CHAPTER 3
DIFFERENTIATION - ( @iskastl] ) {Josbiil

3.1 The Derivative and the Tangent Line Problem.
— Slope Tangent Line.
— Using the Limit Definition of Derivative.

— Average Velocity and Instantaneous Velocity.

3.2 Differentiation Rules.

3.3 Derivatives of Trigonometric Functions.
3.4 The Chain Rule.

3.5 Implicit Differentiation.

3.6 Higher Order Derivatives.

3.7 The Derivative of Inverse Functions.
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SECTION 3.1

THE DERIVATIVE AND THE TANGENT LINE PROBLEM
uibouid] i § uiliickard!

slope tangent line wwlewll Juo
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DEFINITION 3.1.1
The slope m of the tangent line to the graph of a function f at P(a, f(a)) is

. fa+h) - fa)
h—0 h

provided that the limit exists|

b M kit Sl (@, F(Q) ) ubamil) ddaid JU0) pubod ilidliad

y = m(z — a) + f(a)
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EXAMPLE 3.1.1
Find the equation of the tangent line to the graph of f(z) = 2 at £ =2.

Solution

i fC R —SQ) _ . 2+h) -4

m
h—0 h h—0 h
2 ..
- g AR =4 g BAER | Gl Ry
h—0 h h—0 h h—0
m=4 , x=2
y = m(z — a) + f(a)
Yy = 4(:0 — 2) +4
y=4z —4
Definition 3.1.2

Let f be a function that is defined on an open interval containing a. The derivative

of f at a, written f'(a), is given by

fla +h) — f(a)
h

f'(a) = lim

provided the limit exists
EXAMPLE 3.1.2 Let f(z) = #®. Find f'(1)
Solution Using Definition

_ 3 _ 2 , ;8
L SO+R) - FO) _ . QR -1_ . 1+8h+3K% +h%—1

1) =1
f() h—0 h h—0 h h—0 h
2 3 2
= B O oD e PO RO R el 185 155 =1
h—0 h h—0 h h—0

RELATED PROBLEM 2
Let f(z) =1—2°. Find f'(-3).

Answer 6
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|EXAMPLE 3.1.3 Let f(z) = 2°.
a. Find f/(z), where z is any real number.

b. Find £(1),£'(2).7'(3).

Solution  f/(a) = lim f(z + ’2 — f(2)

(z +h)® —2® lim z3 + 82%h + 3zh? + h® — 2°
h—0 h h—0 h
. 32°h +3zh® + h® . h(32% + 3zh + A?)
= lim = lm
h—0 h h—0 h
= lim(3z? + 3zh + A?) = 32>
f'(1) =301y =3
f'2) =3(2)° =12
f'(3) = 3(3)* = 27

DEFINITION 3.1.3

The derivative of a function f is the function f’ which value at any number z is

(@) = i 2+ D) = )

provided the limit exists

y = Zz—” — Dy = f(a) = % - %f(w) — D_f(2)
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EXAMPLE 3.1.4 Let f(z) = 22° +1. Find
f'(2)
b. f1(2).f(-3)
c. The slope of the tangent line to the graph of f at z =2
d. The equation of the tangent line to the graph of f at z =2

Solution

2 2
f(z) = lim = lim
h—0 h h—0 h
2(a® +2ah + %) +1—-22% — 1 922 + dah + 2% — 222

= lim

= lim
h—0 h h—0 h
= ﬁmm = lim2(2z + h) =4z
h—0 h h—0

£(2) = 42) = 8 and f/(—3) = 4(—3) = —12

y = m(z — a) + f(a)
y=8=z—2)+9
y=8x—7

RELATED PROBLEM 4 Let f(z) = 3z — 5z + 1. Find

(=)

(=1, 1)

The slope of the tangent line to the graph of f at z = —1

"

&

i

d. The equation of the tangent line to the graph of f at z = —1
Answer

a. fl(z¢y=6z—5 b. —111 c. —11 d y=-1lz-2

RELATED PROBLEM 7 Let f(z) = v1—3z_ Find

a.  fl(z) b. D, e f'(0)
-3 | 3
Answer a. ———— b. | —o0,— c. ——
W1 -3z [ 3] i
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AVERAGE VELOCITY AND INSTANTANEOUS VELOCITY - auazll ac,udl g ¢ ac,uull bhawgio

dsbaad] (50 GaS 120
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EXAMPLE 3.1.10 The position of a moving object at time ¢ is given by the function

s(t) = 2 + t, where s is measured in feet and ¢ is measured in seconds.

