Shear & Moment in Beams

DEFINITION OF A BEAM

A beam is a bar subject to forces or couples that lie in a plane containing the
longitudinal of the bar. According to determinacy, a beam may be determinate or

indeterminate.

STATICALLY DETERMINATE BEAMS

Statically determinate beams are those beams in which the reactions of the supports
may be determined by the use of the equations of static equilibrium. The beams shown

below are examples of statically determinate beams.
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STATICALLY INDETERMINATE BEAMS

If the number of reactions exerted upon a beam exceeds the number of equations in
static equilibrium, the beam is said to be statically indeterminate. In order to solve the
reactions of the beam, the static equations must be supplemented by equations based

upon the elastic deformations of the beam.

The degree of indeterminacy is taken as the difference between the umber of reactions
to the number of equations in static equilibrium that can be applied. In the case of the
propped beam shown, there are three reactions R;, R,, and M and only two equations
(=M = 0 and sum;F, = 0) can be applied, thus the beam is indeterminate to the first

degree (3 -2 =1).



1P‘ w (Nfm)

Propped Beam M
Rl RZ

Fixed or Restrained Beam

Py = P.
wiy (N/m) w3 (Nfm) l — l
S & <&

Continuous Beam
TYPES OF LOADING

Loads applied to the beam may consist of a concentrated load (load applied at a point),

uniform load, uniformly varying load, or an applied couple or moment. These loads are

shown in the following figures.
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Shear and Moment Diagrams

Consider a simple beam shown of length L that = x = wym)
carries a uniform load of w (N/m) throughout its ppde bbby debolikial l ;
length and is held in equilibrium by reactions R, —td C L
and R,. Assume that the beam is cut at point C a R, Rs
distance of x from he left support and the portion of "* =t

w (N/m)

the beam to the right of C be removed. The portion

removed must then be replaced by vertical

shearing force V together with a couple M to hold

the left portion of the bar in equilibrium under the
action of R; and wx. The couple M is called the resisting moment or moment and the
force V is called the resisting shear or shear. The sign of V and M are taken to be

positive if they have the senses indicated above.

Solved Problems in Shear and Moment Diagrams

INSTRUCTION

Write shear and moment equations for the beams in the following problems. In each
problem, let x be the distance measured from left end of the beam. Also, draw shear
and moment diagrams, specifying values at all change of loading positions and at points

of zero shear. Neglect the mass of the beam in each problem.

Problem 403

Beam loaded as shown in Fig. P-403.
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Solution 403

From the load diagram:
TMe=0
5Rp + 1(30) = 3(50)

;
1

Ra = 56 kN

Load
Diagram

Shear
Diagram

Moment
Diagram

A

Rp=24 kN
ZMp=0
BRg = 2(50) + 6(30)
Rp=56kN
30 kN
Segment AE:
I ¥
Vag=-30 kN A‘:
Map = -30x kN-m e—>|
Segment BC: 30kN
Vec=-30+ 56 | i
=26 kN A
Mpc=-30x + 56(x - 1)
= 26x — b6 kIN-m
1m
i = 56 kN
* Segment CD: s
5”“”": Vep = -30 + 56 — 50
7 = _24 kN
% ) Mcp = -30x + 56(x — 1) - 50(x — 4)
m im = -30x + bbx - H6 - 50x + 200
=24y + 144
A0kN SUEN To draw the Shear Diagram:
c D (1) In segment AB, the shear is
| %L uniformly distributed over the
segment at a magnitude of —30
kM.
| “ (2) In segment BC, the shear is
“1tm | 3m il T m i | uniformly  distributed at a
H Fo =56 kM E = 24 kM magnitude of 26 kN,
i g : : Re ! (3) In segment CD, the shear is
H ! 26 kN ) ] uniformly  distributed at a
i ! i magnitude of —24 kM.
i To draw the Moment Diagram:
. ' 24 kN | (1) The eguation Mg = —30x is
130 kN ! d linear, at x = 0, My = 0 and at
: i i : x = 1m, My =—30 kN-m.
: ! 56 kN-m : (2) Mac = 26x — 56 is also linear.
i ' : At x = 1 m, Mg =—-30 kN-m; at
: 11154 m : % = 4 m, Mg = 48 kN-m. When
. o ! : Mac = 0, x = 2.154 m, thus the
. ' : moment is zero at 1.154 m
from B.
(3) Mep = —24x + 144 is again
—30 kN-m linear. At x =4 m, Mep = 48

kN-m; atx=6m, Mg =0.



