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Lecture 14

Trigonometric Functions 4ditial J)gad)

From the Euler's formula, we have
e = cosx +isinx and e X = cosx —isinx

For every real number x.

Hence,
ix _lx _ . . . .
e’ —e =COSX+1lSInNX —COSX +1SInx
e —e™™ =jisinx +isinx = 2isinx
. eX — p~IX
= sinx = ——— . (1)
21
and

e +e Y =cosx+isinx+cosx —isinx

e —e™™ =jisinx +isinx = 2cosx
elx + e—lx
= COSX = -.(2)

It is therefore, natural to define the sin and cosine functions of a complex

variable z as follows:



. eiz _ e—iz g eiz + e—iz (3)
SInz = —— an COSZ = —m—m——m
21 2

These functions are entire since they are linear combinations of the entire

functions e? and e~%. The derivatives are

ieiz = je¥”? and ie_iz = —je ',
dz dz
From equations (3), we find
d d .
—sinz = cosz and —Ccosz = —sinz
dz dz
LA ) DAl Laled
1. sin(—z) = —sinz and cos(—z) = cosz

2. e =cosz+isinz

3. sin(z; + z,) = sinz, cosz, + cos z; sin z,

cos(z; + z,) = cos z, cos z, — sin z; sin z,

4. sin2z = 2sinz cos z and cos 2z = cos? z — sin? z



5. sin (Z + g) = C0SZ and

6. sin?z+cos?2z=1

7. sin(z + 2m) = sinz and

8. cos(z + 2m) = cosz and

When vy is any real number, then

. ey — e_y
sinhy = B a— and

and said to be hyperbolic functions.
9. sin(iy) = isinhy and

10. if z=x+ iy, then

elZ

_ e—iz ei(x+iy) _ e—i(x+iy)

sinz = - = -
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e eV —e X Y

21

1
21

. T
Sin (Z - E) = —CO0S Z

sin(z + m) = —sinz

cos(z+m) = —cosz
e¥ +e™”

coshy = B a—

cos(iy) = coshy

1
=—e Y(cosx +isinx) —?ey(cosx— [ sinx)
I



1 1
=—e Ycosx+—eVYsinx ——eYcosx +—eYsinx
21 2 21 2

— Qi (1 —y+1 Y>+ (1 -y 1 J’>
=Sinx 26 26 COoS X Zie Zie

e” +e‘3’> 1 (ey —e‘y)
> -COS X >

= sinx(
[

1
(—i?).sinz = (—i?).sinx coshy — (—=i?).—cos x sinh y
[
=  sinz =sinxcoshy +icosxsinhy
O O o Ay hall (el
11. cosz = cosxcoshy —isinxsinhy

The Properties (10) and (11) tells us that the real and imaginary components
of sin(z) and cos(z) can be displayed in terms of those hyperbolic

functions.
12. |sinz|? = sin? x + sinh?y

13. |cosz|? = cos? x + sinh? y