S gl ) U Gl ubesil]
a. Find the average veloeity of the object over the interval [l,l.l].
s gl & Gty | |
Solution :
a=1, h=01 1 1

_ s+ h) — s(a) _ s(1+0.1) — (1)

- h 0.1
_ ((1.1)2 + 1.1) — ((1)2 + 1) _ 231 -9 _ 031 _ 3.1ft/sec
0.1 0.1 0.1
b. Find the of the object at t =1 and at t = 3
PRI PRT
Solution 2 2
_ (t+h? +(@t+h)—(2+t
h—0 h h—0 h
. B+ +t+h—B -t . 2h+ R +h
= hm — hm ==
h—0 h h—0 h
. —lm MA@t R4 1) =241
h—0 h h—0

at t =1 1is o(1) = 2(1) + 1 = 3 ft/sec
at t =3, it is »(3) = 23) + 1 = 7 ft/sec

c¢. How much time it take for the object to reach instantaneous velocity of 99 ft/ sec

Solution
2t +1 =99
98
t = — = 49sec
2
RELATED PROBLEM 10 The position of a moving object at time ¢ is given by the function

8(t) = t> + 1, where s is measured in feet and ¢ is measured in seconds.
a. Find the average velocity of the object over the interval [2,2.2]

b. Find the instantaneous velocity of the object at t =2 and at t = 5.

c¢. How much time it take for the object to reach instantaneous velocity of 120 ft/ sec

Answer a. 4.2 ft/sec b. 4 ft/sec,lO ft/sec c. 60sec
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33. A particle moves along the graph of the function s(t) = 2t +t +1, where 8 is measured

in meters and ¢ in seconds. Find the instantaneous velocity of the particle when ¢t = 2.

EMER) t+h t 2(t+h)P+(t+h)+1-RQ3+t+1)
=i =l 02
h—0 h h-0 h
" 283+ 3t2h +3th’+ h) + (t+h)+1 -3+t +1)
= 1um
h -0 h

i 2t3 + 6t2h + 6th?+ 2h3+t+h+1-2t3—-t—1
= lim

h -0 h
6t2h + 6th?+2h3+h . h(6t*+ 6th+ 2h?+ 1)
= lim = lim
h -0 h h -0 h

=l’i'mo6t2+6th+2h2+1 =6t2+1
v(2) =6.4+1 =25 m/sec

SECTION 3.2
DIFFERENTIATION RULES i} e 193

DIFFERENTIATION RULES - §lufkemesisl] et |9

d L

= (c)=0 gz =

L (mx+c)=m L (5x+7)=5
—-(mx+c)= —-(5x =

i n)= -1 d

o (x")=nx" —- (x5 +4x2 + 5)= 5 x*+ 8x
i :i 0.5 — -0.5 —1 i—i

dx(ﬁ) dx(x ) b T2°Vx 2V

d d df 1 1
E(W)=0 ;(“9(”/3)):0 ;[‘5“”*3]:‘5

The derivative of the product of two functions is:
(fg)'(x) = f(x) g'(x) + f(x)" 8(x)

f(x)= (x3-3) (2- x3)
f'(x)=(x3-3) . (-5x*) +3x2.(2 - x3)
f'(x)= - 5x7 + 15x4 + 6x2 - 3x’

f'(x)= - 8x7 + 15x4 + 6x2

(fgh)(x) =f(x)" g (x) h(x) + f(x) g(x)" h(x) + f(x) g(x) h(x)’
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([)’(x) _f).9(x) - g0’ f(x)
g (9(x))?

1\/ = ox1-1x1_ —1
(x)_ xz - xz

X

i) i 2

Example:
f(x) =

Solution
f'(x)=

x2+1
x3-1

(2x)(x*-1)-(3x®) (x*+1) _ 2x*-2x-3x*+2x° _ —x*—2x+2x%
(x3—1)2 - (x*-1)32 (S —=1)"

Find the derivative of each of the following functions

a. ) = —4 /
o) =4 f/(4)

Solution

- (-4) (0.5x795) _ 2

f'(x)= (V%—3)2 = Jx(/x-3)?

