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— Degree/Radians Conversion Factors.
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1.6 Inverse Trigonometric Functions

— Inverse of Sine and Cosine Functions.
— Inverse of Tangent and Cotangent Functions.
— Inverse of Secant and Cosecant Functions.

2



Functions 1 Jlgll

1.1 Sets of Numbers and Inequalities
iletbsuieh | § 2 &) it Qe

SETS OF NUMBERS  slasdl ibsgaene

i} 3106 €] 459026 - natural numbers set
et 1. 2.3, )

i) 31064} 459424 - Whole numbers set
Wak 0. 12,30}
aasavall Alasdl asgeae - integers numbers set

2ot .8 2 1000, 8, )

NcW 2z

il | 31064) 459024 - rational numbers set
P
Q={; I P,q€ Z, q=0}

2 5 9 -6
B IR T
5
5¢ Q ? - =% )
1
i
=0.333333... = 0.3

=0.285714285714285714285714 ...



@
o8 3x 3=9 ,V/9=23? F

|
N O G W

AEERER

I
20

S

V81 =9
il g 31 54) a89a2e - irrational numbers set
0 il L 3y 3t - |

V2 =1.414212356237... V6 = Y,£545AQVSYVAT ) VAOOO

V2 ,V3 ,V5 ,v6 ,V7
I1 = 3.14159...
V=2 i g O Gkt (i

i) 3136¢) 459020 - real numbers set
R=Qul
NcEWcZcQcR




Intervals - «il yuid

open interval & geiid! & suidl

1. The open interval (a,b) = {z | a < z < b}

3<x<T7

iy
S|
[=2]
3]
=
w
N
O
o

(. ZIN\
(3.7) |
Closed interval addad) & saidl

2. The closed interval [a,b] = {z | a < z < b}

l€x=x35
a b
-7 -6 -5 -4 -3 -2 -1 0 ’ 2 3 4 % 6 7 8 9 10>

[1,5]

3<x=<38§

a b
- -7 -6 -5 -4 -3 -2 -1 0 1 2 g 4 ) 6 7 9 10

[3.8]

half-open interval & gehis 550l ahed

3. The half-open interval (a,b] = {z [a < 2 < b} or [a,b) ={z | a < = < b}

0<x<6
{

[0,6) .



(3.6]

infinite-open interval  debdedd & geiiks & i

3y

4. The infinite-open interval (a,00) = {z | # > a} or (—o0,b) = {z | z < b}

X <3 +

<X
A
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 ? 4 5 6 7-=8 9 10 11
(3, )

infinite-closed interval dsbiad didis & s

5. The infinite-closed interval [a,00) = {z | ¢ > a} or (—o0,b] = {z | z < b}

S5& X

A
- =y 8 =F % 6 4 -5 -2 1 0 1 2 3 4 Y 6 7 8 9 -

i 10 1
[5, «)

EXAMPLE: Solve the following inequalitie i} ciliatbaid) J$o
2< X <5 solution: (2,5) i T @ 1
7>2x>4 solution:  (4,7] T SR

x < -3 solution: (-0,-3) T IV =% = < 38 =
x > -1  solution: [-1, ) T X iy
X< -3 or X3=-1 solution: (-0,-3) u[-1,®)




Properties of Inequalities sailobutbutoid, | s bscade

If a,b,c In R, then
1. Ifa<bthena+ec<b+ecanda—c<b-—ec

2<5 , 2+4<5+4 , 6<9
2<5 , 2-4<5-4 , -2<1
Solve the following inequalities  aJUJl wlyloodl J>
X+2< 5
X< 5-2
X< 3
solution: (-2, 3) Hﬁ% : % —-

2. If a<b and b < ¢ thena <c¢
3<7 and 7< 9 then3<9

3. Ifa<bd andthen ac < be and2<é
c ¢
F £ 4§ sl T3 R

6<9 §<§ 0 2<3

4.Ifa<band c<0thenac> bcand%> g

4<8 , 4(-2)(>)8(-2), -8>-16

dad. oY =B
-2 -2

7



LINEAR INEQUALITIES

EXAMPLE 1.1.7: Solve the following mnequalities: dsdbidl cilisbeid! $a
6—22>3z—4

6 +4>3x+2X
10 > 5x

2eX

Solution: (-, 2]

e G} :4[§. t >
-2 -1 0 172 3 4

EXAMPLE 1.1.1: Solve the following inequalities: juflill cibistuid! Ja
4z—3)>—2z—16

4x - 12 > -2x -16
4x + 2x > 12 -16
6x > -4




EXAMPLE 1.1.1: Solve the following inequalities: guflidl cilidbuibl Jo

-3 <(b)-22 <7

-3-5<-2x<7-5
-8 < -2x <2

.__8>Xzi

4> x = -1
Solution: [ -1,4)

I
-3 -2 -1 0 1 2 3

l
T

5 6

=0

RELATED PROBLEM 1 kel i L i

Solve the following inequalities: dudbied} ilduibaid} (32
a 4-z<3z+2 b. 32z —1)> 4z —11
c. 1<b6+2xz<4

Answers
1 - 1
a. (5,00) b. (—4,) e [_27_5)

ABSOLUTE VALUES addlal) cusaidl}

| 5]=5
=51 =—(-5)

| a if a >0
o] = g ifa<0



EXAMPLE 1.1.2: Rewrite each expression without absolute value:
&illho doud U Huei JS alS acl

V2—1]=W2-VI|=+V2-1

3-I|=-G3-MI)=I -3
3z—1, if3z-1>0 37 — 1 ifz>1
‘31‘—1’: -— ?
1—3z, if3z-1<0 1-8z, Ha<g
2
@ s

V2>1 2 V2 >+/1 T
\/§>3 ? \/§>\/§ F

EXAMPLE 1.1.2: Rewrite each expression without absolute value:

dallae doud Ug s JS &lS acl

V2 -1 =|V2-VI|= Vv2-1

3—-1I|= —-3-II)=II1 —3
3z — 1, if 3z—-1>0 3z —1 ifav>l
1= o
T - — 9 1
1—-8z, if3z-1<0 1-8m Ha<g
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Properties of Absolute Value addlal] aoeid] paibad

For all real numbers a and b

1. |a|>0.

2. |ab| =|alp]

3. |2 =H b=0
b |b’

4. |a+b|§|a|+|b| (Triangle Inequality) wekidh! dvisthssict
5. Va2 =|a| , (=3)2= |-3|=3

For all real numbers a and b
6. If a > 0, then |a>|<a ifandonlyif -a <z <a.
EXAMPLE | x| < 3 "

3
Solution : [-3,3] ¢ v 7 7 ¥

7. If a > 0, then la:|>aifand onlyif z >a or z < —a

EXAMPLE | x| 23 x23 or xs<-3
Solution : [3,0)u (w©,-3]

T T Y v T YT
8. |f(w)‘<‘g(x) if and only if f%(z) < ¢°(x).

EXAMPLE 1.1.3: Solve the following mequalities:

| 3x-2| <6
-6< 3x-2<6
-4< 3x <8

—4—< X <8
3 3

Solution : (‘_4,2)
3 73
4 8
3 3
: i .
3 =8 =1 0 1 2 g:'. 4

11



EXAMPLE 1.1.3: Solve the following mequalities:

| 2-5x| 26
2-5x26 or -6 2 2 -5x
-5x 24 or -8 2 -5x
8
-4 i
X £ — or g S X
5
Solution : (0,1 v [5,®)
_4 5
e ® ® >
3 -2 -1 0 1 2 3 4
EXAMPLE 1.1.3: Solve the following inequalities:
|4z +3|<—2  solution: ¢
RELATED PROBLEM 2  Gdkeilli i b ik}
Solve the following mequalities:
a. [2z+38|<2 b. |[4-2z|>8 c. |6z —8|>—1
Answers
[—i—l] b. (~o0,—2]U]6,00) . R
2" 2 ’

Solve inequalities - silibsid! $a

Quadratic - e sull
numerator and the denominator - gtil| § &l

@ s [l oo s s

/7~ N\

(x-2)(x-3)=x2-3x —2x+6 = ¥*—5x+6
N

T

7 N\

x2+4x—-12= (x+3)(x—4) F

Nt/

/7 N\

244x-12= (x+6)(x—2)
b \J




@ s ASPPRTIERH

(a+b)? =a? +2ab +b?

