المرافق التوافقي 

 

Definition: 

If two given functions     and     are harmonic functions in a domain D and 

their first-order partial derivatives satisfy the Cauchy-Riemann equations 

(                     ) in D, then    is said to be a harmonic conjugate 

of      

 harmonic)  بانمرافق انتوافقي   فانه يقال نهدانة   Dدانتين توافقيتين في انمنطهق      اذا كانت 

conjugate)  نهدانة   

 

Theorem:  

A function   ( )   (   )    (   )  is analytic function in a domain  D  if  

and only if     is a harmonic conjugate of     

 

Proof: 

Suppose that     is a harmonic conjugate of     in  D.  

Then     and    are harmonic functions in  D  and their first-order partial 

derivatives satisfy Cauchy-Riemann equations.  

Then     is analytic in  D. 

Conversely, 
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if     is analytic in  D, then    and    are harmonic functions in  D  and the 

Cauchy-Riemann equations are satisfied. 

So we have     is a harmonic conjugate of     in  D. 

 

 

Example: Suppose that 

 (   )                              (   )      

 

1. Show   (   )      (   ) are harmonic functions. 

Solution: 

                                                                     

                   

                                                                     

                   

Then   (   )      (   ) are harmonic functions. 

 

 

2. Show     is a harmonic conjugate of     

Solution: 

                                          

By theorem (A function   ( )   (   )    (   )  is analytic function in a 

domain  D  if  and only if     is a harmonic conjugate of    ) 
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 ( )   (   )    (   )   

            (     )       

   ( )      is analytic function. 

Then     is a harmonic conjugate of   . 

 

3.  Show     cannot be a harmonic conjugate of     

Solution: 

Since the function       (     )  is not analytic function anywhere. 

Then     cannot be a harmonic conjugate of     

 

Example: Show that   (   ) is harmonic function and find a harmonic 

conjugate   (   )  when   (   )          

Solution: 

                                                                        

                   

     (   ) is a harmonic function in     plane. 

Now, find a harmonic conjugate   (   ) 

Then  

                                   

      (   )                نكامم باننسبة نـ                 
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∫  (   )   ∫       

  (   )         ( )  دانة اختيارية ( )                     نشتق باننسبة نـ     

      (   )         ( ) 

Since     (   )     (   ) 

            (       ( )) 

                 ( ) 

           ( ) 

     ( )   نكامم         

 

 ∫  ( )   ∫      

    ( )  ثابت اختياري                                                          

   (   )              is a harmonic conjugate of   (   )  

So that   ( )   (   )    (   ) is analytic function. 

    ( )  (       )   (          )  is analytic function. 

 