2
f'(4) = Va(/4-3)2 = L

EXAMPLE 3.2.4 Suppose f and g are differentiable functions at £ = 2 and that
f2)=3, f(2) =4, 9(2) =1 and ¢'(2) =2.
. 4 2
a E(?f(z) — 3¢(a) +4a”)|

Solution

%(Qf(z) — 3g(z) + 4:1:2) = 2f'(z) — 3g'(z) + 8«

%(Qf(z) ~ 8g(a) + 422)|_ = 2/'(2) — 3¢/(2) + 8(2) = 2A~4) — 8(2) + 16 = 2
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d [ z + f(z)
dz| z — g(z) o2
Solution
z+ f(2)| _ (2= 9(2))(1+ f(2)) — (2 + £(2)) (1 - ¢'())
dz\ 2~ 9(2)) (2 — 9(a))’
[ z + f(z) (2-92)(1+ F@)—(2+ £2)(1- ¢'©®)
dz\ z — g(z) )| ,_, (2 B 9(2))2
_2-)1-49-2+3)(1-2 _,
2-1)>

d
. g (f@e@),,
Solution

“(1@)el@) = 1(@)'@) + o@)1'(@)

%( f(@)9(2))|,_, = F2)9'(2) + 9)f'(2) = (3)(2) + (1)(~4) = 2

RELATED PROBLEM 4
Suppose f and g are differentiable functions at £ =1 and that

f)=-2 f(1)=38, g(1) =—1 and ¢'(1) = —
Find

a & z) — 2¢(z) — 4z ' b5 — /(@
dz(3f( ) — 2g(z) — 4 3)|‘,=1 ’ dz| z — g(z) 2=1

d
e —(f@)e(a))],.,
Answers

a. § b. —17/4 c. §
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z3

<1
Example 3.2.5 Find the values of a and b such that f(z) = e 1s differentiable
; 1 az+b z>1
at a=1.

Solution Since f is differentiable at # = 1, then it is continuous at # = 1. This implies that

im f(z) = hm f(z)
z—1* z—1"

Iim (a:v + b) = lim 2°
z—-1t z—-1"

a+b=1
) =£Q)

Since f 1s differentiable at z =1,

d
0= (&)_ =se], =3
A0 =2(a+b) =a
dr z=1
a=3
Snmcea+b=1,b=1—-a=1-3=-2
EXAMPLE 3.2.6 Find an equation for the tangent line to the graph of f(z) = il +13 at
z=3. okl
Solution
() _(e+1)(2e) (" +3)(1) _2”+2c-22 -3 _a?+2:-3

(z+1) (z +1)° (z +1)’
32+2x3-3 12 3
B+1)2 16 4

m = f'(3) =
The equation of the tangent line 1s y = m(z — 3) + F(3)

y=[%](z—3)+3

3 3
= -+ —
A

EXAMPLE 3.2.7 Find the z —coordinate of the point(s) at which the curve y = z* — 42 +1

has « Hotizontal tangent.
hid] !
Solution ﬂ = 42% — 82
d
W _,
dz

42° — 82 =0 = 4z(2> —2) =0
=z=0o0rz? =2

=>z=00ra:=:]:\/§

131



RELATED PROBLEM 7 Find the z —coordinate of the point(s) at which the curve
y = 2® — 422 + z + 2 has a horizontal tangent.

4-+13 z=4+~/E

3 3

Answer z =

SECTION 3.3 DERIVATIVES OF
TRIGONOMETRIC FUNCTIONS  dusiekich} (19al} i bt

a. i(sin a:) = cos b. %(cosz) = —sInz

EXAMPLE 3.3.1 Find the derivative of each function
a. y=58inx—icosz
Solution

d_y = becosz + %sinz

EXAMPLE 3.3.1 Find the derivative of each function

b, i = 3cosz

smz + 1

Solution

dy (sinz+1)(-3sinz)—(3cosz)(cosa) _—3sin’z — 3sinz — 3cos’z

do (E;in:z:+1)2 (sin:z:+l)2
B —3(sin2z + <;032z) = ésinz _ —3(1+sinz) -3
(sin:v+1)2 (sin:r:+1)2 sinz + 1

