Torsion
Consider a bar to be rigidly attached at one end and twisted at the other end by a
torque or twisting moment T equivalent to F x d, which is applied perpendicular to the

axis of the bar, as shown in the figure. Such a bar is said to be in torsion.

TORSIONAL SHEARING STRESS, 1

For a solid or hollow circular shaft subject to a twisting moment T, the torsional

shearing stress 1 at a distance p from the center of the shaft is
T Tr
1= 2 and Tmax = T

where ] is the polar moment of inertia of the section and r is the outer radius.

For solid cylindrical shaft:

= " e
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16T 0
Tmax _I[_3
For hollow cylindrical shaft:
7= i{D* —.:i'i} ~ T
32 -
167D

Tmax = ——F 3.
m(D*—47) ~ v



ANGLE OF TWIST

The angle 6 through which the bar length L will twist is
8= L in racdians
[

where T is the torque in N-mm, L is the length of shaft in mm, G is shear modulus in
MPa, J is the polar moment of inertia in mm*, D and d are diameter in mm, and r is the

radius in mm.

POWER TRANSMITTED BY THE SHAFT

A shaft rotating with a constant angular velocity o (in radians per second) is being acted

by a twisting moment T. The power transmitted by the shaft is

P=Two=2nIf

where T is the torque in N-m, f is the number of revolutions per second, and P is the

power in watts.

Solved Problems in Torsion

Problem 304
A steel shaft 3 ft long that has a diameter of 4 in. is subjected to a torque of 15 kip-ft.

Determine the maximum shearing stress and the angle of twist. Use G = 12 x 10° psi.

Solution 304
_ 16T _ 16{15)({1000)(12)
" ap? m(4%)
Tmae = 14 324 psi
T = 14.3 ksi

_ TL _ 15(3)(1000)(12%)
JG  En(4%)(12x10°)
8 = 0.0215 rad
6 =1.23°




Problem 305
What is the minimum diameter of a solid steel shaft that will not twist through more
than 3° in a 6-m length when subjected to a torque of 12 kN-m? What maximum

shearing stress is developed? Use G = 83 GPa.

Solution 305
TL
e = ____
JG
Jf m ) _ 12(6)(1000%)
.180°) L md*(83000)
d=113.98 mm
16T _ 16(12)(10007)
= -
R & m(113.98%)
Tomax = 41.27 MPa
Problem 306

A steel marine propeller shaft 14 in. in diameter and 18 ft long is used to transmit 5000

hp at 189 rpm. If G = 12 x 10° psi, determine the maximum shearing stress.

Solution 306
T= P _ 5000(396000)
2nf 2m(189)
T =1667 337.5 1bin
_ 16T _ 16(1667 337.5)
R & m(14%)
Tmax = 3094.6 psi
Problem 307

A solid steel shaft 5 m long is stressed at 80 MPa when twisted through 4°. Using G =
83 GPa, compute the shaft diameter. What power can be transmitted by the shaft at 20

Hz?



Solution 307

o- IL
G
pof T ) 2 T(5)(1000)
.180°)  Lnd*(83000)
T = 0.11384*
16T
Tmax = _Ird3
16(0.11384*
80 = 16(0.113847) = )
wd
d =138 mm
_ P
2nf
P
0.11384* =
271(20)

P =1434*=14.3(138%)

P =5186 237 285 N-mm/ sec
P=518623728W

P =519 MW

Problem 308
A 2-in-diameter steel shaft rotates at 240 rpm. If the shearing stress is limited to 12

ksi, determine the maximum horsepower that can be transmitted.

Solution 308

_ 16T
Tomae nd?
12(1000) = 21

m27)

T =18 849,56 lb-in
T= —P_

2nf

2m(240)

P=7L78 hp



Problem 309
A steel propeller shaft is to transmit 4.5 MW at 3 Hz without exceeding a shearing stress
of 50 MPa or twisting through more than 1° in a length of 26 diameters. Compute the

proper diameter if G = 83 GPa.

Solution 309

P _ 4.5(1000000)
2nf 2m(3)
T=23573241 N-m

T=

Based on maximum allowable shearing stress:

_ 16T
BT E
16(238732.41)(1000)
50 = -
md
d =289.71 mm

Based on maximum allowable angle of twist:

_TL
e

pof T } _ 238732.41(264)(1000)
1180° ) -+ 7d*(83000)

d = 352.08 mm

Use the bigger diameter, d = 352 mm



Problem 310
Show that the hollow circular shaft whose inner diameter is half the outer diameter has

a torsional strength equal to 15/16 of that of a solid shaft of the same outside diameter.

Solution 310

Hollow circular shaft:
16TD
o(D* —d*)

16TD
16TD
16°T
157D°

Tmax-hollow —

Solid circular shaft:
16T

nD?
5 15[ 16°T |
16| 157D |

= ﬁ ¥ Tmax-hollow Dk'l

- Tmarx-solid —

e

Problem 311

An aluminum shaft with a constant diameter of 50 mm is loaded by torques applied to
gears attached to it as shown in Fig. P-311. Using G = 28 GPa, determine the relative

angle of twist of gear D relative to gear A.