(x —3)2=x% - 2.3x +32=x2- 6x+9

-
@ i et 5 3 il

a:—b?2 =(a—-b)(a+hb)
x2—4 = (§-2) (x+2)

EXAMPLE 1.1.4: Solve the following inequalities:

x2—-5x< —6
x2—-5x+6<0

(/2;(\3 )<0
ol o

(x-2) = + +

(x-3) - - g
(x-2)(x-3) + = +
Solution: (2, 3) 3 6 : 2 3: 4

EXAMPLE 1.1.4: Solve the following inequalities:

4 — x

<0

3x -1

4 -x + + -
3x-1 - + +
4 —x _ + _
3x —1
1
Solution : (-OO,E)U[4,00)
b ¢
3
— O & >—>|
-2 -1 0 1 2 3 4 5 6



EXAMPLE 1.1.4: Solve the following inequalities:

— 15
1—3x =l

2 1-3x
= =
1-3x 1-3x

2—(1—3x)>0

1-3x
2—1+3x
———— ¥
1-3x
1+ 3x

>
1-3x

x+3|<|2x —1]

x+3|<|2x -1
(x+3)2<(2x-—1)2
(x+3)2—-(2x—1)2<0
x24+6x+9—(4x2—-4x+1)<0
x24+6x+9—4x2+4x—-1<0

—3x2+10x+8 <0

7N\

(—x+4)(3x+2)<0

Q el
¥

./
—x+4 + &=
3x+ 2 = +
(—x+4)(3x+2) = +

Solution :( - ,-%] u [4, o)

8. If(a;) ’ < | g(a;)| if and only if f%(z) < g*(a)

3 - 2
x;‘) x2+2 3x+6—2x+18
- >0 xX—9)(x+2
xX—-9 x+2 ( X )
(x+2)-2(x=9) .
(x—9)(x+2) =0le+D
x+ 24 + + +
x-9 —_ = +
x+2 = + +
x+ 24 + =— +
x-9)(x+2)

Solution: [-24, -2 )uU (9, )

14

24 <2 9



EXAMPLE 1.1.4: Solve the following inequalities:

1 ;
g =24 Solution: R
z° +1

RELATED PROBLEM 3
Solve the following inequalities:

2z — 3

a. 22<2z+3 b. >0
z—2

d. E > 1 e. z24+4<0

z—3 z+1
Answers
a. (-13) b. (—00,3U (2,0)
d. [-5,—1)U(3,00) e. ¢

c. |3z+4|<|z—2]

EXERCISES 1.1

> In Exerciess 1 ~ 8, solve the inegualitien

L Ss-~4<8
2 1-22< -4
3 3x-4<~—4
4 4B <227
S Nr-4-22%>-T).
6 ~-3<2w-457
v ==Y _,
3
-

e -4~ Ar -TZT+ M= ~-9).
> In Exercisss 9 ~ 15, solve the inegualities
% |2x 4+ 4|53

22 4+ 5
5 <

. |8x-2|>8
1 |22 4 4| +453
13, ~2|8= 4+ 2|4+ 453
M | =|six-8)

15 |3 ~2>|20 - 8].

. |

D In Exercisss 16 ~ 23, scive the inequalities
W oxr-4)<0O
W < d
m S <>
W2 drsaz0
2
._'50
2= -~ 4
=43
1 =4

n. s0

2.

=4+3

15



SECTION 1.2 FUNCTIONS: BASIC DEFINITIONS AND EXAMPLES

i Definition of Function - aladl «i s

D domain JlxoJl

C; codomain Jsliell Jlsal -
R range Saoll ’ 1

domain JlxoJl A B Jolaell Jlxollcodomain

f: A=—>B

| range i)l ={3,51}

Not a Function &lladl sl

‘1 dutd gb) 210381 30 5 Q00 ol i) i
3
7
f={ (1,3),(2,5),(3,5)}
A B
f: A=——>B

16



“Function - adladl

EXAMPLE 1.2.1 Determine which of the following sets is a function. If it is a function, what is
its domain and range?

Sandl 9 Jlxoll 33> als Jios acgomall cilS 15] « @l Jios (il dcgozoll s2>

o 1={(12)(34)(-15)(20) (00)}

Solution  Jlad! D,={1,3,—1,2,0} sal R={2,450}.
b o ={(5-3)(14) (-52)(10) (00)}

Solution gis not a function (1,4) and (1,0) have the same z — coordinate.
(1,4),(1,0)eg s X 5125V Long)

I 5
f(x) = x—2 |
| /4t (614
f(6)=6-2=4 | : |
\ 4
; |
\
|
o » B 7 B 5 4 B 2 Mo s 4 5 6 7 8 9 10 1
1 ‘ X.
a‘—R | 4
-—!Number a}vL 5
\ \ \

17




THE VERTICAL LINE TEST OF A FUNCTION allad Sagead Bl Huid

3 2 10 1 2 3 4 5 6 7 9 10 11 12 13 14 1% 16 17 18

| @258 |

Nuroer a

SOME TYPES OF FUNCTIONS  Jlgadl gleal iama

POLYNOMIALS  d¢aall il s
f(x)= 3x° + 4x4- 2x3+ 3x2+ 8X- 4 duwel! ( degree) dx>yl (po S9d> B A4S

3,4,-2,3,8,-4 ( coefficients of the polynomial) 394l § xS <Melas

p(z) = a,2" +a, @" '+ +az +a
n (degree) >\l ;s ( polynomial) 39 6 i8S

ay,a,,a,,---,a_ ( coefficients of the polynomial) 3g.=x! B 5S Molao

a,#0, neN

18



p(z) = az® + bz + ¢ quadratic functions dua.u,s Ui

p(z) = az® + bz? + ez +d cubic functions 4SS Al

example
f(:z:):w/ga:sw‘—Q5>—ga:2 - ] degree 5
g(:v) = 5@— z° + 2’
1s not a polynomial because x?= %

RATIONAL FUNCTIONS 4.l Jigl

(x)

f(x)= —— X)#0
(x) ey q(x)
example
—32% +1 . .
f@) = ——— rational function
r —a
2 +1

fle) = @ not a rational function
z

RADICAL FUNCTIONS  &d=el JIgul

f(.’l))z"ws—ll x3-420 J=9 =2
o) = 322 19 V27 =3 V=27 =-3
PIECEWISE FUNCTIONS (&, 8odaie dls

(@) 2z+1 z<1
) =
/ I and

19



f(z) =

J

L

2z+1 z2<1

Vo

z>1

w

N

N

w

A
=4

o

DOMAIN AND RANGE OF A FUNCTION - JlgaJl 59 Sawldl 9 Jlxoll

Lyaa diadl Jlas asaad

Function
® g(x) = sin(x)+3,
Line
h:x=1
iry=3.84
Number
®a=1
Point
®A=(1,0)
® B=(1,3.84)
® C=(0,3.84)
Segment
®j=384
ek=1

sdall cadle >0

@

@283 paadl Jals ols 13]
siadl Gadls >0

<

x <

([ —

Jall

slacaall od yiadl

:‘Ou“ S‘J Ji_&"

Jadl
R—{ plall Hliol }

—

Jad
R

-

\
c |

--(_“

4
4
2
3
9
2

]
1

@

20




EXAMPLE 1.2.3 Find the domain of each of the following functions
aJUJl JigdJl gaod Jlxoll a>:9l

a. f(z)=2>-2¢  Solution D;=R

3z —
b. f(:v)z ;_:

Solution x-5=0 xX=5
Df=(-00,5)U(5,00)

D,=R-{5}

EXAMPLE 1.2.3 Find the domain of each of the following functions
aJUl Jigl gaoxd Jlxoll a>gl

2z — 3
« =570

Solution X2-4x-5=0

Df= (_007—1) U (_Ls) U (5700)
D;=R-{5,-1}

EXAMPLE 1.2.3 Find the domain of each of the following functions
aJUl JigdJ!l gaoxd Jlxoll a>9l

d. f(z) =522
Solution  5x-220
ox =22
2
X2
D= [£, )

e. f(:z:) =¥22 - 42

Solution D;=R

21



RELATED PROBLEM 2 Find the domain of each of the following functions.

i 3ttt 2t .
i af | Gt §

a. f(x)=:1:3+a;2—3 é&%ﬂéﬁ«ﬁ.{n 2
-2
b. =2
f(a:) z+4
4z — 5
¢ f(w)_z'z—a:—30
d f(m)=V4—3w
2 f(:v)=\/5x—8
Answer
a. Df=
b. D, ={z€R:z=—4} D= R-{-4}
c. D!={x€IR:z¢—5,z¢6} Di= R-{-5, 6}
d. D!={:t€R:z§§} Df= (_00' gl
e. DJ=R

Representation of functions - JlgaJl Juiod

DEFINITION 1.2.4
The two functions f and g are equal, if f and g have the same domain and

f(z) = g(z) for each z in the common domain. il (5 Gl el

EXAMPLE 1.2.4

fl@) =z +1 D= [0,%)

g(w)=%(2\/;+2) D;= [0,x)

f(x) = g(x)

