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Lecture 12

Exercises:
1. Show that wu(x,y) is harmonic function in some domain and find a
harmonic conjugate v(x,y) when:
a ulx,y) =2x(1-y)
b. u(x,y) = 2x — x3 + 3xy?
c. u(x,y) = sinhxsiny

Y
d. u(x, y) = (.’JCT}/Z)

Solution:
a. u(x,y) =2x(1—-y) =2x—2xy
Uy =2—=2Y , Uy =0 and u, = —2x
Uyy T Uy, =0+ 0=0
u(x,y) is a harmonic function.

Now, find a harmonic conjugate v(x,y)
Then

Uy = Dy and Uy = —Vy
Uy = 2— 2y =1y

v,(x,y) =22y — y dAaally JalSs



jvy(x,y)dy = f(Z — 2y)dy

= v(x,y) =2y —y2+0(x) « xdiall G
(6, ) =0—-0+0'(x) = v,(x,y) = 0" (x)

Since u,(x,y) = —v,(x,¥)
oo=2x = —(@’(x))

= 0'(x) =2x

=>f®'(x)dx =f2xdx

= 0(x)=x%+c
~v(x,y) =2y —y?+x% 4+ c=x%—vy%+ 2y + c is a harmonic conjugate

of u(x,y).

d. u(x,y) = 2x — x3 + 3xy?
Uy =2—=3x*+3y% , Uy =—6x and u, =6xy , Uy, =6x
Uy + Uyy = —6x + 6x =0
u(x,y) is a harmonic function.
Now, find a harmonic conjugate v(x,y)
Then

Uy = 1) and Uy = —Vy
Uy =2-3x*4+3y* =,

vy (x,y) = 2 — 3x% + 3y? — y Jaall s



| wyGeddy = [@= 35+ 3y9)dy
= v(x,y) =2y —3yx?+y3 + 0(x) « xdinal G
(x,y)=0—6xy+0+0'(x) = v,.(x,y) = —6xy + 0'(x)

Since uy(x,y) = =1, (x,y)

s bxy = —(—6xy + 0'(x)) = 6xy = 6xy — 0’ (x)

= @x)=6xy—6xy=0 =0'(x) =0 «

=>f®'(x)dx =f0dx

= 0(x)=c

. v(x,y) = 2y — 3yx? + y3 + ¢ is a harmonic conjugate of u(x,y).

c. u(x,y) = sinhxsiny

u, = coshxsiny , u,, =sinhxsiny
and
u, =sinhxcosy , uy, =-—sinhxsiny

Uyx + Uy, = sinhxsiny — sinhxsiny = 0
u(x,y) is a harmonic function.
Now, find a harmonic conjugate v(x,y)
Then
Uy = 1) and Uy = —Vy

u, = coshxsiny = v,



vy (x,y) = coshx siny — yJauwall Julss

jvy(x, y)dy = f(coshxsin y)dy

= v(x,y) = —coshxcosy + @(x)  « xdawall 355
v, (x,y) = —sinhx cosy + @' (x)

Since u,(x,y) = —v(x,y)

» sinhx cosy = —(—sinhx cosy + @' (x))

= @'(x) =sinhxcosy—sinhxcosy =0 = 0'(x) =0 «

=>f®'(x)dx =f0dx

= 0(x)=c
~ v(x,y) = —coshx cosy + c isaharmonic conjugate of u(x,y).
y
) = G

Show that  uyy + Uy, =0 (HW.)

Now, find a harmonic conjugate v(x,y)
Then

- 0—y(2x) _ —2Xxy
* T (24922 (x2 + y2)2

and




=(X2+y2)1_y(2y)_ Xz—yz

Uy (xz + yz)z — (xz n y2)2 = —U,
—2xy
u, = (xz n y2)2 = vy
—2xy L .
vy(x,J’) = G2t 22 — ydaall Jls

2 + 2\—1
= v(x,y) = —x. & _31} ) + @(x)
= v(x,y)=(x%yz)+®(x) — x dAwally s
(2 +yH).1-x(2x)
ve(X,y) = (52 572 + @' (x)
2 _ .2
= (X, y) = y2 xz ~+ 0" (x)
(x?% + y?)
Since uy, (x,y) = —v,(x,y)
: x* —y? _ y? — x? ,
) (x? + y?)? - ((xz + y2)2 + @' (x)
X2 _y2 xz _yz ,
= (x2 +y2)2  (x2 + y2)2 — @' (x)
2 _ 12 2 .2
= 0'(x) = X —y X —y 0 =) =0 e Jds

(x2 +y2)2  (x2 + y?)2

= [0'Gax = [ oax



= 0(x)=c

X
~v(x,y) = (xTyz) + ¢ is a harmonic conjugate of u(x, y).

2. Suppose that v and V are harmonic conjugates of u in adomain D.

Solution:
Uy = 1) and Uy = —Vy
u, =V, and u, = =V,

If w=v-—1V, then
Wy = vy — Ve = —uy, — (—uy)
Wy =—U,+u,=0 = w,=0

w,(x,y) =0 — x Jaallh Jdss

ij(x,y)dx = dex

= w(x,y) =c

~ v(x,y) —V(x,y) = ¢ are harmonic conjugates of u(x,y).
3. Suppose that u and v are harmonic conjugates of each other in a
domain D.

Solution:

Uy = 1) and Uy = —Vy



Uy = Uy, and Uy = —Uy

= 21, =0 = v,(x,y) =0 — yJdaall Jalss

jvy(x,y)dy =j0dy
= v(x,y) =c
and u, +u, = v, — v, =0

= 2uy, =0 = u,(x,y) =0 — yJauwall Jdss

juy(x,y)dy = dey

= u(x,y) = c,
v u(x,y) + v(x,y) = ¢; + ¢, are harmonic conjugates of each other in a

domain D.