Problem 404

Beam loaded as shown in Fig. P-404.
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Solution 404

2Ma=0
12Rp + 4800 = 3(2000)
Rp=1001b

Segment AB:

V.‘I.E =19001b
Mas =1900x Ibft g, =
Segment BC:

Vec = 1900 - 2000

-100 1b
Mpae=1900x - 2000(x - 3)

=1900x - 2000x + 6000

Y- |
Ro
TMp=0
12R .4 = 9(2000) + 4800
R.=19001b

=

1200 b

2000 b
B

<—3r—t41
Al

R, =12001b
= _100x + 6000 =
2000 Ib Segment CD:
e— 3ft de— Bt — Vo = 1900 - 2000
Al — i - _1001b
1 M = 4800 IbftN—’ | Mcp = 1900x — 2000(x — 3) - 4800
e
R, = 1900 Ib A =1900x — 2000x + 6000 - 4800
= -100x + 1200
2000 It:ulv M = 4800 |b-ft
A i C.‘n‘ D To draw the Shear Diagram:
and (1) At segment AB, the shear is
3ft >|¢ 6 ft \T(I 3 fi 4 Diagram uniformly distributed at 1900 Ib.
R, = 1900 |k . . B =100 Ib (2) A shear of —100 |b is uniformly
j: ] . . distributed over segments BC
V1200 p ! i : and CD.
. : To draw the Moment Diagram:
: ' Shear (1) My = 1900x is linear; at x = 0,
' i Diagram Mag = 0; at x = 3 fi, Mg = 5700
E Ib-ft,
: i 100 b | : (2) For segment BC, Mac = —100x +
' : : ! 6000 is linear; at x = 3 ft, Mge =
E : : E 5700 Ibft; at x = 9 ft, Msc =
! 5700 Ib-ft i ! 5100 lb-ft.
| ' P (3) Mg = —100x + 1200 is again
a0 Moment lingar; at x = 9 ft, M = 300
Diagram Ib-ft; atx = 12 ft, Mg = 0.




Problem 405

Beam loaded as shown in Fig. P-405.
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Solution 405
*Ma=0 c=0
10R- = 2(80) + 5[10(10)] IDRA = 8(80) + 5[10(10)]
R-=66 kIN Ra=114 kN

10 kN/m

A m Segment AE:

Ra= 114 kN
=114x - 5x2 kN-m
Segment BC:
V=114 - 80 - 10x
=34 - 10x kN
Mp-=114x - 80(x - 2)
=160 + 34x - 522
a0 kN
10 kN/m
RITRRRRRRRNRRNR RN
“, Diagram
t(- 2m —)|<—
=114 kN Re = 66 kN
1114 kN
'a4 kN E
14 kN E
i k—m: Shear
E : 14m . Diagram
' ! 1217.8 km —BEN
208 kN.m '
i i Moment
i : Diagram

L " Vap=114 - 10x kN

Map = 114x - 10x(x/2)

{
~ 10x(x/2) IT‘

30 kN

|‘—"iB1ﬂkwm
RITRIRRRR

b4 -l'|
Ry =114 kN

To draw the Shear Diagram:

(1) For segment AB, Ve = 114 — 10x
is linear; at x = 0, Vas = 14 kN; at
x=2m, Vg =94 kN.

{2) Ve = 34 — 10x for segment BC is
linear; at x = 2 m, Vge = 14 kN; at
x = 10 m, Vez = —66 kN. When Vac
=0, x =34 mthus Vg = 0 at 1.4
m from B.

To draw the Moment Diagram:

{1) Mgy = 114x — 5« is a second
degree curve for segment AB; at x
=0, Myg=0;atx=2m, Mg =
208 kN-m.

{2) The moment diagram is also a
second degree curve for segment
BC given by Mg = 160 + 34x —
Sx'; atx = 2 m, Mg = 208 kN-m;
at x = 10 m, Mg = 0.