22



y y
Linear Functions l)
- o X / X
}.md" fix)=b fix)=mx +b
y y
Power Functions = 7‘4:
5“‘ d" fix)= P flx)= l"
¥ ¥
o N et
Root Functions x i j X
dal gl allad fi)= V& fix)= ¥
| \ JL
Reciprocal Functions =ﬁ_: x
ol adla =1 fix) ==
¥
Abuwolnte Valne Fanekias \I/
Ghdial) aamddl alla
) y
b b —————
Linear Functions b
- o e X - X
md'ﬂ fl=b fl)=mx +b
f(x) =
A= (6, 3)
+.
4 3 2 -1 0 9 -8 5 4 -3 2 1 4 8 10 1 1 1
T

23



f(x)

Power Functions

beadl adla

- Function

- N

e f(x) =1x2
- Number

®a=1

®eb=0
en=2

- Function

® f(x) = 0.4x°
- Number

‘®a=04
eb=0

oen=2

Inout:




-~ Function B 1
o f(x) =1x3 8
- Number 3
®a=1
eb=0 s
en=3 I
B 7 B 4 B 2 0
n=3 @f 1 bro
- Function I
e f(x) = 0.4x° 8
- Number 7 I
‘®a=04 I
-ob=0 6
-oen=3 g l
- 8 7 -6 4 B -2 [] 2
n=3 6-04 b=0
= i:unc_tion il
@ f(x) = 01x3+5 8
- Number 7 /
®a=01 /
! s /,
1,
/ 2
S B -7 -6 —1 3 -2 0
n=3 [a=01 b ¥

25




Root Functions

dot 0] adla

fio =
- Function 7
‘e f(x) = ¥x+1 |
Number 2/ )
[oax fFx)=vx+1——
ton=2
- Text * 5
‘@ textl = “f(x) = v/x+1" 3
2 -
9 B - 5 4 -3 -2 0 3 12
n?iz a=1 g
1 | 4
- Function 7
e f(x) = vx
- Number J :
®.a =0 f (X) ﬁ;& 5
on=3
-~ Text 4
e textl = “f(x) = v/x” "
< //
e 5 4 B 2 0 : e
—‘_///
n= a=0 %
I ~4
* Function By
® f(x) = V/x+5 &
- Number 3/
b F(x)=vx+5
oen=3
Text *
“® textl = “f(x) = v/x+5" 3
=] A
- B - 4 3 0 5
——'_'// :
n= azb5 i
M] 2

26



Reciprocal Functions

egnad| adla

Function
1
of = —
() = 3

- Number
®a=0

en=1

Text

e textl = “fi{x) = ; "

=1 f) ==
1 7
£ () ‘ h
] x —— 6
W T '
| il
| :
| f

| | ' -
0 8 B J ® p—p—=a_ 2 0
n=1 [ a=0 ‘ 1
il 0 ol O O I ¢

Function
| 1
‘e f(x) = B
Number
‘®@a=5§
‘'en=1
Text
1

le textl = “f(x) = "y -

=

-
P
b_4
~—

@

~ Function
i 1
-9 f(x) = F

Number
l®a=0
le H=2

Text

‘ 1
‘e textl = “f(x) = 2

P~ |
= 7 6 -5 4 B -2 0 2 9
n=1 al=5 ) ’
;i \ ; |
£ () B [Te :
T \x = 3 {Text text1 6
X "
I
40 » B8 7 6 5 4 3 -2 0
n=2 a =0 ;

27




- Function
| 1
L ] f(x) = m
-~ Number
‘®a=1
en=2
Text
o

©

1

~

— -

 +

1

L]

%ext text1]

o

‘e textl = “f(x) = g

»

Absolute Value Function

adbal) dpmedd| adla

Function
o ()= Ix|
Num?}er
®a=0

n=1

S

w

N

N

w

IS

o

-~ Function
e f(x) = [x+4|
Number
®az=4
n=1

o

w

-

28




EXERCISES 1.2
) In Exerciess 1 ~ 2, determine which of the following sets s & function. If it s & function, what
s ite domain and reange?
L 1= ((29)(83)(-28)(13)03)
2 g= {(80)(22)(-182),(83){17)).

) In Exerciess 3 ~ 4, determine which of the following diagrame represent & function. Explain
your resson for any that do not define & famction.

) In Exerciess 5 <6 wse the vertical line 1o tast to identify if the graphe are functions or not.

5 o
yl !I
1
) In Exerciess 7 <8 find the numeries] value of the function at the given value of = .

'.M-.‘-‘; 2=0-1
W -da-1

el ~ b
) In Exarciess § - 19, find the domain of each function

L fa)wa ~dasd n.;(.)-@-un
n 1(.)-‘:::' 12 o) = Vi -9
ul(.)-J'lT‘ W f(a)= T?
wsle)- e o b

Find the domain of j(z) = Jz —z—¢

x2-x-620

7~ N\

(x=3)(x+2)20

N’
x—3 = - 4
x+2 - + +
(x—3)(x+2) L - *

solution :(=© =21 [3, )

29



Solve 1- 2|21~_ 3] e -0 1 13

— <X —
2 |2x-3 | 2-7 ’ ’
7 . -1 13
S Tl Solution: [ — —
12x-3 | <3 Srvirg
7 7
-—< 2Xx-3 £ —
2 2
7 7
-—+3< < —+
s 3 < 2x ~ 3
—7+6<2x<7+6
E = -
=
2 2

Solve the following inequality, and wrile your answer in interval notation
-~3< 22-3<7
3+3< IX £7T+3
0< 2x =10

O0< x <5
Solution: (0,5]

Solve the following inequality and write your answer in interval notation

Je-2 <3

| X-2 | <3
-3<x-2<3

-1< x <5

Solution: [ -1,5]
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Section 1.3

PROPERTIES OF FUNCTIONS, AND THEIR COMBINATION
Wil § Jlgadl bt

|INTERCEPTS  ghiall

EXAMPLE 1.3.1 Find the # and y intercepts of the graph of the equation
il Sl (odetudd Y , X ko gl
42 + 4% =16

4x2 + y2 =16 :
let y=0 4x? =16
x?2=4
x=%x2

RELATED PROBLEM 1 Find the # and y intercepts of the graph of the equation
A g 92> — 2> =16
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| SYMMETRY bl

DEFINITION 1.3.1 (Symmetry with Respect to z -axis) (X s¢a¢ Joa bl )
A graph is said to be symmetric with respect to z —axis provided that whenever (z,y)

1s on the graph, then (z,—y) is also on the graph.

A G mais (X,-y) Gl A @ wais (X,Y ) ol 13) X 10000 Joo sl A (siaid] Jlis

\
4 2 e -\
el L= X — [
/
3 B= (62
2
L
1
A |
-2 1 0 2 3 4 > # 1 8 9 10 1" 12 13 14 15 16 17 18 19
1
\ ‘
2 \“\’:\—6, 2745 ) [
|
2 \
3
—
\
.\\
4
I —t—
6

EXAMPLE 1.3.2 Show that the graph of the equation z = y? is symmetric with respect to z
— axis. X s0all Joa dibics X = y? aidilae Sl el Gai

Solution  If (x;,)) is on the graph,
x=y2 than x=(-y)2=y2

then (x;-)) is also on the graph.

DEFINITION 1.3.2 (Symmetry with Respect to y -axis) s8¢ Joa akiddl)
A graph is said to be symmetric with respect to y — axis provided that whenever (z,y)

1s on the graph, then (—z,y) 1s also on the graph.

A g wais (-, y) Gl A G mais (x,y ) gl 13y s0al) Joa diliie A il Jibs
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\ 10T |
_‘A
g SEIPR))
g \
w1 |
= 4
)
Y % 7 & 5 @ 5 2 a0 > 3 § 5 : o 10 11 12
. |

EXAMPLE 1.3.3 Show that the graph of the equation y = z? is symmetric with respect to y
—ai y s0all Joa pilids y = X7 aiddlag Sl sandd) Giai
Solution  If (x,)) is on the graph,
y=x2 than y=(-x)2=x2

then (-x, y) is also on the graph.

DEFINITION 1.3.3 (Symmetry with Respect to Origin) () ekl gn SRkl
A graph is said to be symmetric with respect to the origin provided that whenever (z,y)

1s on the graph, then (—z,—y) is also on the graph.