RELATED PROBLEM 1 Find the derivative of each function

1 . —2sinz
a. = —4cosz + —sInz b. = —
Y 3 v cosz + 2
Solution
2(2cosz + 1
a. 4sina:+lcosx b. - ( 2))
3 (cosz+2)
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d

a. —(tanz) = sec’ z b. i(cotz) = —csc’z
dz dz
c. i(secz) = secz tanz d. i(csca:) = —csczcotz
dz dz
EXAMPLE 3.3.2 Find the derivative of each function
a. y:s/;+cscz—cotz
Solution 1
ﬂ: —— —csczcotz + csc z
PN
b. y =sinzcosz
Solution
dy - - = 3 2
— = |(smz)(—smz)+(cosz){cosz) = —sin“z + cos“ z
— = (sinz)(—sinz) + (cosz)(cos ) +
sec T
C. y _——_—
1+ tanz
Solution

dy (1+tanz)(secxtanz)_mz(sec2z)

dz (1+tana;)2
B secz tanz + secz tan? z — sec® z
o 2
(1 - tana:)
__secz(tanz + tan” z —sec’z)  secz(tanz — 1)
(1 + tanz)2 (1+ ‘5"-“1"”)2

RELATED PROBLEM 2 Find the derivative of each function

a. y=g*—3cotz + 2cosz b. y=2"tanz c. y=csc_z+l
sinz
Solution
a. 4z° +3csc’z — 2sinz b. 22(zse02z+3tanz)

cotz + oosz(cscz + 1)

sin’ z

C.
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EXAMPLE 3.3.3 Find the equation of the tangent line to the graph of y = 2cosz at the point

[1 0] i) s et b Wlabat gl
50|
Solution &y = —2sinz
dr
de|,_= 2
2

y = m(z — a) + f(a)

y=(-2)[x—g +0

Yy = —2z+ 7

EXAMPLE 3.3.4 Find all point(s) on the graph of f(z) =z +sinz, 0 < z < 2w where the
tangent line is horizontal. L&l pulawll aic (il (uxiall (sle bladl gaox Azl

Solution fl(z) =1+ cosz

1+cosz=0
cos X = -1
X=T7

point (, f(w)) = (w,7)

EXAMPLE 3.3.5 Assume that a particle’s position on the # — azis is given by
8(t) = 3cost + 4sint
Where s is measured in meters and ¢ 1s measured in seconds. Find the particle’s instantaneous

audandl] a |
velocityl when t =0 and ¢t = g . s o

Solution
ds .
u(t) = > —3sint + 4cost

v(0) = —3sin(0) + 4 cos(0) = —3(0) + 4(1) = 4 m/sec
u[§] = —3|sin[§] + 4009[§J = —3(1) + 4(0) = —3m/sec

RELATED PROBLEM 7 Find the z —coordinate of the point(s) at which the curve

y = ¢ — 42° + z + 2 has a horizontal tangent.

4-V13 44413
3

3

Answer z =
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SECTION 3.4 THE CHAIN RULE delwidesd] 55k

f(x) = x5 fl(z) = 5 x4
y= (b +20) 2 = 5042001 (3242)

THEOREM 3.4.2 (The General Power Rule)

If g 1s a differentiable function and r 1s any rational number, then

r-1d
(9@ ) = (@)™ 2 (o(@)
EXAMPLE 3.4.2 Dafferentiate the following functions

1
8= o o 1

Solution . i
= (32® —22° +1) 3.

f(z) = -
(3x5 -2 + 1)5

f(z) = —%(3.1:"’ — 228 + 1);;(15m4 - 6:1:2)

156z% — 622 bzt — 222

_3,3/(3:;5 — 2% + 1)4 B _,3/(33;5 — 228 + 1)4

EXAMPLE 3.4.3 Daifferentiate the following functions

. fi 2z +1)'

| o= (3253)

Solution

v S22 41| (32-2)(2) = (22 +1)(8)| _ ,(2:+1)'|6z2—4-62-3
h(z)_4[32—2] (3z —2)° ]_4[32—2] (32 —2) ]

_4 22z+1s
3z -2

=t ] ——28M

(32 —2)
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EXAMPLE 3.4.3 Daifferentiate the following functions
b. k(&) = (t +1) (2t —3)’

Solution
K'(t) = (t+1)8[5(2t 3)" ]+ (2t -3 ls t41) (1)]
=10(t +1)° (2t — 3)* +3(2t — 3)° (¢ +1)°
= (t+1)° (2t — 3)* (10 (t+1) + 3(2t-3))
= (¢ +1)" (2t — 3)"[10¢ + 10 + 6t — 9]

= (t+1)" (2t — 3)" (16t + 1)
EXAMPLE 3.4.5 If y = 5sin(o*), find 22
do

Solution

% = 5008(3;4)(43:3) = 20z° oos(a:4)

EXAMPLE 3.4.6 Find
d 2
a. a(tan(&'v ))