600 N-m

Figure P-311




Solution 311

BO0 N-m 1100 M-m 900 N-m B00 N-m
] = —] e
] 2m C 3m B 2m A
[TTTTTTTITTIT :
800 N-m
L] 500 Hem
[T T
=300 N-m
e = E
JG
Fotation of D relative to A:
1
Bp/a= ;T;ZTL
1
Bpsa= S00(2) - 300(3) + 600(2] (1002
D/A gsntaﬂ*]{zaﬂﬂnj[ (2) (3) (2)] (100%)
8ps4 = 0.1106 rad
eD,.-’.—l = (34"

Problem 312

A flexible shaft consists of a 0.20-in-diameter steel wire encased in a stationary tube
that fits closely enough to impose a frictional torque of 0.50 Ib-in/in. Determine the
maximum length of the shaft if the shearing stress is not to exceed 20 ksi. What will be

the angular deformation of one end relative to the other end? G = 12 x 10° psi.

Solution 312
16T
Toax = ——5
md
16T
— Et'E‘_EI Wire zﬂ(lnm} - I{Dzﬂja
To2- T =10n Ib-in
L8 T _ 10mIb-in

I= =
Staticnary Tube 0.501b-in/in 0.501b-in/in
L=20min=6283in

TL
JG
Ite=d8, T=05LandL =dL

1 a20n
J' as =—[  (osL)dL

JG o
3 20
a=-l{05L:] =-14025unﬂ2—ﬂ2ﬂ0f]
Gl 2 |, G
_ 100n°
+7(0.20%)(12x10°)

& = 0.5234 rad = 30°



Problem 313
Determine the maximum torque that can be applied to a hollow circular steel shaft of
100-mm outside diameter and an 80-mm inside diameter without exceeding a shearing

stress of 60 MPa or a twist of 0.5 deg/m. Use G = 83 GPa.

Solution 313
Based on maximum allowable shearing stress:
. __ 161D
T oapE-dh
60 = 16"1"4—'F1II]{!I]4
m(100* —80%)
T =6 955 486.14 N-mm
T=6955.5N-m
Based on maximum allowable angle of twist:
8= E
JG
o T T(1000)
.180°) 4 m(100% —80%)(83000)
T=4198 252,97 N-mm
T=419828 N-m
Use the smaller torque, T =4 198.28 N-m
Problem 314

The steel shaft shown in Fig. P-314 rotates at 4 Hz with 35 kW taken off at A, 20 kW
removed at B, and 55 kW applied at C. Using G = 83 GPa, find the maximum shearing

stress and the angle of rotation of gear A relative to gear C.

A B C
55 mm ﬂ 65 mm ﬂ

u
— in—1

Figure P-314




Solution 314

ro P
2mf
—35(1000) i
= —— =-1392.6 N-m
27m(4)
=20(1000
Tz = # =-795.5N-m
27(4)
551000
IT-= ¥ =2185.4 MN-m
27(4)
Relative to C:
1392.6 N-m 795.8 N-m 2188.4 N-m
[ | | =
A 4m ] Zm C
1392.6 Nm
2188.4 N-m
16T
fanae = md?
16(1392.6)( 1000
ap = 2OI3920)000) _ 5 5 \ppq
m(B57)
14(2188.4)(1000
Tpc = ( ]3{ ) = 40,58 MPa
m(Bs7)

Toae = Tap = 42,63 MPa

o IL
JG
1 TL

Bafm= —% —
Af c ]

1 | 1392.6(4) 2188.4(2)

Ba/c= + 1000°
. 83GDU|:3—127r[554] %T[I:GE'I:IJE )

Bas,c=0.104 796 585 rad
E‘_;l__.fc = 60047

Problem 315

A 5-m steel shaft rotating at 2 Hz has 70 kW applied at a gear that is 2 m from the left
end where 20 kW are removed. At the right end, 30 kW are removed and another 20
kW leaves the shaft at 1.5 m from the right end. (a) Find the uniform shaft diameter so
that the shearing stress will not exceed 60 MPa. (b) If a uniform shaft diameter of 100

mm is specified, determine the angle by which one end of the shaft lags behind the

other end. Use G = 83 GPa.



Solution 315

__F
2nf
=20{1000
T-= # = -1591.55 IN-m
27(2)

70(1000
I = g =5570.42 N-m
27(2)

_ 2200000) _ 38737 Nem
2n(2)

Ta=

—20 kW +70 kW —20 kw —30 kw
A B C b

2m 1.5m 1.5m
1 1
' 3978.87 N-m |

| 2387.32 Nom |

—1591.35 N-m

Part (a)
_ 16T
nd?

Tll'li.\"

16(1591.55)(1000)
nd®
d =513 mm
_ 16(3978.87)(1000)
>
d = 69,6 mm
_ 16(2387.32)(1000)
= —

For AEB: 00 =

For BEC: &0

For CD: &0
d =587 mm

Use d = 69.6 mm

Part (b)
g= IL
JG

1
B4 = I_GZ TL

1
B4 = ~1591.55(2
oA <+ 7(100%)(83000) [ @
+3978.87(1.5) + 2387.32(1.5)] (10002)
8p,;4 = 0.007 813 rad

Bp,a = 0.448°