A @ mais (-x,7y) Gl A @ i (XY ) G 13) el dlaii Joa silico A oiddd] Ui

c=( 8)
8
J
ot
'
4 I
k3 1
I/
'
21+
'
'
-20 -8 -16 -4 -72 -10 -8B -8 -4 -2 A 4 6 : 10 12 14 16 18 20 22
'
2
/I
'
!,
r‘.
'
'
M
az2 '=1(2- 8-)
e ;
10
12

33



2 = (1,1

-20 -18 -16 -14 -12 -10 -8 -6 -4 —2,6—(115"')4 6 5 10 12 1 16 18 20 22

EXAMPLE 1.3.4 Show that the graph of the equation y = 2z® is symmetric with respect to
the origin. Seadll daki Joo il y =2 X3 dlilaw Sl shaid] sl
Solution  If (x,)) is on the graph,

y=2x3 than .y=2(x)3=-2x3 , y=2x3

then (-x, -y) is also on the graph.

| SYMMETRY bl
(Symmetry with Respect to x-axis) (x jeae Joa Jabidl )
whenever (x,y) is on the graph, then (x;-)) is also on the graph.

(Symmetry with Respect to y-axis) ¢ séae Joa kil )

whenever (x,}) is on the graph, then (-x,)) is also on the graph.
(Symmetry with Respect to Origin) ¢ <3l i Joa kil )

whenever (Xx,)) is on the graph, then (-x;-)) is also on the graph.
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Even and Odd Functions - ay»,a)l 9 au>q;Jl Jlgoall

-

DEFINITION 1.3.4 (Even and Odd Functions) detid il § G gpdl
® a. A function f is even if its graph is symmetric with respect to y — axis; that is,

f(—z) = f(z) for every z in the function’s domain.

@® b. A function f is odd if its graph is symmetric with respect to the origin; that is,

f(—z) = —f(z) for every z in the function’s domain.

.

(Even Functions)  as2gydl adladl
® a. A function f is even if its graph is symmetric with respect to y — axis; that is,

f(—z) = f(z) for every z in the function’s domain.

Function

® f(x) = x?

Line
g:y=4

Number

®a=4

Point
A=(0,4)

® B=(2-4)

®C=(24)

L

40 9 8 -7 6 5 -4 -

Function
® f(x) = x?
® h(x) = (—x)?
Line

g:y=4
Number
®a=4
Point

A=(0,4) =
®B=(2-4)
®C=(24)

n

L
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(Odd Functions) daa il adfadl
® b. A function f is odd if its graph is symmetric with respect to the origin; that is,
f(—z) = —f(z) for every z in the function’s domain.

Boolean Value
® a=false f(x)= 0.2x3

® b = false 4 /
Function Z
® f(x) = 0.2x3

g(z) = 0-2x<—x)3 8 i

o

N

h(x) = —(0.2x%) .
Point /
® A=(0,0) H0' B -8 Gt b B H p -2 [) 0 1
® B =(2.34, 2.56) /
® B'=(2.34-, 2.56-)
Text

text1 = “f(-x) = 0.2(-x)*”
® text2 = “f(x)= 0.2x*”

text3 = “-f(x) = -(0.2x%)”

N

~—
@

Boolean Value ‘

®a=t — 3 ’ |
454 - 02 \ L |
Function \ . [

[ ] f(x) = 0.2 )(3 ‘B f(-x) = 0.2 _x) 3

® g(x) = 0.2 (—x)° \\ : f,

h(x) = — (02
Point \ /
® A=(0,0) 40 B B 7 b 5 4 B -2/(0 \'r\ 5 10 11

® B =(2.34, 2.56)

® B' = (2.34-, 2.56-)

Text 2

® text1 = “f(-x) = 0.2(-x)*” \

® text2 = “f(x)= 0.2x>” / 3 \
text3 = “-f(x) = -(0.2x%)"

o

ésoléan Value
® a=true f(x)= 0.2x? /
® b =true 4

Function \ [

® f(x) = 0.2x3 £(-x) = 0.2(-x “

® g(x) = 0.2 (—x)* 2 fx) {g ) \ ,f:

e h(x) = — (0.2x%) P e \
Point

/

A=(0,0) \ /
®A= 40 -8 -8 7 B 5 -4 B 2 AC o] 2 5 10 M

; 210 T

\

A
® B = (2.34, 2.56) ’
® B' = (2.34-, 2.56.) /
Text 2 \
® text1 = “f(-x) = 0.2(-x)*” i \

® text2 = “f(x)= 0.2x>” / " \
® text3 = “f(x) = -(0.2x°)”
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EXAMPLE 1.3.5
Determine algebraically whether the following functions are even, odd,

Ca g ol by g ds2r) dllid] Jloadl S 13) iped 202
a. f(z) =2* -3

Solution
f(—2) = (—2)* -3 =2* -3 = f(a). f 1s even.
z — 2z°
b. g(z) =
(@) 22 +1
Solution
—z — N—2)8 = 3 _ 9,8
P z — 2—x) _ z + 2z __z 2z s, g% gl

(—z)? +1 z? +1 2 +1

c. h(z)=a®+1.
Solution
h—2z)=(—2)® +1=—2% +1= —(a® — 1) = —h(2)
Since h(—z) = h(z) and h(—z) = —h(z)

h 18 neither

4

A) Determine algebraically whether the function f(z) = Z_‘ :-_3; is even, odd, or
neither.
Solution ; g . "
_(CxSH3(x) _—a%-3x  —(x43%)  (°+3x)
teot = (—x0)*+ (—x)2 ~ x*+2a%2  xt+2a2  xt+a2 f
fisodd

2 Rl & 2
A) Determine algebraically whether the function f(z) = === iseven, odd, or
neither,

Solution .y .y
2(—x)*+(-x)? 2x*+x 2xt+x

-x) = = = = f(x

f(-x) I sin (—x) I I - sinx I I sinx I (x)

f is even
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Function \ .. |
2 x4 +x2
e f(x) = sin (x) | \ ; /
|
I
45§ 5 B 2 £ 5 1 45 o o5 15 255 35 4
T 15
4
B) Determine algebraically is the function /() = —H— even, odd, or neither,
f is even

RELATED PROBLEM 5 Determine algebraically whether the following functions are even, odd,

or neither.

2 2 — & 3, 2
a. f(z)=2"+3 b. g(z) = c. z) =2° + 2°.
2t +1
Answer
a. Even b. Odd c. Neither

INCREASING AND DECREASING FUNCTIONS - auadlal 9 ayaul;adl Jlgall

€ N
DEFINITION 1.3.5 (Increasing and Decreasing Functions) asailisdl § dalyid] Jlgadl

@ a. A function f defined on an interval I is said to be inereasing on I if

f(z,) < f(z,) whenever z, < z,, for all z,,z, € I.

b. A function f is said to be decreasing on I if and only if

f(z,) > f(z,) whenever z, < ,, for all z,,z, € I.
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alls ~

@

@ f(x) =02x% (x>0) |
Cp(x) = 02x2 ‘

KXY

=2

piliaee Aalad

o

® h=245

&

. ®j=6.05
?_jﬁm

g:x=3.5
i:x=565

w
\’i\

N
N

'®a=35
|

ey siade

Lo ¥ x=—(t)+01(t>0,C
Yoy=0@®)+n(t>00sz

¢ -----

x
L

ai

TR i . .

- ® “increasing“ = 10 o B 5 in crqasipg

“decreasing“ = 2¢ai Y
<] i >

N

@

ala FGT
f(x) =0.2x%, (x>0) | \
p(x) = 0.2x2 \

22

® a=46-
e dalad

o

o

®h=423 \
®j=135 g

<
-

P

e

g:x=4.6- ‘
it x=2.6- |

¥

(s Siala

x=—(t)+0#1(t>0,C
e fi: =l

L S R B

y=0 (t)+ " (t>0,0.:

a
1
=)
|
©
!
o
|
~
1
)
|
[
|
=
|
o
|
LY
|
=
o

i

x
e

x
N

“increasing“ = 10ai

Q)

i

-® “decreasing” = 2uai v %
< : " [ [ ]

- Al o]
® f(x) =02x% (x>0) \ 8
o p(x) = 0.2x2 i N
::so \ | \ 6
eh=0 ‘ 2
®j=08 "
e | N . /
ix= 3
gx=2 | \ o /
i N LA

= 14 (t>0,0.2
y=0()+8 (20,03 40 » B8 7 B 5 p B 2 N

x=—(t)+0%(t>0,C | N t 2
Lo fy: (20,4 \\yg /

e 1 2

® “increasing” = 104 I = s I >

& "liscressing’ =t y ?- 0 de'preilasu{lg2 in creiaslrg
<l | >
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EXAMPLE 1.3.6 Let f(z) = 22 . Determine:
a. The intervals on which f is increasing.

b. The intervals on which f is decreasing.

