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3.1 The Derivative and the Tangent Line Problem. 

– Slope Tangent Line. 

– Using the Limit Definition of Derivative. 

– Average Velocity and Instantaneous Velocity. 

3.2 Differentiation Rules. 

3.3 Derivatives of Trigonometric Functions. 

3.4 The Chain Rule. 

3.5 Implicit Differentiation. 

3.6 Higher Order Derivatives. 

3.7 The Derivative of Inverse Functions. 
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The derivative of the product of two functions is: 
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Example: 
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Examples: 

1) 𝑦 = sin(𝑢) ,      𝑢 = 𝑥2      𝐹𝑖𝑛𝑑 
𝑑𝑦

𝑑𝑥
. 

Solution: 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
 .

𝑑𝑢

𝑑𝑥
 

𝑑𝑦

𝑑𝑢
= cos(𝑢) 

𝑑𝑢

𝑑𝑥
= 2𝑥 

∴
𝑑𝑦

𝑑𝑥
= cos(𝑢). 2𝑥 = cos 𝑥2 . 2𝑥 

 

2)  𝑦 = 3𝑧3 + 2,            𝑥 = 𝑧2 + 4                        𝑓𝑖𝑛𝑑 
𝑑𝑦

𝑑𝑥
. 

Solution: 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑧
 .

𝑑𝑧

𝑑𝑥
 

𝑑𝑦

𝑑𝑧
= 9𝑧2 

𝑑𝑧

𝑑𝑥
=? ?  ⇒

𝑑𝑥

𝑑𝑧
= 2𝑧 ⇒

𝑑𝑧

𝑑𝑥
=

1

2𝑧
 

∴
𝑑𝑦

𝑑𝑥
= 9𝑧2.

1

2𝑧
=

9𝑧

2
                                                        𝑥 = 𝑧2 + 4 

𝑧2 = 𝑥 − 4 

𝑧 = √𝑥 − 4 

=
9

2
√𝑥 − 4 

 

3)  𝑓 ˊ(9) = 5,       𝑔(2) = 9,      𝑔ˊ(2) = −3,                          𝑓𝑖𝑛𝑑 (𝑓𝑜𝑔)ˊ(2). 

Solution: 

(𝑓𝑜𝑔)ˊ(𝑥) = 𝑓ˊ(𝑔(𝑥)). 𝑔ˊ(𝑥) 

(𝑓𝑜𝑔)ˊ(2) = 𝑓ˊ(𝑔(2)). 𝑔ˊ(2) 

(𝑓𝑜𝑔)ˊ(2) = 𝑓ˊ(9). (−3) = 5. (−3) = −15 
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4)  𝑓(𝑥) = sin(𝑥3). 

Solution:                                         

 𝑁𝑜𝑡𝑒:  𝑠𝑖𝑛ˊ(𝑥) = cos(𝑥) . 1 

𝑓ˊ(𝑥) = cos(𝑥3) . 3𝑥2 

 

5)  𝑓(𝑥) = cos(ln 𝑥). 

Solution:                                         

𝑓ˊ(𝑥) = − 𝑠𝑖𝑛(ln 𝑥) .
1

𝑥
 

 

6)  𝑓(𝑥) = 𝑡𝑎𝑛(sin(𝑥2)). 

Solution:                                         

𝑓ˊ(𝑥) = 𝑠𝑒𝑐2(sin(𝑥2)) . cos(𝑥2) . (2𝑥) 

 

7)  𝑓(2𝑥) = 3𝑥2 + 8𝑥                     𝑓𝑖𝑛𝑑 𝑓ˊ(𝑥). 

Solution:                                         

𝑓ˊ(2𝑥). (2) = 6𝑥 + 8 

𝑓ˊ(2) ? ?  ⟹   2𝑥 = 2 ⟹ 𝑥 = 1 

𝑓ˊ(2) = 6 (1) + 8 

𝑓ˊ(2). (2) = 14 

𝑓ˊ(2) =
14

2
= 7 

 

8)  
𝑑 𝑓(3𝑥)

𝑑𝑥
= 6𝑥 + 1                             𝑓𝑖𝑛𝑑 

𝑑 𝑓(𝑥)

𝑑𝑥
 . 

Solution:                                         

𝑓ˊ(3𝑥). (3) = 6𝑥 + 1 

𝑙𝑒𝑡 3𝑥 = 𝑦   ⟹     𝑥 =
𝑦

3
 

𝑓ˊ(𝑦). (3) = 6 (
𝑦

3
) + 1 

𝑓ˊ(𝑦). (3) = 2𝑦 + 1 

𝑓ˊ(𝑦) =
2𝑦 + 1

3
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9)  𝑓(𝑥) = sin 𝑥               𝑔(𝑥) = 𝑥2         𝑓𝑖𝑛𝑑 (𝑓𝑜𝑔)ˊ(𝑥). 

Solution:                                         

𝑓ˊ(𝑥) = 𝑐𝑜𝑥 (𝑥),            𝑔ˊ(𝑥) = 2𝑥 

   (𝑓𝑜𝑔)ˊ(𝑥) = 𝑓ˊ(𝑔(𝑥)). 𝑔ˊ(𝑥) 

   (𝑓𝑜𝑔)ˊ(𝑥) = 𝑓ˊ(𝑥2). (2𝑥) 

   (𝑓𝑜𝑔)ˊ(𝑥) = cos(𝑥2). (2𝑥) 

 

10)  𝑓(𝑥) = sin3 𝑥 

Solution:                                         

 𝑓(𝑥) = (𝑠𝑖𝑛 𝑥)3 

𝑓ˊ(𝑥) = 3 (𝑠𝑖𝑛 𝑥)2. cos 𝑥 

 

11)  𝑓(𝑥) = 𝑡𝑎𝑛2(sin(𝑥2)) 

Solution:                                         

𝑓(𝑥) = (tan(sin(𝑥2)))2 

𝑓ˊ(𝑥) = 2 (tan(sin(𝑥2)))1 . 𝑠𝑒𝑐2(sin 𝑥2). cos 𝑥2 . (2𝑥) 

 

12)  𝑓(𝑥) = 𝑠𝑖𝑛 (𝑐𝑜𝑠2(ln 𝑥)) 

Solution:                                         

𝑓(𝑥) = 𝑠𝑖𝑛 (cos(ln𝑥))2 

𝑓ˊ(𝑥) = cos(cos(ln 𝑥))2 . 2(cos (ln 𝑥))1. − sin(ln 𝑥) .
1

𝑥
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