Solution

% ( tan(3z? ) — 6z sec? (31:2 )

b. %( z’ csc(2a:))

Solution

%(,/ﬁ csc(2:v)) = % (x? CSC(Zx))%
1
= 5(a” csc(20) ) 2 (a2 (—csc(22) cot(20) () + csc(2a) (21

_ —22? cse(2z) cot(22) + 2z csc(2)

2\/ z? csc(2z)
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& |

—
8,

—
o~
BN

N

S—
|

= 3sec’ (t4 )sec(t"‘ )t.em(t4 )(4t3 )
= 12¢3 sec® (t4 )tan (t4 )
RELATED PROBLEM 6 Find

a. i(m(za)) b. %(-\3122+cot(2x)) c. %(Wtb(t2))
Answer

2
a. —3z? cse(z?) cot(2?) b. 2z — 2csc (2x)

c.  —10t cot*(t?) esc?(¢?)
3{/ ( 2’ + cot(2z) )2
EXAMPLE 3.4.7 Find the slope of the tangent line to the graph of y = 2% cos(3z) at ¢ = 7
JE¥| VSN jpy S—
Solution

W _ y2[-3sin(3x) ] + 2x cos(3x)

:z_y = —8a° sin(3a:) + 2-’3008(33)

_%
dz

m

= —3n2 sin(37r) - 27roos(37r) = 27

=T

EXAMPLE 3.4.8 The equation of motion of a particle is given by s(t) = 10 + isin(lOWt),

where ¢ 1s measured in seconds and s in centimeters. Find the velocity of the particle at time

t. oo pl) oels ool 66 joi i gublang

Solution

ds 1 5w
== Z(107r)cos(1om) = 7cos(lom)

137



Chain Rule dleledl 3.cls

slu=g(x) gs=gu) gt =9(s) gy = f(t) cals1y)
Jie Ol g3l (po Al §3 o e Xyl e asliay Y psit)

yot-os-u-x. U9set

| ]

dy dy dt ds du
dx  dt ds du dx

Ay o e o
ZAH Jlgall = 3 NI AETEY s gf 2 Lo

1 y=t*—-2t?+1;, t=2x*+x+1,

dy dy dt
=—.—={@t3-4t)(4x + 1),
- dtdx b
=(4(2x2+x+1)3 -4 (2x2 +x+1))(4x + 1).
2 y:i; t=3x+1,
¥+l
dy _dy dat 1 . =3
dx  dt’dx t+1)?  (Bx+1)+1)*

3 y=t%+1; t =3s3+1; s=2-—x,

dy dy dt ds _ ”
e e Al 0L g )

= (2(3s + 1) )(9s9)(-1),
= (653 + 2)(9s%)(-1),

= —5455 — 18s?,
= —54(2 —x)°> —18(2 — x)?.
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Examples:

1)y =sin(u), u=x?> Find Z—z.
Solution:
dy dy du
dx  du "dx
% = cos(u)
du — 5
dx x
d
e cos(u).2x = cosx? .2x
dx
2) y=3z3+2, x=2z%+4
Solution:
dy dy dz
dx dz dx
dy )
E = 9Z
dz 9 o dx ) dz
) —_— = > — = —
dx dz z dx
dy , 1 9z
a = 9Z Z = 7
= > X
3) f(9)=5 g2)=9, g@2)=-3,
Solution:

(fog) () = f (9(x)).g (x)
(fog) (@ =f(9(2)).9 (2
(fog) (2) = f(9).(=3) =5.(-3) = —15

find

139

dx’

x=2z*+4

z2=x—4

z=Vx—4

find (fog) (2).



4) f(x) = sin(x3).
Solution:
Note: sin (x) = cos(x).1
f (x) = cos(x?).3x?

5) f(x) = cos(Inx).
Solution:

f (x) = —sin(Inx) %

6) f(x) = tan(sin(x?)).

Solution:
f (x) = sec?(sin(x?)).cos(x?).(2x)

7) f(2x) = 3x? + 8x find f(x).

