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Chapte ONE

Basic Concepts

SYSTEMS OF UNITS

TABLEI2  The SI prefixes.

Multiplier  Prefix ~ Symbol

1018 exa E

10 peta P

10" tera T

10° giga G

106 mega M

10° kilo k

10 hecto h

10 deka da

10! deci d

102 centi ¢

103 milli m

10-¢ micro I

19-° nano n

pico p

10" femto f

10 atto a

TABLE .|  The six basic SI units.

Quantity Basicumit  Symbol
Length meter m
Mass kilogram kg
Time second s
Electric current ampere A
Thermodynamic temperature  kelvin K
Luminous intensity candela cd
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CHARGE AND CURRENT

Charge is an electrical property of the atomic particles of which
matter consists, measured in coulombs (C)
The following points should be noted about electric charge:

1. The coulomb isa e unit for es. In 1 C of charge, there

are 1/(1.602 x 10~ %) = 6.24 x 10'® electrons. Thus realistic

or laboratory values of charges are on the order of pC. nC. or

puc!t

According to experimental observations, the only charges that

occur in nature are integral multiples of the electronic charge

e=—1602x 107 C.

3. The law of conservation of charge states that charge can neither
be created nor destroyed, only transferred. Thus the algebraic
sum of the electric charges in a system does not change.

[

electronic chargee= -1.602 x 10-19 C.
Electric current is the time rate of change of charge, measured in amperes (A)

Mathematically, the relationship between current i, charge g, and time t is A direct

current (dc) is a current that remains constant with time.
e ey

where current is measured in amperes (A). and
1 ampere = 1 coulomb/second

The charge transferred between time 7o and 7 is obtained by integrating
both sides of Eq. (1.1). We obtain

14
q = f idrt a2
i

direct current (dc) is acurrent that
remains constant with time.

An alternating current (ac) is a current that varies sinusoidally with time.

i A
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Example

The total charge entering a terminal is given by ¢ = 5¢ sin4xt mC. Cal-
culate the current at r = 0.5 s.

Solution:

. dqg d . ’

I = o E(St sindmrt) mC/s = (S5sindmwt + 20wt cos4mt) mA
AttT=0.53,

i =5sin2m 4+ 10mcos2mr =0+ 10mr = 31.42 mA

Practice Problem

If in Example 1.2, ¢ = (10 — 10e *) mC, find the current at t = 0.5 s.

Answer: 7.36 mA.

Example

Determine the total charge entering a terminal between/ = 1sandf = 2s
if the current passing the terminal is i = (31> — 1) A.

Solution:
2 2
q:/ idt:/(3t2—t)df
=1 1

ol 7
t
2

Practice Problem

1

The current flowing through an element is
: 2A, 0<t<1
- |2t2 A, r>1
Calculate the charge entering the element from 7 =0tof = 2s.
Answer: 6.667 C.
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VOLTAGE

Voltage (or potential difference) is the energy required to move a unit
charge through an element, measured in volts (V).

_ dw
Vab = dq

where is energy in joules (J) and q is charge in coulombs (C). The voltage vab or
simply Vv is measured in volts (V)
1 volt = 1 joule/coulomb = 1 newton meter/coulomb

—20‘ —0a
——Oo a
+
I oV I -0V
I Vab s +
L ob ——ob
o5 (@ ®)

POWER AND ENERGY

Power is the time rate of expending or absorbing energy, measured in watts
We write this relationship as

_ dw as)
P= " ;

where p 1s power 1n watts (W), w 1s energy in joules (J), and 7 1s time in
seconds (s). From Eqs. (1.1), (1.3). and (1.5). 1t follows that

_dw _dw dq _ < 1.6
P=ardq ar =" :
or
p=vi amn

Passive sign convention is satisfied when the current enters through
the positive terminal of an element and p = +vi. If the current
enters through the negative terminal. p = —vi.

p=—u

(®)
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Two cases of an element with an absorbing
powerof 2W:(a)p =4 x3=12W,
G)p=4x3=12W

3A 3A
o— 0—
- -
W D v []
= -
o— o— |
(@ ®)

Two cases of an element with a supplying
powerof 2W:(a)p=—-4x3 =
-2W (b)p=—-4x3=-12W.

Yr-o

This again confirms the fact that the total power supplied to the circuit must balance
the total power absorbed. the energy absorbed or supplied by an element from time
to totime tis
rt rt
w = ’ pdt = ' vi dt 1.9
: }

‘2

Energy is the capacity to do work, measured in joules (J).