Solution

a. if0sx,<x, than x,2<x,2 Thus f(x,)<f(x,) F increasing
interval [0,x)

a. if x; <x,<0 than x,2>x,2 Thus f(x,)>f(x,)

f decreasing
interval (-, 0]

RELATED PROBLEM 6 Let f(z) = —z®. Determine:
a. The intervals on which f 1s increasing.

b. The intervals on which fis decreasing.

Answer

a. (_00,0] b. [O,oo)

Basic Operations on Functions - JlgaJl (slc dwlwVl ollosgl

r

DEFINITION 1.3.7 (Basic Operations on Functions)

Let fand g be two functions. We define the sum f + g, the difference f — g, the product
f - g, and the quotient f/ g as follows:

(f + 9)(2) = f(z) + g(=)
(f — 9)(z) = f(z) — g9(z)
(f - 9)(2) = f(z)g()

£z=@ z) =
[g]() g(z) e}
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EXAMPLE 1.3.7 Let f(z) = Vz + 1 and g(z) = i Find f + g and its domain
T

Solution
(F+g)X)= fX)+9(X) = VFFT 4 ——
X+ 2
Di= [-1,)

D,= R-{-2}

Drg= [-1, )
RELATED PROBLEM 7 Let f(z) = V2z —1 and g(z) = % Find the domain and the rule
o=

of f—g.
Solution
(f-g)x) = f(x)-g(x) =‘/2"_“‘ﬁ
D= [;,)
D,= R-{3}
Dig= [, )—{3}

EXAMPLE 1.3.8 Let f(z) =z — 7 and g(z) = 2> — 16 . Find the domain and the rule of !

Solution

fuym. f@_ x—7
(g)(x)_ 9gx) x2—-16
x2 —16=0
x2 =16
x = 14
Df/g= R—{4,'4}

RELATED PROBLEM 8 Let f(z) = 2¢ — 3 and g(z) = 2> — 6z + 6. Find the domain and rule

ofz.
2z — 3

g
Answer Domam:R — {2,3} , Rule: [-‘t](z) = .
g z2 — bz + 6
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composition of functions - JlgaJl .S,

1
N ’
2/><
34—
A
g

5 3
1-\;2 B
2\>< -
34 ™
A C

(fog)(x) =f(2(x))

=

-
DEFINITION 1.3.8

Let f and g be two functions, we define the composition fo g of f and g as the

function

(f o g)(z) = f(g(z))

The domain of f o g consists of all numbers z in the domain of g for which the number

g(z) 1s in the domain of f.

EXAMPLE Letf(x)=2x,g(x)=x2 findfog , gof , (fog)@3)

Solution (f o g)(x) = f(g(x)) = f(x2) =22

(9 0 H)(x) = g(f(x)) = g(2x) = 4x?

(fog)3)= 2.32=18
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EXAMPLE 1.3.9 Let f(z) = vz +1 and g(z) = % Determine the functions go f, fog
z

and their domains, then find (g o f)(3) and(f o g)[ ]

Solution

(@ofN(x)=g(f(x)) = g(vx +1)= ﬁ

Df=[ -1, )
Dy= (-, 2) U (~2,)

in(—1,00) Vx+1>0

Dgon= [—1,)

o[ -

RELATED PROBLEM 9 Let f(z) = Vi—z and g9(z) =

. Determine the functions g o f
-

and f o gand their domains, and then find (g o f)(—8) and (f o g)[%]
Answer

(g o f)(z) = #, Domain: (—o0,1] — {—3}.

(fog)la) = 1}1 ——21—2 , Domain: (—o00,1] U (2,00) .

(g0 f)(-8) =1, (fog)[%] - ?
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Question 2:

A)Let f(z) =z, g(z) = Jz .Find:
D (/o 0)().
2) D, D, and D,.:

Solution

(Fo g)(x) = f(g(x)) = f(VX )= (VX = X

Di= R
D,= [0,)

Do) = [0, )

Question 2:
3 " .
ALet f(z) = o el g(z) = z* + 4 ,Find:
1) (] ° g)(:).
2) D,, D, and D,., -
Solution
3 3
(foa)0) = flgh) = (X2 +4)= Jmmm= —= =
Di=  (4,9)
D,= R

D(fog)= R—{O}

44
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Question 1: ‘
AlLet f(z) = —— . 9(x) = Jr .Find:

D (f=9)()-

2) D,, D,.and D

AL
Solution 7 7
(fog)x) = flg) =TV = 7 — @2 = 7%
Di= R{-2,2}
Dg=[0,oo)
D(fog)=[0s°°)_{4}
EXERCISES 1.3
> In Execciess 1 ~ 12, find the domain of each fanotion
L fa) = a1 32 pNe)=-J1-7= L R0 R - —
¢ gz v A0 e mofoE
. “.)--’-n - m-ﬁ - '("--’:;r'-c

D In Execciess 12-18, determine all intercepts of the graph of the egquation. Then decide whether
the graph s aymanetric with respect 10 the » —axis, the y — axie, or the origin.

S 2y 22 w2 T '-.-% L L '-J.--'

D In Execciess 19-21, List the intercepte and describe the symumetry (If any ) of the graph.

> In BExecciess 22-27, determine which of the following functicns are odd, even, or neither
2 N=) =5 -3 B. Na)w=(=-29 4. N2)-

= 44
/. N2)=(=* + D .. ,-l;l . w2 1)

> In Execciess 28 ~ 33 determine the Intervals on which eadh of the following functions sre
Incressing snd the intervale oo which they are decressing

2 Na)=-1-3= » fN=)~4 EUN Na) = 2" -8
N ) —2- N N N —

2 In Execciess 3442, ea M-f-#‘.—’““.)—’—"-'u“m*
34 U +92)(~-%) 35 O - 22X a8 ~gMa),acs R
. (- 9HO) s [f)m W (Soa®
w @enN® @ -2 @ G

)l-h““-‘“l-&..[-‘.-lf.‘“m
4. Nz) =22 4% pl2) =3 - = . N2) oz -2 gl2) = s® -2

45



SECTION 1.4 INVERSE FUNCTIONS
Jloadl wenas

One-to-One Function - ulaodl &l

one-to-one not one-to-one

~

DEFINITION 1.4.1 (One-to-One Function) uluoll (gl
A function f is said to be one-to-one (often written 1 — 1) if every element in its range

corresponds to exactly one element in its domain.

That 1s, for all z;, and z, in the domain of f
if z, = z,, then f(z,) = f(z,),

which 1s equivalent to, for all z, and z, in the domain of f

if f(z,) = f(z,), then o, = =z,

s == = i 1 3
f(x) = 0.5 x?

e g(x) =x+2 =

e W I L '

®a=§ \

Siiae Aaks — =t ' :

c=125 . " L}

el=5 R P

em=6 1Tt 1—1T—1T—T1T—13 I

en=3 : :

®ep=4 : :

s=10 1 [

t=125 | !

= & 2

pushas 10 » B 7 B 5 4 B2 4o ¥ & % % & & T § ¥ ® %
h:y=6 e 1 & 1 | L) . - |
ity=6 a=5

Jix=3 || ‘——g— | U I R

kix=4

q:x=5 =t 8 ) IS | S (R BN

46



an | ) R W 1) _—, 5, 7] [ .,
e f(x) = 05x2
g(x) = x+2

§
=
+ i.

sebe
aEa

oo

~wwop33g
Humw g
®owN g,

p

e

?a
e
©
w
~
&
)

P RIS

axTaT
N NS g

EXAMPLE 1.4.1 Show that f(z) = 2z + 5 is a one-to-one function.

Solution
f(x4) = f(x,)

2X,+ 5 = 2x,+ 5

2X4 = 2Xy
X1 =X,
one to one

(REMARK ~ one to one aasl alal : ala>\o
In fact all hnear functions are one to one, because the linear function can be written n

the form f(z) = az +b and if f(z,) = f(z,), then
az, +b=az, + b,

Simplifying the two terms, we have

T = Ty -
o

EXAMPLE 1.4.2 Determine whether each of the following functions is one to one.
a. f(z) =222 +1

Solution f(x;) = f(xy)
2x2+1=2x2+1
2xs =2x3%
x5 = xk
/xlz = /x%
¢y | =[x, |
Xy =kx,
| Not one to one
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EXAMPLE 1.4.2 Determine whether each of the following functions is one to one. \
b. f(z)=2>+1 z>0

Solution f(X1) i f(X2)

x2+1=x2+1

W= |x&
|y | = x5 |

x=0 X, =X,
one to one

EXAMPLE 1.4.2 Determine whether each of the following functions is one to one.
c. flz)=2+%22+1
Solution f(x,) = f(X,)
2+3V2x, +1=2+V2x, +1

V2x, +1=V2x,+ 1
2%+ 1=2%s+1

2x, = 2x,
X4 = X5
one to one

B) Showthat f(z) = z? - 42 - 5, = > 2 isaone-to-one function.
Solution f(x4) = (Xz)
-4x, -5 =x?-4x, -5
-4x, =x?-4x,
x?-4x, +4=x2-4x, +4
(x; ~2P=(x; -2 )

Ja -2 J(x _2)?

|%, -2 =|x, -

X > 2 xl - 2 =x2 - 2
Xy =Xp
one to one
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RELATED PROBLEM 2 Determine whether each of the following functions is one to one.

a. f(z) =1— 32° b. f(z) =2 +2¢ -1, z > -1 c. f(z)=6+7z+2
Answer
a. Not one-to-one b. One-to-one c. One-to-one
2z +1
Let f(:l/) = >
-1

a. Show that f() is one-to-one function on its domain.