{3) Mote that the mawximum moment
occurs at point of zero shear.
Thus, at x = 3.4 m, Mgz = 217.8
kM-m.



Problem 406

Beam loaded as shown in Fig. P-406.
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Solution 406
2Ma=0
12R- = 4(900) + 18(400) + 9[(60)(18)]
=17101b

TMc=10
12Ra + 6(400) = 8(900) + 3[60(18)]
Ra=6701b

Segment AB: 60 Ibjft
Vaiz=670 - 60x 1b
Maz = 670x - 60x(x/2)
= 670x - 3022 Ib-ft *
900 Ib Ra = 670 |b
— 4 ft —
I‘ i 60 Ib/ft Segment BC:
llllllf Ve =670 - 900 - 60x
i =230 - 60x Ib
e« — ) Mg = 670x — 900(x — 4) — 60x(x/2)
Ry =670 b = 3600 - 230x - 30x7 Ib-ft

e % 5 Segment CD:
900 Ib Vip = 670 + 1710 - 900 — 60x
Y 60 lbjft = 1480 - 60x 1b
ctelld Hilllll | Mep=670x +1710(x - 12)

; —900(x - 4) - 60x(x/2)

B
sl 8t —] = _16920 + 1480x — 3022 [b-ft
Ry =6701b R.=17101b




900 Ib 400 Ib
Jl 60 Ibfft l
R R IR E R SR ERETT
I | Diagram
] Ca [¥]
4 e B ——ale— &
Ry=6701b Re= 1710 Ib |
5;51]. Ib i ?Ei':; b ;
430 Ib \“WD Ib
!\I Shear
Diagram
—470 |I|J
22 DEE Ib-ft -250 Ib

To draw the Shear Diagram:

(1) V. = 670 — 60x for segment AB is
linear; at x = 0, Vas= 670 Ib; at x
=4 ft, Vs = 430 |b.

(2) For segment BC, Vac = —230 — 60x
is also linear; at x= 4 ft, Ve =
470 Ib, at x = 12 ft, Vec = —950 Ib.

(3) Ve = 1480 — 60w for segment CD
is again lingar; at x = 12, Ve =
760 Ib; at x = 18 ft, Ve = 400 Ib.

To draw the Moment Diagram:

(1) Mag = 570x — 30x* for segment AB
is a second degres curve; at x =
0, Mys = 0; at x = 4 ft, My = 2200
Ib-ft.

(2) For BC, Mg = 3600 — 230x — 30x%,
iz a second degree curve; at x = 4
ft, Mg = 2200 Ibft, at x = 12 ft,
Mge = —3480 |b.ft; When Mg = 0,
3600 — 230x — 30x° =0, x = —
15.439 ft and 7.772 ft. Take x =
7.772 ft, thus, the moment is zero

1
:
i
i
1
: :i‘;"‘;':; at 3.772 ft from B.
; 9 (3) For segment CD, Mco = —16920 +
i 1480x — 30x" is a second degree
: curve; at x = 12 ft, M = —3480
i Ibft; at x = 18 ft, Mz = 0.
i
1
—34a0 Ib-ft
Problem 407
Beam loaded as shown in Fig. P-407.
Figure P-407 30 kNfm

Solution 407

ZMa=0
6Rp = 4[2(30)]
Rp =40 kN

Segment AB:
VAB =20 kN
Map = 20x kN-m

*Mo=0
6Ra = 2[2(30)]
Ra=20kN

Ra = 20 kN



30 kN/m Segment EC:
Vec =20 - 30(x - 3)

L =110 - 30x

kN

y A 4,| Mec = 20x - 30(x - 3)(x - 3)/2

Ra= 20 kN =20x - 15(x - 3)2
ik kN"r i Segment CD:
A Vep = 20 - 30(2)
¥ = 40 kN
Y o kN —’|‘_ = _’I Mcp = 20x - 30(2)(x - 4)
s 1 = 20x - 60(x - 4)

30 kN/m

‘[llll‘flll DI Load

ry B C Diagram
e——— 3 m —>|<— 2m —>|le>1

Shear

\7 Diagram
B m

i

i

i

| k
40 kM.
m Moment
Diagram

Problem 408

Beam loaded as shown in Fig. P-408.