The electric power utility companies measure energy in watt-hours (Wh), where
1 Wh = 3.60017J
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Example

Find the power delivered to an elementatt= 3 ms if the current entering its positive
terminal is

I =35cos60xr A

and the voltage 15: (a) v = 37, (b) v = 3 di /dt.
Solution:
(a) The voltage 15 v = 37 = 15 cos 60 ¢; hence, the power is

p=vi =75c05° 60wt W
Attr = 3 ms,
p=T75c052(60r x 3 x 10 %) = 75¢c05°0.187 — 53.48 W
(b) We find the voltage and the power as

o
= 3d—: — 3(—60)5 5in 60wt — —900 sin 60ws V
p=uvi = —4500x sm 60t cos60xr W

Att = 3 ms,

p = —45007 sin0.187 cos 0.18x W
= —14137.16751n32.4° co532.4° = —6.396 kW

Practice Problem

Find the power delivered to the element 1n Example 1.5 at f = 5 ms
if the current remains the same but the voltage 1s: (a) v = 2i V,

(b)v=(10+ SIidr)Vi

0

Answer: (a) 17.27 W. (b) 29.7 W.

Example

How much energy does a 100-W electric bulb consume in two hours?

Solution:
w = pt = 100 (W) X 2 (h) X 60 (min/h) X 60 (s/min)
= 720,000 = 720 kJ
This is the same as

w =pt=100W X 2h = 200 Wh
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CIRCUIT ELEMENTS

An electric circuit is an interconnection of electrical element There are two
types of elements found in electric circuits: passive elements and active elements. An
active element is capable of generating energy while a passive element is not.
Examples of passive elements are resistors, capacitors, and inductors. Typical active
elements include generators, batteries, and operational amplifiers .An ideal
independent source is an active element that provides a specified voltage
or current that is completely independent of other circuit variables

QO

(a) (®)

The circuit symbols for (a)an ideal independent source And (b)an ideal independent
current source

An ideal dependent (or controlled) source is an active element in which the source
quantity is controlled by another voltage or current.
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(a) (©
U, = piy <i> iy = iy f>
(b) (d)

The circuit symbels for (a) an ideal

dependent voltage-controlled voltage source, (b) an
ideal dependent current-controlled voltage source, (c) an
ideal dependent voltage-controlled current source, and
(d) an ideal dependent current-controlled current source,

Dependent sources are useful in modeling elements such as transistors,

operational amplifiers and integrated circuits. An example of a current controlled
voltage source is shown on the right-hand side of Fig where the voltage 10i of the
voltage source depends on the current | through element C. Students might be
surprised that the value of the dependent voltage source is 10i V (and not 10i A)

because itis a voltage source. The key idea to keep in mind is that a voltage source

comes with polarities (+ —) in its symbol, while a current source comes with an

arrow, irrespective of what it depends on

101

.
s 40
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Example

.Calculate the power supplied or absorbed by each element in Fig

I=5A P2
— e
| SIS

v [V6A

wOn m H}V Ps <§> 021

Solution:
We apply the sign convention for power For Py, the 5-A current is out of the positive
terminal (or into the negative terminal); hence

p1 = 20(—5) = —100 W  Supplied power

For p; and p;. the current flows into the positive terminal of the ele-
ment 1 each case.

p> = 12(5) = 60 W Absorbed power

p; = 8(6) =48 W Absorbed power
For p4, we should note that the voltage 1s 8 V (positive at the top), the
same as the voltage for p;, since both the passive element and the
dependent source are connected to the same terminals. (Remember that

voltage 1s always measured across an element i a circuit.) Since the
current flows out of the positive terminal,

ps = 8(—0.21) = 8(—02 X 5) = —8W  Supplied power

We should observe that the 20-V independent voltage source and
0.27 dependent current source are supplying power to the rest of
the network. while the two passive elements are absorbing power.
Also,

pr+p2+ps+ps=—100+60+48 -8=10

In agreement with Eq. (1.8). the total power supplied equals the total
power absorbed.

10
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Summary

1. An electric circuit consists of electrical elements connected
together.

. The International System of Units (SI) is the international mea-
surement language. which enables engineers to communicate their
results. From the six principal units, the units of other physical
quantities can be derived.

3. Current is the rate of charge flow.

[ 3]

_%
dt
4. Voltage is the energy required to move 1 C of charge through an
element.
dw
v=—o"
dq

5. Power is the energy supplied or absorbed per unit time. It is also
the product of voltage and current.

.

=vi
dt

P

6. According to the passive sign convention, power assumes a posi-
tive sign when the current enters the positive polarity of the voltage
across an element.

7. An ideal voltage source produces a specific potential difference
across its terminals regardless of what is connected to it. An ideal
current source produces a specific current through its terminals
regardless of what is connected to it.

8. Voltage and current sources can be dependent or independent. A
dependent source is one whose value depends on some other cir-
cuit variable.

9. Two areas of application of the concepts covered in this chapter
are the TV picture tube and electricity billing procedure.

11
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Fundamentals of

Electric Circuits

First Semester

CHAPTER TWO
Basic Laws

12
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Basic Laws

OHM’S LAW

Materials in general have a characteristic behavior of resisting the flow of electric
charge. This physical property, or ability to resist current, is known as resistance
and is represented by the symbol R. The resistance of any material with a uniform
cross-sectional area A depends on A and its length I, as shown in Fig

(a) Resistor, (b) Circuit symbol
for resistance

=i
P4

Where p is known as the resistivity of the material in ohm-meters. Good conductors,
such as copper and aluminum, have low resistivities, while insulators, such as mica
and paper, have high resistivities. Table 2.1 presents the values of p for some
common materials and shows which materials are used for conductors, insulators,
and semiconductors.