Solution f(X1) = f(xz)
2x,+1 _ 2x,+1
x,~1 xX,~1
2X4Xy+Xy=2X4=1= 2X;X4+X4-2X5-1

X-2X1= X4-2X;
3X2= 3X1
X2= X1

one to one

Inverse Function - a.wS<Jl alol

1| |s 5., 1
> one-to-one 7/: :[2

277 [/
3_‘/' 9 9 3
A ¢ B B 1 A

F1(f(1)) = £1(7) = 1 f1(f(x)) = x (f10 f)(x)) = X
f(F(7)=f(1)= 7 f(F1(x)) = x (fo f1)(x) = x
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.
DEFINITION 1.4.2 (Inverse Function)

If f is a one-to-one function, then there is a function f~!, called the inverse of f, such
that y = f(z) if and only if z = f~!(y). The domain of f! is the range of f and the

range of f~! is the domain of f.
@

( THEOREM 1.4.1
If f is a one-to-one function and if f~! is its inverse function, then f~! is a one-to—one

having f as its inverse. Furthermore
f'l(f(a:)) =g for z in the domain of f

and

f(f '(z)) = ¢ for z in the domain of f'

EXAMPLE 1.4.3 Determine whether the functions f and g are inverses of each other.

a. f(z)=2z+1 and g(z) = z;l_
Solution
(o)) =fg) = (5= 2= +1= x
(@ 0 f)(x) = glf(x)) = g(2x+1) = === =

Then £ is the inverse of gand vice versa

b. f(z) =2z and g(z) =z + 1.
Solution
(fog)(x) =f(g(x)) = f(x+1) = 2(x+1) = 2x+2 # X

then fand g are not inverses of each other.
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To obtain -1, we follow the next procedure

aJul wlghsl g5 1 (sle Jgazl)
Step 1: We prove fis one - to — one. This proves that /! exists.

Step 2: Substitute yfor £(x) and solve the resulting equation for x . This gives the equation x = f'(y)
Step 3: We obtain 7'(x) from the definition of 7'()) .

EXAMPLE 1.4.4 Find f! for the function f(z) = 2z + 5.

Solution f(x)=2x+5 is one-to-one
y=2x+5

s £ |
®g(x) =2x+5

° h(x): x;5

s
® a=°90 =
sl T(x) =
®j=281 T |
® k=281 | 1
pdiica 10 5 -8 7 -6
efiy=x
itx+y=19
ol
® f(x) = 2x + 5= 10a
® "f(x) = (x - 5)/2“ = 20ai
® "x=y“=3pal
i
® (0.95,0.95) =1
® (-1.03 ,2.94)= <

1
o

v

£

RELATED PROBLEM 4 Assume that the following two functions are 1 -1. Find their inverse functions.

a. f(e) = (2&:3 - 6)1/7 . 1/7

Solution y= (2:::3 - 5)
y’=2x3-5

y7+5 = 2x3
7

Y45 _
2

3|y7+5

Ni’

3 |x7+

<
]
w
=] N
~
5 «
3

flx)=

N
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s
®o(x) = (2 x3—5);

® h(x) = (x-,;—S)l’

s
efiy=x

B) Show that f(z) = 3z + 2 isaone-to-one function, and find j*(z).

B) Giventhat /() =

viasidy

Solution
y= 3x+2

y—2
_=x
3

x—2
y=73

x—2
RE="5

1-3z is & one-to-one function, find / ‘().

ke 1-2x

=3x+2
3xy+2y =1-2x

¥

3xy+2x =1-2y
x(3y+2) =1-2y
1-2y
x=§;:5
1-2x
" 3x+2
1-2x
3x+2

y

f1(x) =
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- adl
1—-2x
“Tl= 5
..»”l“‘
.g:y=x
ey iaie
1-2t
=404
o 1-24
s a <3t+2>

-0 -9 =4 - 2 10 1
R 1
3
-4
N
5
10 -9 7 5 3 0 1 u

-

~N

A
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EXERCISES 14

) In Exercisss 1-5, Use the horisontal line test 10 determine whether the given Nanction is one

to-one.
L

=

4 S

) In Exercises 6-16, Determine whether the given function is ane-tocne. If it is cne-to-one, find
e lnverse.

(8

® m o

J = {(12.2),(15,4),(19,~1),(256),(78,0)}
g = {(<12),(0.4),(8,-4),(186),(23 -4)}
Mz) =2 42.

l(c) - ”1_‘.

:(.)--uu%.

. K(x) = |e - 4.

1
43

Jz) =2 45.
fiz) = sl =27
o) =¥z 4 s
‘a)-l-(l-a)“

) In Exerciess 17-22, Assume the functions are one-to-one. Find the requested inverse.
17. If fld) = 3, find f'(8)
15NN =4, find f7(4).
19, If o(~5) = 6, find g'(6).
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Section 1.5
TRIGONOMETRIC FUNCTIONS  desikid! JSigad}

IDEGREES/RADIANS CONVERSION FACTORS - 0Lsl,Jl g ooyl oo Jugmes|

initial side
terminal ’ ¥,
side 6
terminal side
6

initial side

Positive angle Negative angle

Radian Measured oLl JL Gl

' 8=1 sl dsh

=15 gl Jsb

(1.5, 0)
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radian o _ 5 _ g 11 //f \\,\ ; = z%w,ﬂlid,ln
r Z
A TN
/ A1 1\
| Akl |}
\ : r=2 j(z, 0)
\ /
N )4
\\\ - //
raLiian gt 2l g ~9 /’('f ﬁ\\s{=4%w,ﬂ|%d,1=
- A 1\ N\
[ N N
\ \5\:.:59 j(z, 0)
\ /
o )4
| N[ LV
atan o= 73~ + 6_? =# ,/ ol ‘\\s = 6.28 Losill Jyh-

r=2 2,0)

e —
AT 1T N

N

{
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raLiian = g 4 7; Lo
= 180° s =1 oesill Jshe
/T 1N\
( /\Xe L
s 4
& =1 |(1,0)
[V
rahian P el 3 ~3
il
m=180° s=3 il dsh |
il .
4\{'1.79
\ " =1 |(1,0)
N[V
rahian T Bt | ﬂﬁ —13.14
r %
m™=180° s=3.14 sl Jsb
yalIN
{ / \\’9.69}
T = Ja.0
A
N
rahian 0= :9__ = 11 = T
™= 180° s=T sl dsk
o ~ | N
1radian = N degrees / \
P L T AN
1" DR 0 \ | r=1/(1.0)
ldegrees = ‘18“0° radian \\ ] /
60° = 60°. 1—;? = g radians
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EXAMPLE 1.5.1 Convert the following degree measures to radians.

a. 75° b. —225°
Solution
a. 76° = 75xl = L./ radians.
180 12
b, —225° = (—225)x —— =—27 radians.
180 4

RELATED PROBLEM 1 Convert the following degree measures to radians.

a. 60° b. —200°
Answers
™
a. — b. — 10—”
3 9
EXAMPLE 1.5.2 Convert the following radian measures to degrees.
br b, 177
9 36
Solution
zi.s—wrzuiizzn:t—)—?r xlﬂ=100°. b.n—wradian=l7—7rx@ = 8b°
9 9 T 36 36 T

RELATED PROBLEM 2 Convert the following radian measures to degrees.

a. = b. _13_71’
10 12

Answers
a. 18° b. —195°

Degrees | 0 | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180° | 270° | 360°

27 3 b 3
— — — ™ — 27

3 4 6 2

|5
w3y
N | N
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TRIGONOMETRIC FUNCTIONS - auilioll JigMJi

s A AT KX
a=G—b=dq4 =9 et =+ ——— a=8"b="7c=2/7
I . ——ta={?2—tb=6—t=8—— -og2 :'b2+(2ﬁ)2 ,

