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Lecture 13

Elementary Functions 4=1g¥) Jigad)

The Exponential Function 4! allad)

e?=¢e*eVY , z=x+iy ..(1
where

e =cosy+isiny (Euler’s formula)
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e
2 T = e%17%2
3 1 _ . ng (2.)and th t that e® =1
-z =e using (2.)an e fact that e” =
d
4 P e? = e’

everywhere in the z —plane. Note that the differentiability of e? for all z
tells us that e? is entire. It is also true that e” #+ 0 for any complex number

Z.
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* |e?| = e* and arg(e?) =y + 2nm , n=0+1,+2,..
Since
eZtlmi — oz p2mi

= e?.(cos2m + i sin 2m)
=e%. (1)

— 22Tl — 52

We find that e? is periodic with a pure imaginary period of 2mi

L@J\)}JJ\A&&%BJJJ{%J}J@ e? aguy‘:\j\ﬂ\ U‘(_s'""j eZ+2Tl'i=eZ u\Lg\

2T

Example: e#+2nm = gim



Solution:

elm+2nmi — ,im o2nmi
= (cosm + i sinm)(cos 2nm + i sin 2nm)

=(-14+0)(1+0)

=(-D@) =-1=¢"
= elT¥2nml — ot =0,+1,42, ..

Example: Find z = x + iy suchthat e =141

Solution:

. T
eZ = e* eV =[2e'

T
= e* =12 and y=Z+2nn , n=0=+1+2,..

= In(e¥) = InV2

= ln(Z)% = %ln(Z)

1 T
=>x=§ln(2) and y=Z+2nn

1 1
=>z=x+iy=§ln(2)+(2n+z>ni , n=0=+1+2,..

¢



Example: Show that

1. exp(2+3mi) =—
Solution:

+3mi

exp(2 + 3mi) = e?. e*

= e?(cos(+3m) + i sin(4+3m))

= e?(cos(3m) +i.0)

=e?(-1) = —e?

2. exp(z-;m)=\/§(1+i)

Solution:

2+ mi 1 T
o (257) <o (3. 5

= \/E(cos%+ isin%)
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3. exp(z+ mi) = —exp(2)

Solution:

exp(z + i) = exp(z). exp(mi)
= exp(z)(cosm + isinm)

=exp(z)(—1+1i.0)

= —exp(2)

H.W.

1. State why the function f(z) = 2z2 — 3 —ze? + e~ % isentire.

2. Use the Cauchy-Riemann equations to show that function f(2) =

exp(Z) is not analytic anywhere.

3. Show in two ways that the function f(z) = exp(z?) is entire. What is its

derivative ?

4. Find all values of z such that

a. e?=-2



b. eZ=1++/3i

c. exp(z—1)=1