TABLEL|  Resistivities of common materials. |

Material Resistivity (2-m) Usage
Silver 1.64 x 10°% Conductor
Copper 1.72 x 10°% Conductor
Aluminum 28 x 1078 Conductor
Gold 245 x 1078 Conductor
Carbon 4x10°3 Semiconductor
Germanium 47 x 102 Semiconductor
Silicon 6.4 x 10 Semiconductor
Paper 10 Insulator
Mica 5 x 101 Insulator
Glass 1012 Insulator
Teflon 3 x 1012 Insulator

13
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Ohm’s law states that the voltage v across a resistor is directly proportional
to the current flowing through the resistor.

v=iR v o<

The resistance R of an element denotes its ability to resist the flow of

electric current; itis measured in ohms (0_). Since the value of R can range from
zero to infinity, it is important that we consider the two extreme possible values of R. An
element with

R = 0Qiscalled a short circuit, as shown in Fig.(a)

A short circuit is a circuit element with resistance approaching zero.

v=iR=0

(@) Short circuit (R = 0),
(b) Open circuit (R =o0).

An open circuit is a circuit element with resistance approaching infinity.

A useful quantity in circuit analysis is the reciprocal of resistance R, known as
conductance and denoted by G:

14
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1

G=—
R

i
l‘

The unit of conductance is the mho (ohm spelled backward) or reciprocal ohm, with
symbol O the inverted omega. Although engineers often use the mhos, in this book
we prefer to use the Siemens (S), the SI unit of conductance

1S=18=1A/V

Conductance is the ability of an element to conduct electric current; itis
measured in mhos U or Siemens (S).

The same resistance can be expressed in ohms or Siemens. For example, 10 Qs the
sameas0.1S.

i =Gv

The power dissipated by a resistor can be expressed in terms of R. Using
) v-

=vi=Ii"R=—
# R

The power interms of G

- i?
= =9 = —
P i G

1. The power dissipated in a resistor is a nonlinear function of either current or
voltage.

2. Since R and G are positive quantities, the power dissipated in a resistor is always
positive. Thus, a resistor always absorbs power from the circuit. This confirms the
idea that a resistor is a passive element, incapable of generating energy

Example

An electriciron draws 2 A at 120 V. Find its resistance.

Solution:
From Ohm’s law,

Practice Problem

The essential component of a toaster is an electrical element (a resistor) that
converts electrical energy to heat energy. How much current is drawn by a toaster

with resistance 15 Q at 110 V?
Answer: 7.333 A.

15
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Example

In the circuit shown in Fig. 2.8, calculate the current i, the conductance G, and the
power p.

30V 5kQ § v

Solution:

The voltage across the resistor is the same as the source voltage (30 V)
because the resistor and the voltage source are connected to the same
pair of terminals. Hence, the current is

The conductance is

We can calculate the power in various ways using either Egs. (1.7),
(2.10), or (2.11).

p =wvi =306 x 10 %) = 180 mW
or

p=1TR=(6X 107775 % 10° = 180 mW
or

p = v’G = (300°0.2 x 107? = 180 mW

Practice Problem

For the circuit shown in Fig., calculate the voltage v, the conductance
G, and the power p

‘i

+

2ma @ 10kQ = v

16
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Example

A voltage source of 20 sin ;r7 V 1s connected across a 5-kQ resistor. Find
the current through the resistor and the power dissipated.

Solution:

Hence,

p = vi = 80sin’ 7t mW

NODES. BRANCHES. AND LOOPS

% Abmmhrepmmsaskgiedenmtsuchmvolugesoumemmkm

In otherwords, a branch represents any two-terminal element. The circuit in Fig.
has five branches, namely, the 10-V voltage source, the 2-A current source, and the
three resistors.

a 35Q b
\
10V m§3n§ ’ZA
) v

Figure.l Nodes, branches, and loops.

o

% A node is the point of connection between two or more branches. ‘

A node is usually indicated by a dot in a circuit. If a short circuit (a connecting
wire) connects two nodes, the two nodes constitute a single node. The circuitin Fig..1
has three nodes a, b, and c. Notice that the three points that form node b are
connected by perfectly conducting wires and therefore constitute a single point. The
same is true of the four points forming node c. We demonstrate that the circuit in
Fig.1 has only three nodes by redrawing the circuit in Fig. 2.