Solution:
f(2x).(2) =6x +8

f(2)?7? = 2x=2=>x=1
f=6(1)+8

f(2).2) =14
oy M _
fQ@)= > = 7
8) d fd(jx) =6x+1 find d zix) :
Solution:

f(3x).(3) =6x+1
let3x=y = x= 3
F.(3=6G) +1
f.B)=2y+1

, 2 1
Foy ="
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9) f(x) =sinx g(x) =x*  find (fog) (x).
Solution:
f (x) = cox (x), g (x) =2x

(fog) (@) = f (g(x)).g (x)
(fog) (x) = f (x?).(2x)
(fog) (x) = cos(x?). (2x)

10) f(x) =sin3x

Solution:
f(x) = (sinx)®

f (x) =3 (sinx)?. cosx

11) f(x) = tan?(sin(x?))

Solution:

f(x) = (tan(sin(x*)))*

f (x) = 2 (tan(sin(x?)))*. sec?(sin x?).cos x2 . (2x)

12) f(x) = sin (cos?*(Inx))

Solution:

f(x) = sin (cos(Inx))?

f (x) = cos(cos(Inx))?.2(cos (Inx))*. —sin(In x) %
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SECTION 3.5 IMPLICIT DIFFERENTIATION subgueiad} it ivienih )

y=x2-2x+2

8 7 6 5 -4 3 2 1 4 5 6 k4 8 9
-1
-2
-3
-4

y=+v9—2zx2 y
x2+y2=9
y2=9_x2 .

y= =19 — x?

EXAMPLE 3.5.1 sonall ddiid !

If each of the following equations determines an imf)licit differentiable function
y = f(z), find Y’ a. 2®+y®=1+ay
Solution

32° + 3%y = ay' +y
3y2yl . W’ =y— 3$2
(32 —z)y' = y — 322
y Y — 3$2

3> —z
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b. y? = zcosy

Solution
2y’ = —zsiny -y’ + cosy
2yy’ + zsinyy’ = cosy
(23/ + :z:siny)y' = cos Y
r_ cosy
2y + zsiny

Y

¢ .z‘y2/3 + yz2/8 = 7?2
Solution

(30w |+ P @3+ () =2
%wy_l/sy’ + ﬂs@gzﬁv_]’/s + 1% =2
[%my_l/s + a:2/3]y’ = 2z — %ya;_l/s - y2/3

2z — %yz_lls - yy8

y —
%w—ys + 3

EXAMPLE 3.5.1 vt Al

If each of the following equations determines an imfﬂicit differentiable function

y=f(z), find ¥ d. 3+ tan(ey)—2=0

-1/:
Solution %(3 + tan(ay)) (sec2(zy)(xy’ - y)) =0

_1/2
2(3:+ tan(ay) (@ sec?(@)y’ + yoec(ay)) = 0

- 4 _1/2
%(3 + tan(ay)) ¥ zsec’(zy)y’ + %(3 + tan(zy))  ysec’(zy) = 0
J ; -2
%(3 -+ tan(a:y)) ° zsec’(zy)y’ = - %(3 + tan(a:y)) y sec’(zy)

%
~Swoect(ay) (3 + tan(ay))

y -_—-——M - 0= —_=

-2
% z sec’ (zy) ( 3 + tan(zy) !
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RELATED PROBLEM 1 Find % for each of the following

a. 822 4+ y2 =10 b. sin’(3y)=z+y—1
¢ 3oy = (a® +y2)3/2 d. [1+sin®(2?) =y
Answers
__&D b. 1
& Y 6sin(3y) cos(3y) — 1
gzZ(x8+y2)1/2_y ) 3y28in2(xy2)oos(a:y2)
C. o
e=uf=t + )" 2y~ baysin” (") oa( 7"

EXAMPLE 3.5.2 Find an equation of the tangent line to the curve y® + y2? + 22 —3y2 =0

at the point P(0,3). daiill ais shaded! guball Walas a2l
Solution
dy 2 dy dy
32 =+ 2y + 2= +2c—-6y—=0 \
dz dz da y = m(z — a) + f(a)
3y2ﬂ+zzﬂ—6yd—y = -2y — 2z

dz dz dz
y=0(z—0)+3 or y=3

(3y2 + 22— 6y)% = —22(y +1)

dy _ 22y +1)
’ dz 3y + 22 —6y
__dy| 206+
dz|og  3(3)7 + (0)* — 6(3)
EXAMPLE 3.5.3 Given that zcscy = 2, find L. |
dx (z’y)=[l,%]

Solution z[—cscyooty%]+cscy(l) =0

dy
—zcscycoty— +cscy =0
y y & y

ﬂ_ cscy 1

dr zcscycoty xcoty

| &



RELATED PROBLEM 2 Find an equation of the tangent line to the curve z° + (y —z)® = 9
at the point P(1,3)
13

Answer y = §z +—.
6 6

RELATED PROBLEM 3 Given that 2% cosy + 42 —1 =0, find .
dz|(5y)~(01)

Answer 0.