62=136---16— ! ! ! ! I .a2=62+182. ! ! I b2=64-4 7
oz o 0| S N (S 1 @2=36+64 | b= 38
(;:,\/_26 ! | | ! } ! | ‘a2=1oo. ‘ b=6
c=[v/45 | [ 1 ]

c =25 |

If @ 1s an acute angle |0 < 6 < g
C
il gl
sin 0 = = o) csc 0 =
P g Ty
ot %— 3o
J8s 5 K
cos 0="=r ® sec 0=
el N presy
Adjacent to @ B
sl
k) gl
tan 0= cot 0= 22
0= joall 0= L
EX AMP LE Given the figure below; Find x, sin, cos, tan, cot, csc and sec for both angles.
@
x?=4+9 =
2
x= 13
[}
3
Answers
sin cos tan cot csc sec
. 3 e 3 2 V13 J13
V13 J13 2 3 3 2
s | 2 | 3 2 3 | v | Vi3
V13 V13 3 2 2 3
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60°

60°

60°

cot

tan

60°

cot

cot

0°]30

sin

30°

60°

60°

tan

tan

| N

sin

30°

60°

sin

| &N

EI8

30°

60°
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45°

Hl 45°

sin cos tan cot csc sec

45°

sin cos tan cot cse sec

% | T 1 1 V2 V2

| trigonometric functions using the unit circle— 6a>g9J1 6,015 plaziawl aulioll JigaJl

 DEFINITION 153 | | |

a. Let 22 + 3> = r* be a circle centered at the origin and an angle with # radians in
standard form. If P is the point (z,y) as shown in Figure 1.5.11, then the
trigonometric functions are defined by:

sing =¥ csco=£,y=¢0
r

oosd =Z se00=:,z¢0
r T

tan0=g,zz0 oot0=£,y==0
z y
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F=(cos °30, sin °30)

(0.87, 0.5)

(1.0)

(cos °45 , sin °45)

F=

(0.71, 0.71)
(1,0)

F=

.-
\
~

© 1)
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F=(cos °60, sin °60 )

©.1)

F=(0.5, 0.87)

0. 1)

F=(cos °0, sin °0)

i

F=(cos °60, sin °60)
X2 + y2 — ( 05)2+(087)2
=025+0.75=1
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F=(cos °150, sin °150)
x2+y%2=(0.87-)2+(0.5)2
=0.75+0.25=1

F=(cos °0, sin °0)
X2+ y? = (1)(0)?
=1+0=1

sin20 +cos?20 =1

-l = - o o o o o

=3 (1.5, 2.6)
EryE=(15F+(28 )
=225+6.75=9
X2+y2= r2
o6 {00 MW .
- Y .
sin°60 === —
sin . 3
x i
60 = — = —
CcOS " 3
tan°60 = o = &
xT 1.2 o
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VALUES OF SINE AND COSINE

2% 3r br Ve b 3r br

e lo|] X ud X p &l 2 28 i L N i acu o
6 2 | 3|2 3 4 6 e 6 4 2 3

sinf |0 1 ‘l_§ ﬁ 1 ﬁ ﬁ 1 0 -1 _ﬁ =) _ﬁ 0
2 2 | 2 2 2 2 2 2 2

oot [1| B | 2| L oL 2| B | Bl 2|, 1L |,
2 2 | 2 2 2 2 2 2 2

y

EXAMPLE 1.5.4 If € is in standard position and Q(4,—3) is on the terminal side of 8. Use

Definition 1.56.3 to find the values of all six trigonometric functions for 6 .

Solution Notice that the point is on a circle of radius r = v/16 + 9 = 5. Thus, we obtain

sin0=—?3, 0090=‘—1', tan0=_—3,
csc0=i,se00=é, oot0=i.
-3 4 -3
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VALUES OF SINE AND COSINE - ploi wuxJl 9 wuxdl pad

HE0000

8in°150 = sin(w —° 150)

(0.87, 0.5)
=sin"30 = 0.5

sinf = sin(m — 0)

c0s8°150 = —cos(m —° 150)
= —cos”30 = —0.87
cosf) = —cos(m — 0)

sin°240 = —sin(°240 — )
= -sin °60 = -0.87

sinf = —sin(6 — )

cos °240=- cos(°240 - )
=-cos °60=-0.5

cosf) = —cos(f — )
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o} Jo)

sin°330 = —sin(2w —° 330)
=-sin°30=-0.5
sinf = —sin(27 — 6)

c0s°330 = cos(2m —° 330)
= cos"30 = 0.87

cost) = cos(2m — )

sin(—"60) = —sin°60 = —0.87

sin(-8) =-sin 6

cos(-°60) = cos °60 = 0.5

cos (-6) =cos 6

(0.5, 0.87-)
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tan (6 +1mm)=tan B

(0.73, 0.68)

W
tan (6 +3 ) =tan 6

(0.73, 0.68)



tan (6 +4 m)=tan ©

(0.73, 0.68)

tan(6+5mm)=tan 6

(0.73, 0.68)

tan (6 +9 1) =tan 6

(0.73, 0.68)
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sin(B8+1.21)=sin 6

(4.23, 0.68)

sin(6+2.21r)=sin 6

(4.23, 0.68)

2T

sin(6+3.21)=sin 6

(4.23, 0.68)

2T
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sin(6+4.21)=sin 6

(4.23, 0.68)

2T

sin(6+7.21)=sin 6

(4.23, 0.68)

O2w
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EXAMPLE

sin(zTn)= sin(n —ZTR)= sin(:%t —2%)= sin(%) \/2_—3

cos(7—n) = - cos(— —n) = cos(6i - %—n) = - cos( g—) = —

SE

3
cos(- 71) = cos( = —\/—7

1
cos(1g7t —) = cos(3 lgn —=)= COS(3 +5n) = -COS(—) = -3

1
sin(- %) = - sin(%) = —5 = —g

EXAMPLE 1.5.6 Find the value of each of the following:

[177r [ T [47r]
a. sin b. cos|—— c. cos|—
6 3

Solution

. 17‘” _sin[z+§ﬂJ=snn[ +47r]—8in[£+2-27rJ= sin[zlzﬁ.
4 4 4 4 | 4 2

47 4 3n
c. cos[?]z—cos[?—ﬂ']=-cos(—- 3)— COS(

1
2

EXAMPLE 157 Use the periodicity of tangent and secant as well as their values when
0 < 2 < 27 to find the exact value of each of the following.

O 167 2 b

a. sec| — b. sin c. sec|—— d. tan|——

¥ i -2 i
Solution

a. sec[ ]= sec% T- sec(£+27t)= sec(%):ﬁ

14 . (3
=sm(2 +%)= Sm(2 2“)= sin (%+77t )= sin (7" )= -1
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RELATED PROBLEM 5 Find the value of each of the following:

a. tan[17—7r b. cot[—s—W]
4 6
Answers
a 1 b. V3

[ —5571'] _(2x 21x
cos 5 d. sm

TRIGONOMETRIC IDENTITIES - aulioll wléUnioll

_Sin@

tan 6 ==

Sin° 6 + cos® 6 = 1

Sin26+c0526 B 1
Sin20  Sin20  Sin2 @

1 + cot?26 = cec? @

The sum and difference identities

Sin° 6 + cos® 6 = 1

Sin? 0 N cos? 0 B 1
cos2@ cos20  cos? 6

tan’ 6 + 1 =sec? 6
98l 9 ggoxoll wlsUnio

sin(z &= y) = sinzcosy =+ cos zsin ¥

cos(z £ y) = coszcosy F sinzsin y

tanz & tany

tan(z + y) =

sin(z + y) = sinzcosy + coszsiny
sin(x +y ) =sin X cosy + sin y cos X
sin( X + X ) = sin X cos X + sin X COS X

sin( 2x) =2 sin x cos X

Sin? @+ cos? 60 =1

73

l Ftanztany

cos(z £+ y) = coszcosy F sinzsin y
CosS(X+Yy)=cosXcosy-sinxsiny
COS( X + X ) = COS X COS X - sin X sin X
cos( 2x) = cos? X — sin? x
cos(2x)=(1-sin?x)-sin2x
cos(2x)=1-2sin?x

cos(2x) =cos?2x—( 1- cos? x)
cos( 2x) = 2cos? x — 1



prove some of the identities wlislnioll asy axo wlsl (0,1

| iy
smm|l——2|=8n|—+z|=cosz
[2 ] [2 J

~

sin z—z = sin £ cos X - SiN X COS & = coS X
9 2 2

AR
NI

0,-1

.[7r ] g . - (0.-1)