17
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b

5Q

L 3Q 2A

10V
c

The three-node circuit of Fig. 2. is redrawn

e M=)
? Aloop is any closed path in a circuit |}

A loopis a closed path formed by starting at a node, passing through a set of nodes,
and returning to the starting node A network with b branches, n nodes, and |
independent loops will satisfy the fundamental theorem of network topology

b=Il4+n-1

° VVV\/—‘]
| Two or more elements are in series if they are cascaded or connected sequentially
and consequently carry the same current.
Two or more elements are in parallel if they are connected to the same two nodes

and consequently have the same voltage across them.

Example

Determine the number of branches and nodes in the circuit shown in Fig.
3. Identify which elements are in series and which are in parallel.

Solution:

Since there are four elements in the circuit, the circuit has four branches: 10V, 5 Q,
6 Q, and 2 A. The circuit has three nodes as identified in Fig. 3. The 5Q resistor is in
series with the 10-V voltage source because the same current would flow in both.
The 6Qresistor is in parallel with the 2-A current source because both are connected
to the

same nodes 2 and 3.

5Q 1 5Q 2

v 6Q 2A 10V 6Q 2A

3

(3) The three nodes in the circuit

18
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KIRCHHOEF'S LAWS

Kirchhoff’s current law (KCL) and Kirchhoff’s voltage law (KVL).

gy . e |
Kirchhoff's current law (KCL) states that the algebraic sum of currents entering

éf a node (or a closed boundary) is zero. H

Il

Mathematically, KCL implies that

N
Y =0
n=1

Where N is the number of branches connected to the node and in is nth current
entering (or leaving) the node. By this law, currents entering node may be regarded
as positive, while currents leaving the node maybe taken as negative or vice versa
Consider the node in Fig.4. Applying KCL gives

(4)  Currents at a node illustrating KCL.

nh+(—i)+iz+ig+(—is) =0

h+iz+ig=i)+is

o

Jﬁ The sum of the currents entering a node is equal to the sum

of the currents leaving the node.

19



University of Anbar
College of Engineering
Dept. of Electrical Engineering

Fundamentals of EE |
EE1301

Sameh jassam

Ir
-
a o
bo
(@)

Ir=h—-h+1

VA
Kirchhoff's voltage aw (KVL) states that the algebraic sum of all voltages
around a closed path (or loop) is zero.

Expressed mathematically, KVL states that

M
Z:Um=0 0

m=1

Where M is the number of voltages in the loop (or the number of branches
in the loop) and vmis the mth voltage

The sign oneach voltage is the polarity of the terminal encountered first as we travel
around the loop. We can start with any branch and go around the loop either
clockwise or counterclockwise. Suppose we start with the voltage source and go
clockwise around the loop as shown; then voltages would be—vi1,+v2,+v3,—v4, and +vs,
in that order. For example, as we reach branch 3, the positive terminal is met first;
hence we have+vs. For branch 4, we reach the negative terminal first; hence, —va.

Thus, KVL yields
T T
WA AN
o
1

‘)'54‘

—v4+m+vs—vs+vs=0
Rearranging terms gives
n+vs+vs=v+v4

which may be interpreted as

Sum of voltage drops = Sum of voltage rises

20
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When voltage sources are connected in series, KVL can be applied to obtain the total
voltage. The combined voltage is the algebraic sum of the voltages of the individual
sources. For example, for the voltage sources shown in Fig. 2.20(a), the combined or
equivalent voltage source in Fig. 2.20(b) is obtained by applying KVL.

-Vab+ V1+ V2-V3= 0

Voo = V1 4+ V12— V3 .23)

To avoid violating KVL. a circuit cannot contain two different voltages
Vi and V> in parallel unless V; = Va.

@ ®)

Voltage sources in senes:
(a) onginal circuit, (b) equivalent circuit.

21
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Example

For the circuit in Fig. 2.21(a), find voltages v) and v).

2Q
ANV WW
" -

44
2w @ vgém wv @ f,) ;ﬁsa
+ +

@ ®

Figure 22| For Example 2.5.

Solution:
To find v; and v>, we apply Ohm’s law and Kirchhoff’s voltage law.

Assume that current i flows through the loop as shown 1 Fig. 2.21(b).
From Ohm’s law,
v = 2, vy = —3i
Applying KVL around the loop gives
-204+v1—v2=0
Substituting Eq. (2.5.1) into Eq. (2.5.2). we obtain
—-204+2i4+3i=0 or S5i =20 == i=4A

Substituting i 1 Eq. (2.5.1) finally gives
vy =8V, vn=-12V

Practice Problem

Find vi and vz in the circuit of Fig

Answer: 12V, —6V.

22
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Example

Determine voand iin the circuit shown in Fig

Solution:
We apply KVL around the loop as shown in Fig

—1244i+2v,—44+6i=0
Applying Ohm’s law to the 6-2 resistor gives
v, = —6i
Substituting Eq. (2.6.2) into Eq. (2.6.1) yields
—-164+10i —12i =0 — i=-8A
andv, =48 V.

Practice Problem

Find vx and vo in the circuit of

[
-
¥

70V

Answer: 20V, —10 V.