EXAMPLE 3.5.4 Find all points (z,y) on the graph of z#s + yys = 8 where tangent to the

graph at (,y) have slope —1. -1 &k Sill Gubod! i i oud] Silikd] gusad 21

Solution
2 = 2
gz ]/s+§y ]/syl=0 z7/3+y43=8
, yl/s zy3+z#3=8=>2xy3=8=>z2/3=4
y =—F (a:ys =(4@=>a:2=64=>z=:|;8

If £ =8, then y =8, point (8,8)

slope —1,set y = —1
If z = —8, then y = —8, pomnt (—8,—8)

/3
_y_=—1=>y1/3=zl/s Sy=uz

2¥*

RELATED PROBLEM 4 Find the coordinates of the point in the first quadrant at which the

tangent line to the curve #® — zy + y® = 0 is horizontal.

R [e/;z/z
nswer Sarl
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SECTION 3.6 HIGHER ORDER DERIVATIVES |esbitl] sl gof} ciifid it bty

HIGHER ORDER DERIVATIVES ekl | tontni ol } i} i bty

y = xb

HOd) il y' =6x°
e el i} y'" =30 x*
il sty =120 3
alpll diiid) """ = 360 x?

EXAMPLE 3.6.1 Find each of the following

a. [ ”(3) for f(z) = z° + 22° — 22
Solution .
f'(z) = bz + 622 — 2
f"(z) = 202® + 122
b dﬁy for e aml 4 2
. —= for y=2" —22* + 62° — 12
d$5

Solution dy
—= = 72% — 82% + 122
dx

d2
;‘; = 422° — 2422 +12
3
d_y = 210z* — 48z
d.’l,‘s
4
9V _ 8402% — 48
d$4
5
2V _ 952022
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RELATED PROBLEM 1 Find each of the following

”.’L‘ or $=$4—i
f'(z) for f(z) =2 i

3
b. %I for f(t) = 482 —12 ...
dt® ¥
Answer
a. 24z? — 9 o b. —%
4N 2" &
EXAMPLE 3.6.2 Given that f(z) = sin(2?). Find f"(z).
Solution

fl(z) = 2:voos(z2)

(z) = —42? sin(z2) + 2008(.’82)

RELATED PROBLEM 2 Given that f(z) = cos(2®). Find f"(x).
Answer f"(z) = —(9a:4 cos(zs) + 6z sin(a:s)

EXAMPLE 3.6.3 Find 3" if y +siny ==z deintpesd <l
Solution J + (oosy)y, _1
]
1+ cosy l
n _ —(—smny)y’ _ (siny)y’
- (1 + cosy)2 - (1 + c>osy)2

sin Y — _
y,, _ 1+ cos _ sin ¥

(l-l-cosy)2 (l+cos1t/)3
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RELATED PROBLEM 3 Find y” if 2%% — 4 = 0.

Answer y" = e
22

EXAMPLE 3.64 Find all values of %k such that y== satisf31 the equation

32%y" + 4zy’' — 2y = 0.

Solution 32%y" + 4ay’ —2y =0
y=2a" 3a%k (k —1)a*~? + 4kaz* ! —22* = 0
y' = kak-1 3k(k —1)2* + 4ke* —22* =0

o*[3k(k—1)+4k—2]|=0

yll = k(k_l)zk—Z
3k(k—1)+4k—2=0

3%k +k—2=0
(8 —2)(k+1)=0
b= s ]

3

If f(z) = 2* —2® — 622 + 7z, find an equation of the tangent line to the

[ alladl gonid, ubod) ddalis s

EXAMPLE 3.6.5

graph of f’at the point P(2,3).
f(z) = 42® — 822 —12¢ + 7

Solution
f'(z) = 1222 — 6z — 12
m = £"(2) = 12(2)° —6(2) —12 = 24
y = m(z —a) + f(a)
y=24(z-2)+3
y = 24z — 45
ACCELERATION  ( &sbwisil} ) ekl
b}
s = f(t)
iyl i i
ot) = £ ==
( §oboiniel) ) delnial}
a(t) = 2 = )= i
dt dat?
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EXAMPLE 3.6.7 The position of a particle is given by the equation
P-TY (ol alalae
s(t) = 4t® — 0t + 6t + 2,