Solution 408

50 kN/m

Figure P-408

2Ma=0
6Rp = 1[2(50)] + 5[2(20)]
Rp =50 kN

To draw the Shear Diagram:

(1) For ssgment AB, the shear is
uniformly distributed at 20 kN.

(2) Vg = 110 — 30x for segment BC;
atx=3m Vege =20kN; atx =15
m, Vae = 40 kN, ForVee=10,%x =
3.67 m or 0.67 m from B.

(3) The shear for segment CD is
uniformly distributed at —40 kN,

To draw the Moment Diagram:

(1) For AB, My = 200 at x = 0, Mg =
0; atx = 3 m, Myz = 60 kN-m.

(2) Mee = 20x — 15(x — 3 for
segment BC iz second degres
curve; at x = 3 m, Mac = 60 kN-m;
atx =5 m, Mec = 40 kN-m. MNote
that maximum moment occurred
at zero shear; at x = 3.67 m, Mgc
= 66,67 kN-m.

(3) Mg = 20x — 60(x — 4) for s=sgment
BC is linear; at x = 5 m, Mg = 40
kN-m;atx=6m, Mg =0,

20 kNfm

TMp=0
6R4 = 5[2(50)] + 1[2(20)]
Rs=90kN



Segment AB: 50 kN/m
Vag =90 - 50x kN
Map=90x - 50x(x/2) aprrevy
50 kM/m = 90x - 25x? ? ; _,|
prEdyivy. _ Rp =90 kN
- Segment BC:
T4_ 2Zm Veo=90 - 59{2]
Ra =00 kN =-10kN
le— x — |  Mzc=90x - 2(50)(x - 1)
= _10x + 100 kN-m
Segment CD:
Sl 20 kidfm Vep = 90 — 2(50) - 20(x - 4)
Altr\vr ¥ ¥ Y ‘[Il‘l’lr =_20x + 70 kN
§ B C M =90x - 2(530)(x - 1)
R:gjk:l _’{‘_ 240 _’| ~20(x - 4)(x - 4)/2
¢ > =00x - 100(x - 1) - 10(x - 4)2

-10x2 + 70x — 60 kMN-m

i Shear
Diagram

Moment
Diagram

To draw the Shear Diagram:

(1) Vg = 90 — 50x is linear; at x = 0, Ve
= 90 kN; at x = 2 m, Vg = —10 kN.
When Ve =0,x=18m.

{2) Vg =—10 kN along segment BC.

(3) Vo = —20x + 70 is linear; at x = 4
m, Vep = —10kN; atx=6m, Voo = —
50 kN.

To draw the Moment Diagram:

(1) My = 90x — 25 is second degree;
gtx=0,Mee=0;atx=1.8m, Mg
=81 kNm; at x = 2 m, My = 80
kN-m.

(2) Mec = —10x 4 100 is linear; at x = 2
m, Mge = B0 kN-m; atx =4 m, Ma: =
60 kN-m.

(3) Mg =—-100* + 70x — 60; at x = 4 m,

Mes = 60 kN-m; at x = 6 m, My = 0.



Problem 409

Cantilever beam loaded as shown in Fig. P-409.
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Solution 409
Segment AB:
Vap = —wax We
Map = —wax(x/2)

Wi Segment BC:

Av¥¥wwwyyyb Vac= _wﬂ{er}z}
| .|: = Yol
|

Mac = -wo(L/2)(x - L/4)
= -+ wolx + £ w.l2

W

W
- Y To draw the Shear Diagram:
v I EEELR Load (1) Vag = —wex for segment AB is linear; at x = 0, Vae

B C Diagram =0; atx = LJ2, Vﬁ.E:_%wﬂL'
2 | /2 _}—-’J (2) At BC, the shear is uniformly distributed by —

; =£ Wl

' I

: I 2

\; Shear

i i Enagram To draw the Moment Diagram:
! i

: ;

1 |

! i

(1) Mae = —% wax" is @ second degree curve; at x

0, Myg = 0; atx = Lf2, My = —% w,L2.

Moment (2) Mg

R i 2; .
Ihagrai = Wolx + 2 wlfisa sacond degres; at

a

: ¥ = L2, Mge = —5wl% at x = L, Mgz = —

& w,L*
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