23
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Find current i, and voltage v, in the circuit shown in Fig.
Solution:
Applying KCL to node a, we obtain

34050, =i, — i,=06A
For the 4-Q resistor, Ohm’s law gives
v, =4i, =24V

a
o

+

o.s.-,‘ .;,%m ®:-

Practice Problem

‘ i Find v, and i, 1n the circuit of Fig. .

2 + - -
6A‘ 2Q§> ,43’ 80§’b Answer: 8V, 4A.

Example
Find the currents and voltages in the circuit shown in Fig
so 8,8 s L, 48
AWW MW
= Jiz Higy = ‘i:

ov @ -; 30 -;.%m 30V @ Loop! -;‘gm @ ;‘gm

(@) ®)

Solution:
We apply Ohm'’s law and Kirchhoff’s laws. By Ohm'’s law.

v; = 8i1, vy = 3ia, v3 = 6i3

24
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Since the voltage and current of each resistor are related by Ohm’s
law as shown, we are really looking for three things: (v;, v2,v3) or
(i1, i2, i3). Atnode a. KCL gives

i1—irb—i3z=0
Applying KVL to loop 1 as in Fig. 2.27(b).
—-30+v;4+v=0

We express this in terms of i1 and i2
—30+48i;4+3i,=0

. (30 — 3ih)
i = —
. 8
Applying KVL to loop 2,
—m+v3=0 — v3=Mm
as expected since the two resistors are in parallel. We express viand v2
interms of izand iz

—~
<

6i3=3i3 p— i3=

(ST

Substituting Eqs. (2.8.3) and (2.8.5) into (2.8.2) gives

30 —3i2 i i
3 2

-

=0

2|y

i1h=3A, i3=1A, v =24V, n=6V, =6V

Practice Problem

Find the currents and voltages in the circuit shown in Fig

0V

Answer: v, =6 V, v, =4 V, 03 =10 V, i; = 3 A, i, = 500 mA,
is=125A.

25
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SERIES RESISTORS AND VOLTAGE DIVISION

The two resistors are in series, since the same current | flows in both of them.
Applying Ohm’slaw to each of the resistors, we obtain

vi= iR1, v2= iR2fig 6 b
Ifwe apply KVL to the loop (moving in the clockwise direction), we have
—v++m=0
v=uv+wn=i(R1+R)

v
TR+ R

i

v=IR
® Rg=Ri+R

Rq=Ri+Ry+---+ Ry

-

l
f The equivalent resistance of any number of resistors connected in series

is the sum of the individual resistances.

To determine the voltage across each resistor in Fig 6

R R> 5
R+ R ‘

26
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PARALLEL RESISTORS AND CURRENT DIVISION

Consider the circuit in Fig. where two resistors are connected in parallel and
therefore have the same voltage across them. From Ohm’s law,

v=i1R1= i2R2

S Node a
il* h‘
@ sho 3m
&e———
Node b
Two resistors in parallel.

v v
ih=—, ===
R 2

Applying KCL at node a gives the total current i as
i=iy+i2

Substituting Eq. (2.33) mnto Eq. (2.34), we get

. v v (1 l) v
i=—+4—=uv + =—

R~ R \R R/ R
where R 1s the equivalent resistance of the resistors in parallel:
11 1
Re R R
or
1 R+ R
R RiR
or
_ RR;
“TR+R

The equivalent resistance of two parallel resistors is equal to the product
of their resistances divided by their sum.

27
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with N resistors in parallel. The equivalent resistance 1s

U PR TP,
Rq R R Ry
Note that Reqis always smaller than the resistance of the smallest resistor
in the parallel combination. IfR1= R2= --- = RN= R, then
e R
“TN

For example. if four 100-S2 resistors are connected in parallel, their equiv-
alent resistance 1s 25 Q.

It is often more convenient to use conductance rather than resistance when dealing
with resistors in parallel. the equivalent conductance for N resistors in parallel is

Gq=G1+G2+G3+---+Gy

Where Geq= 1/Req,G1= 1/R1,G2= 1/R2,G3= 1/R3,..., GN=1/RN

% The equivalent conductance of resistors connected in parallel is the sum

o

of their individual conductances.

Given the total current | entering node a in how do we obtain currentiiand i2? We
know that the equivalent resistor has the same voltage, or

¥ Node a
a————
il+ iz‘
"‘ %Rl %32
£—
Node b
iRiR
V=iRq= Wt o 8
R+ R
. Ryi . Ryi
= ——, = —
Ri+ R R+ R
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As an extreme case, suppose one of the resistors inis zero, say R2= 0; thatis, Rz2isa
short circuit, as shown in Fig8(a). R2= 0 implies thati1= 0, i2= i. This means that
the entire current ibypasses R1 and flows through the short circuit R2= 0, the path

of least resistance. Thus when a circuit is short circuited, as shown in Fig8(a), two
things should be kept in mind:

1. The equivalent resistance Req= 0. [See what happens when R2= 0

2. The entire current flows through the short circuit.

As another extreme case, suppose R2= oo, that is, R2is an open

circuit, as shown in Fig. 2.33(b). The current still flows through the path

of least resistance, R1. By taking the limit of Eq. (2.37) as R2—o0, we

obtain Req= R1in this case

o
(a)
i
[
l i l l i'_v =0
=i =
Rl Rz =00
C ]
Fig 8 ®)
(a) A shorted circut,
(b) an open circut.
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Example

Find Req for the circuit shown in Fig

Solution

To get Req, we combine resistors in series and in parallel. The 6-Q and 3-Q resistors
are in parallel, so their equivalent resistance is

40 1Q
MWW
§20
Req 50
- 6Q 330
o— W\
6x3
60|30 =—">=20

(The symbol || is used to indicate a parallel combination.) Also, the 1-{)

and 5-() resistors are in series; hence their equivalent resistance is

1Q+50=60Q

Thus the circuit in Fig 1 is reduced to that in Fig. 2 (a). In Fig. 2. (a), we notice that the two
2-Q resistors are in series, so the equivalent resistance is
20+20=40Q

This 4-Q resistor is now ‘i‘n parallel with the 6- resistor in Fig. 2.(a); their equivalent
X 6

) 4060 = =240

resistance 4+6

The circuit in Fig 2. (a) is now replaced with that in Fig. 2. (b). In Fig. 2. (b), the three

resistors are in series. Hence, the equivalent resistance for the circuit is

40
<o AN
40Q
i 2Q
—_— § 6Q
8Q 28 E. 24Q
AN
8Q
(a)
(b)

Fig 2
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Practice Problem

By combining the resistors in Fig.. , find Req

. Answer: 10Q
4Q 3Q 4Q

o—WWW MWW J\NWT
R
40Q 5Q

e 60Q
30 30
O—A

Calculate the equivalent resistance Rabin the circuit in Fig

Example

we . 12 4 10

a O—ANN\— AN AWV
60
Rab < <
i 30 gm §50
12Q
bo
- h
Solution:

The 3-Q and 6-Q resistors are in parallel because they are connected to the same two nodes
c and b. Their combined resistance is

3
3Ql60=x9
340

Similarly, the 12- a Q nd 4- Q resistors are in parallel since they are connected
to the same two nodes d and b. Hence

12 x 4
12Q|4Q = =30
1244

Also the 1- Q and 5- Q resistors are in series; hence, their equivalent resistance is

=2Q
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10Q . 104
aco MWW

b o
b b b
(a)
10Q é
ao—WV
2Q 3Q
bo
1Q245Q=6Q b b
2x3
2Q3Q= =:1.2:€2
243

This 1.2-Q resistor 1s in series with the 10-Q resistor, so that
R;;=10412=1120Q

Practice Problem

200Q Find R, for the circuit in Fig
AN
80 sQ Answer: 11 Q.
a MW AV
Ry, 18Q s 200 L
=" Naas 310
2Q
b
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Example

Find the equivalent conductance Geq for the circuit in Fig

5S

Solution:

The 8-S and 12-S resistors are in parallel, so their conductance is

8S+128S=208
This 20-S resistor is now in series with 5 S as shown in Fig so that the combined

conductance is

205
20+5

This is in parallel with the 6-S resistor. Hence,

Gq=6+4=108
We should note that the circuit in Fig. 2. (a) is the same as that in Fig. 2. (¢c). While the
resistorsin Fig. 2. (a) are expressed in siemens, those in Fig. 2. (c) are expressed in ohms. To
show that the circuits are the same, we find for the circuit in Fig. 2. (c).

i)
q eI\ 812 6 I[\S

O
bl

x_

+

|
1—6“

e
P

Geq=——=10S

&
Ry

This is the same as we obtained previously.

2
20

)

33
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5S
AW
G
S 28 6S 8S 128
(a)
5S
G
ik 20 208
(b)
1
1Q
A
R,
— H ¢! iQ i

(c)
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Practice Problem
Calculate Geq in the circuit of Fig

Answer: 4 S.
8S FEN

Example

Find io and vo in the circuit shown in Fig.Calculate the power dissipated in the 3Q
resistor

.42 4, i

>

12V 60 % <3Q

Solution:

The 6-92 and 3-XQ resistors are in parallel, so their combined resistance 1s
6x3

6Ql3="5=20

L ¥+
WV
-
12V wel

b

12
442

=2A

I =

v =21 =2 %2 =4\
Or

3
o = 12V)=4V Jig = 3y = o = —
v 2_4_4( ) v 3i, =4 —* i 3‘A
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Another approach 1s to apply current division to the circuit in Fig_
now that we know i. by writing

. 2 4
l,,—ml—;(ZA)—;A

The power dissipated in the 3-Q resistor 1s

4
Po = Wi, =4 (-3-) =5333W

Practice Problem

Find viand v, in the circuit shown Also calculate i; and i, and the power dissipated
in the 12- Qand 40-Q resistors
hona
AW
*y
6Q
AN ‘ .