sm|—+z|= SInECOSX+SInXCOS§— COS X
2

(0,1)
5. COS(TT—:B)=COS(7T+$)=—COS.T
cos(w—z)=COSncosx+sinnsinx= - COS X (_1,0)/\(1,0)
cos(m + ) = cos mcos X -sin msinx= -COS X \/
(0,-1)
Prove this identity:
sin(:v + y) + sin(z — y) = 2sinz cos .
sin(x+y)=sinXxcosy + siny cos X
sin(X- y)=sin XCcos Yy - sin y cos X 2ol
sin(x+y)+sin(x-y) = 2sinxcosy
The half-angle formula is
sin( 2x) =2 sin x cos x cos( 2x) = cos? X — sin? x
sin( x) =2 sin(§) COS(’;‘) cos( x) = cosZ(g) - sin2(§)

cos(2x)=1-2sin?x

cos( x) = 1 - 2 sin? (g)

cos( 2x) = 2cos? x — 1

cos( X) = 2c0s? (’2—‘) -~

verify the identity 2 sin2(2t) + cos(4t) = 1
2 sin?(2t) + cos(4t) = 2 sin2(2t) + cos(2.2t) = 2 sin2(2t) +1 — 2sin?(2t) = 1
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1+ csca

verify the identity ———— — cota = cosa
Ssec o
Solution
1+ 1 1 +-1_
1+csca t _ sin QL _ COSG_COS(X' sin OL _ cos O
Sec o ot i 1 sin O 1 ) 1 sin O
cos
= COS o + cos 0L S cosOt= cos o

sinOl sinOl

The sum and difference identities 9,3J| 9 £g0x0Jl wli,lUnio

tanz + tany - 2tanz

tan(z £ y) = :
( v) 1F tanztany 1—tan’z

EXAMPLE 1.5.6 Find the value of each of the following:

ta,nz +tar1z
vy 7r] 3 4 \/§+1
tan| -+ —| = ; 7 =
3 4 7rl 7r] 1—+3
1 — tan| — |tan| —
3 4
V3+11+v3| 4+2V3 73
1-3 |[1++/3 —2

GRAPHS OF THE TRIGONOMETRIC FUNCTIONS - a.ioJl JigMI Jaios

EXAMPLE

3 p
SHX = cosx =z

-1<sinx<1 -1<cosx<1
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5
f(x) = sin (z) )
domain =R 3
range=[-1,1] ;
T O SR AL N :J_-\-\ ------------- i e S - ;o - ,-J—-\:---'
| swiz w32 N ”n’ w2 W 52 » ©0,1)
A ol e D - a--:’.-q. -------------------------------
2
(-0 k (1, 0)
-3 1
-4
-5 ©, 1-)

9(z) = csc(z)

domain ={z € Rlz #7 +nm,n € Z}

range =(-00 ,-1JU[1, 00)

© 1)
(1-, 0) (1,0)
©,1-)
f (&) =cos (z) 4
domain =R 3
range=[-1,1] .
------ : -.'--:;-----------------,:*Y------------7":""------~
512 2 3w/ - pf12 0 m\:/z o smi3 3
................. :‘.‘_4.’.,_-_--__,1 e S 0 Y
© 1)
-3
k (1-,0) (1,0)
-4
5
& (0. 1-)
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g(z) =sec(z)

domain = {:17 € R|z # Zf; +nm,n € Z}

range =(-c0 ,-1JU[1, )

©.1

(1-, 0) (1,0)

©.19)

f(z)=tan(z)
domain ={z€R|:l: ;é% +nm,n € Z}

range = R

5ar/2

3m/2

Yy

Smw/2 g

©.1

(1-, 0) (1,0)

0 1-)

f(x) = cot (x)

domain ={z € Rlz #w +nm,n € Z}

range =R

w/

77
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(1-, 0) (1, 0)

©. 1)



Section 1.6
INVERSE TRIGONOMETRIC FUNCTIONS auidioJl JlgMJl yweSeo

INVERSRE OF SINE AND COSIN FUNCTIONS - oloi wuzdl 9 wuzdl jwgSeo

Inverse Function a wSell allall ae>|,0
1\ /5 5\>< 1
2,><~.7 one-to-one | 44 >
3419 Dpeiiey S
A . B B 1 A

f1(f(1)) =f1(7) =1 f1(f(x)) = x
f(f1(7)=f(1)=7 f(fF1(x)) =x

y =sin X
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(0'1) w2
2 domain=[-1,1]
n
range=|— —, —
% . - i ; g [ 2 ) 2]
0,-1 - -
©-1) y=sin"'x
a= a="°270
R e
:Trl-z
1 3
2 —t

y = COS X

19
wiZ

(-1,0) (1,0)

domain=[-1,1]

range=[0, 1]

y=cos™' x
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determine the exact function value.

a. sin_lé =% b. sin_l(—%) .

(o) =]
(<]

|

[oy

0 =
1

wl A
B
:

.

—
|
[

S—
1

N

=

EXAMPLE 1.6.1 Find the following:
a. oos(sin'1 (—1))

2
Solution
i1 (~1)) = cos(- %) = cos(Z) = L2
008(81n ( 2) = cos( . )-cos(6 =
b a.rcsin(cos(?ﬂi)) Note: arcsin (which can also be
3 written as sin™1) is the inverse
Solution

function of the sine function. i.e.,

_ Ify = sin"lx thensiny=x.
arcsm(cos(zg)) = arcsin( - % )= -

ol A

EXAMPLE 1.6.2 Find the following:

a. sin(a.rcoos(—%))

Solution
V3

sin(arcoos(—%)) = sin (ZTn )= sin (g )=

b. cos™! (sin (2?”))
Solution

o (s ) = cos (3 )= %
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INVERSE OF TANGENT AND COTANGENT FUNCTIONS — ploi Jhallg JaJl jwgS<ee

-

l‘ { | ) [
o & w ) &

- —

7wl

! tanf = dac
cosf
domain =R /2 1 ©,1)
y=tan™ x
™ ﬁ) "
range = (— —, —
ge = ( 3°3
________________________________ R e e e e ] (-0} (1,0)
10 9 8 7 6 5 4 3 2 1 1 2 3 4 6 8 10 1" "
________________________________ el e e e e e (0, 1-)
mw
3ar/2
w/

81
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) __cosb
domain =R y = cot™' x = ine
0.1

range = (0, 7)

\m (1 " 0) A (1‘ 0)

e (0,1-)
ey (00D 1
y=an x 2 _1
V3 V3
2

(-1,0) (1,0)

(0,-1)
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(-1,0)

(1,0)

a.

EXAMPLE 1.6.3 Find the exact value of the following
b. sin(oot‘l(l))

a. cos(tan‘l(—l))
Solution

cos(tan-'(-1))= cos(- %) = 003(45) =

sin(cot(1))= sin((E)= =

cot

SE

-11._"™

1
2__1
@_ﬁ
2
V3
2 __\3
1
F ]

= cat-1
y= cat'! x (0

» 1)

('1,0)<
(0,

N

EXAMPLE 1.6.4 Find the exact value of cos[tan‘l (%]]

Solution

5 5
Al )= = —
Let tan (12) O =) tanO =

x2=25+144 =169
x=13

oos{tan_l(%]] =cos 0 =

12
b

0

12




INVERSE OF SECANT AND COSECANT FUNCTIONS - U3 ( B uidla) acwsSell alul

domain = (—oo0, —1] U [1,00)

)

T
range = [0, 5) U [, 2

9

-1 _2 n

C. sec &= =:
NE

-12 =

Cc. csc =z
NERRE

9 10 11 12 13 14

(0,1)
-1 2 n
d. sec ( ﬁ)zg . i
4n ©.19)
d. csc_l(—l)=—
J3) 3
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EXAMPLE 1.6.5 Find the exact value of the following ©,1)
. x| . -1|_3
a. sm(sec (2)) b.sm(sec [ 2]]
Solution - (1.0)
a. Sin(sec‘l(2)) =sin(§)=g
b. sin[sec_1 [—§]] 0.1
2
let sec_l[—g]=9 = Sec9=-% 12
€]
2-0. P
xX2=9-4=5 _JVB 4
X=% .5
-3
sin6=T5
EXERCISES 1.6
) In Exercises 1-4, determine the exact function value.
1
a. dn"} b. dn"(-%) e oou"% d. oo-"(—%)
2
a. dn"f b. lin"(—?) c. m"# d. ”"(_ﬁ)
3.
a. tan"* b. tn"(-«/i) e .o“* d. no“(-j;)
4.

a. oot"* b. oot"(—J;) e m"*

) In Exercises 5-10, find the exaoct value of the quantity.

o st (un(}e)) b. st (un(— )

. wai(un(}e)) a. wnct(un(-4))
6.

. ort(con(}7)) b. cos(soa(~})

) & con™(con(3x))

o ot (an(3x) b. taa-t(ten(~47))

. "t (tan(3x)) . tont(sen(~4x))
8.

o oot (s i) b. et (sme( )
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