. ikl . .
where 8 1s measured in meters and ¢ in seconds.

a. What are »(¢) and a(t), the velocity and acceleration of the particle, at time ¢ ?
Solution e e

u(t)=%=12t2—18t+6

d%s
t)=—=241 —18
a(t) e
b. What 1s the velocity of the particle after 2 seconds?
v(2) = 12(2)* — 18(2) + 6 = 18 m/sec

c. When 1s the particle at rest?
Solution pouneiial] b Qe ey
v(t) =0
12t2 — 18t +6 =0
6(2t2 ~3t+1)=0
6(2t—1)(t—1)=0

t=—ort=1

d. What 1s the acceleration of the particle after 3 seconds?

Solution .
a(t) = — = 24t — 18
dt?

a(3) = 24(3) — 18 = 54 m/sec’

e. When i1s the acceleration of the particle positive?

Solution
a(t) > 0
24t — 18 = 6(4t — 3) > 0

t> 2,
4
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RELATED PROBLEM 6 If s(t) = %t" — bt® +12t? where s is measured in meters and ¢ in
seconds. Find the velocity of the moving object when its acceleration is 0 m/sec’.

Answer 9(1) =11 m /sec, v(4) = —16 m / sec.

SECTION 3.7
THE DERIVATIVE OF INVERSE FUNCTIONS  &ffd (05 et

adld (g GRby
fix)=y m—) f~1(y)=X
f(f ' (y))=y
fiy) =x o) f~1(x)=y
f(f ~1(x))=x
f(s)=t o) " 1(t)=s
f(f 1 (1)) =t
dy 1
da:_dz/dy

-

2
3~ 3
2
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EXAMPLE 3.7.1 Let f(a:) = xs + 4z —1 Flnd the deri\rati\re of f_l

Solution
let y =77 (z) o) = = f()
z= fly) =9 +4y—-1

%(z) = ;x—(ys + 4y — 1)

1=3y2d—”+4%

1= (342 + 4)%’

dy _ 1
dr 3% +4

7

1
3y +4

(@) =

a. %(sin‘1 z) = i

c. i(t;an‘l:x;) = 1 +1x2

1
m?|$|>l

e. —(sec'z)=

.\ dz

ﬁ’—l<z<l
- &

DERIVATIVES OF INVERSE TRIGONOMETRIC FUNCTIONS  dadiid) Gusdi] (JIgod i uh—u&q

THEOREM 3.7.2 (Derivatives of Inverse Trigonometric Functions)

b. %(oos“z)=——liz2 y—-l<z<1
d. i(«::ot‘la:) = - 2
dr 144"

d < 1
£ —(esc 1z)=—m,|z|>1

EXAMPLE 3.7.2 Find the derivative of each of the following functions

f(z) = sin™! (5:0)

Solution
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EXAMPLE 3.7.2 Find the derivative of each of the following functions

f(z) = tan™! (\/z + l)

d 1
dx(tan lz) 1+x2

Solution

fl(z) = (tan (s/:v+1)) 1+::+1

=+ (0)

1 1 1

=($+2)2\/z+1 - 2(z +2)Vz +1

EXAMPLE 3.7.2 Find the derivative of each of the following functions
f(t) = t* sec™1(2t)

Solution

£ oot 2) = s
d wz? —1
1

d -1 = 2 -
(1) E(sec (2t))_ (2t)*/4t2 —1 ¢-v4a2 -1

t

a2 —1

(2) f(t)= t2( t)(2t) = + 2t sec™ (2¢)

t- V4t
EXAMPLE 3.7.2 Find the derivative of each of the following functions
f(t) = sin (cos‘1 t)
Solution
f’(t) = oos cos"lt (

(@) =2

) ) J_z

EXAMPLE 3.7.3 Tf y = (1+ cos™(3c)) , find ZZ

Solution
dy

R
B —9(1 + cos™1(3z) )2

N V1 — 922
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EXAMPLE 3.7.4 Find an equation of the tangent line to the graph of the curve

sin"lz + sin~! y—; at the point P ££
. 1 1 dy _ .
Solution —_—t—F——"=0 y = m(z — a) + f(a)
Jl_z2 2 dz
a_Vi-2 _ _N1-¢ 2) 2
a . \ll—zz y:-x+£+£
\ll-y2 2 2
2 \
1_[£] y=—a:+\/§
&y _ = .
dz Gz 2
(zv)=[ ,—2-] l—[%]
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