15}
*
0V (ﬁ) glou Y

40Q

-V

Answer: v, = 10 V, i, = 8333 mA, p, =8333 W, v, =20V, i, =
500 mA, p, = 10 W.

Example

For the circuit shown in Fig.determine: (a) the voltage vo, (b) the power supplied by
the current source, (¢) the power absorbed by each resistor

Solution:

(a) The 6-kQ and 12-k€) resistors are in series so that their combined value is

6 + 12 = 18 kf). . Thus the circuit in Fig. 2.44(a) reduces to that shown .We now
apply the current division technique

to find il and i:.

18,000

[ e T ———— -— ’)

i 9.000+|8.0(X)(30mA) 20 mA
9,000

‘.’ e 3 Py

i 9.000 + 18, (30 mA) = 10 mA
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6 kQ Notice that the voltage across the 9-k() and 18-k{1 resistors is the same,
and v, = 9.000i, = 18,000, = 180 V, as expected.
* (b s i i
Po— o e —— ) Power supplied by the source is

= Po = Ui, = 180(30) mW = 54 W
(c) Power absorbed by the 12-k{) resistor is
p=iv=1ii,R) = i3R = (10 x 1073?(12,000) = 1.2 W
Power absorbed by the 6-k{} resistor is
18k p=i3R = (10 x 107%?(6,000) = 0.6 W
Power absorbed by the 9-k() resistor is

or

p = v,i; = 180(20) mW = 3.6 W

Notice that the power supplied (5.4 W) equals the power absorbed
(1.2 + 0.6 + 3.6 = 54 W). This is one way of checking results.

Practice Problem

For the circuit shown, find: (a) viand vz, (b) the power dissipated in the 3 kQ and 20
kQ resistors, and (c) the power supplied by the current source

1kQ

+ +
3m%n %}wnm gsm ":§2om

Answer: (a) 45 V, 60 V, (b) 675 mW, 180 mW, (c) 1.8 W.

WYE-DELTA TRANSFORMATIONS

Situations often arise in circuit analysis when the resistors are neither in parallel nor
in series. For example, consider the bridge circuit in Fig. 1. How do we combine
resistors R; throughRg when the resistors are neither in series nor in parallel? Many
circuits of the type shown in Fig. 1 can be simplified by using three-terminal
equivalent networks. These are
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the wye (Y) or tee (T) network shown in Fig. 2. and the delta (a) or pi ( m) network
shown in Fig. 3. These networks occur by themselves or as part of a larger network.
They are used in three-phase networks, electrical filters, and matching networks.
Our main interest here is in how to identify them when they occur as part of a
network and how to apply wye-delta transformation in the analysis of that network

(a)

Ry

[
4a

(b)

Fig 2. Two forms of the same network: (a) Y, (b) T.

RC
1 AMA- 3
R, § g [
2 4
(b)

Fig 3 .Two forms of the same network: (a) ,A (b) n

Delta to Wye Conversion

Ry R.

Ri= ————
Ra+Rh+R('
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R-R,
= —_—
= Ra+Rb+Rr

Pat

Each resistor in the Y network is the product of the resistors in the two adjacent A
¢ branches, divided by the sum of the three A resistors.

Wye to Delta Conversion

To obtain the conversion formulas for transforming a wye network to an

equivalent delta network, we note from Eqgs

taken two at a time, divided by the opposite Y resistor.

_ RiRy+ RyR3 + R3R,

R

R

RiRy + RyR3; + R3 Ry

R>

R.

Ri1R» + RR3 + R3Ry

R3

VVVYV

f Each resistor in the A network is the sum of all possible products of Y resistors
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The Y and A networks are said to be balanced when
R1 = Ry= R3 =Ry, Ri=Ry=R.-=Ra

Under these conditions. conversion formulas become

Ry=— or RA=3Ry

Example

(@) original™ network, (b) Y equivalent network
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Solution:
RyR. 25 x 10 250
R = = = =50
R,+R,+R. 25410415 50
—— R.R, _25x15_759
“RIBAR =B 0 C
= R.Rp =15x10=3Q
Practice Problem
Transform the wye network to a delta network.
R, R,
a o—AWWW ANW— b
10Q 200
Ry S 40Q

Answer: R, = 140Q, R, = T0Q, R, = 35 Q.
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Example

Obtain the equivalent resistance Ry, for the circuit in Fig and use it to find current
i.

50
|20V<1> ¢ wa—] n gaou

Attempt. In this circuit, there are two Y networks and three A
networks. Transforming just one of these will simplify the circuit.
If we convert the Y network comprising the 5-(), 10-(), and
20-() resistors, we may select

R, =100, R, =200, R,=50Q
Thus from Egs. (2.53) to (2.55) we have
_RiR; + RaRs + RsR,  10X20+20X 5+ 5% 10

R, R, a 10
350
B e 350
R\R, + R,R; + R3R, 350
Ri= = - = =1750Q
. R, 20
v R\R> + R,R; + R;R, _ 350 700
R, 5
4545Q
d
1250 22730 1.8182 02 3530(1
150 15Q 200
b o b o
(a) (b) (©)

Figd

Equivalent circuits with the voltage source removed.
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With the Y converted A to the equivalent circuit (with the voltage source removed for now)
isshown in Fig. .4 (a). Combining the three pairs of resistors in parallel, we obtain

70 x 30
3 = e— T
70 30 70 + 30 21Q
125% 175
5 S=——"-—=7T.
125]17.5 125+ 175 7.292 Q)
15 35
15||35—m—|0.50

So that the equivalent circuit is shown in Fig. 4 (b). Hence, we find

We observe that we have successfully solved the problem.
Now we must evaluate the solution.

. Evaluate. Now we must determine if the answer is correct and
then evaluate the final solution.

It is relatively easy to check the answer; we do this by
solving the problem starting with a delta-wye transformation. Let
us transform the delta, can, into a wye.

Let R. = 108, R, =5, and R, = 12.5 (). This will lead

to (let d represent the middle of the wye):

R.R 10 % 12.5
= s = = 4.545
Raa R,+R.+R, S5+10+125 -
R.,R, 5x125
= = =9
Rea 27.5 275 o
R,R. 5x10
= fts e = e—— 2
Roa 275 27.5 e
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This now leads to the circuit shown in Figure 2.53(c). Looking
at the resistance between d and b, we have two series
combination in parallel, giving us
(2273 + 15)(1.8182 + 20)  376.9
72273+ 15+ 1.8182 + 20 39.09

This is in series with the 4.545-() resistor, both of which are in

parallel with the 30-() resistor. This then gives us the equivalent
resistance of the circuit.

B s (9.642 + 4.545)30  425.6

@®T 0642 + 4545+ 30 4419

This now leads to

= 0.642 ()

9.631 Q2

We note that using two variations on the wye-delta transformation
leads to the same results. This represents a very good check.

r. Satisfactory? Since we have found the desired answer by
determining the equivalent resistance of the circuit first and the
answer checks, then we clearly have a satisfactory solution. This
represents what can be presented to the individual assigning the
problem.

Practice Problem

For the bridge network in Fig find Rab and i.

2 13Q

10Q

50 Q

{Answer:40Q ,6A.}
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METHODS OF ANALYSIS

Nodal analysis

In nodal analysis, we are interested in finding the node voltages.
Given a circuit with n nodes without voltage sources, the nodal analysis
of the circuit involves taking the following three steps

Steps to Determine Node Voltages:

1. Select a node as the reference node. Assign voltages
N Wiesey v,-1 to the remaining n — 1 nodes. The voltages are
referenced with respect to the reference node.

2. Apply KCL to each of the n — 1 nonreference nodes. Use Ohm’s
law to express the branch currents in terms of node voltages.

3. Solve the resulting simultaneous equations to obtain the unknown
node voltages.

N

+ Current flows from a higher potential to a lower potential in a resistor.

We can express this principle as

‘._vhghc_”bwu’
e R

node 1. applymg KCL gives
h=h+i+i2

Atnode 2,
h+ih=i3
5L
2 v1—0 o) R i
n= n|— ] — "
R, —AWW— ©
! pis
-
= R2 o’I] gRl §R3
: -0
Fias
3 R i
R . P
— Y | — S —
e R R>
v —v v
Y W

E Ry R
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Example

Calculate the node voltages in the circuit shown in Fig.

SA
4Q 2
1 AAAA
2(1‘% sn‘% 10A
L
> A 3 v — U v, —0
SA ihh=i)y+i3 = 5= — >
yin=s . f"x‘5 Multiplying each term in the last equation by 4, we obtain
—". 40 ” i.:_lo 20=uv; —v2+ 20
" v or
*:, n is‘ ! 3v; — vy =20
Q= 6Q = .10-“ At node 2, we do the same thing and get
i +ig =i +is - A o=yl
J_—_ Multiplying each term by 12 results in
®)

3v; —3v2 4+ 120 = 60 4+ 212
3vi+ 5v2= 60
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METHOD II Using the elimination technique. we add Eqs. (3.1.1) and
(3.1.2).

4v> = 80 - =20V

Substituting v> = 20 1n Eq. (3.1.1) gives
3v; —20=20 —" U= = 13.33V

METHOD 4 To use Cramer’s rule, we need to put Eqs. (3.1.1) and

(3.1.2) 1n matnx form as

[—g _;] [:“] i [gg] G13)

The determinant of the matrix 1s

3 -1
A—|_3 5'_15—3_12
We now obtain v; and v, as
Izo -1|
A 60 5 100 4 60
A A 12
3 20
A> -3 60 180 + 60 20V
Jry s == - =
A A 12

giving us the same result as did the elimination method.
If we need the currents, we can easily calculate them from the values

of the nodal voltages.
ih=5A, i2=¥ = —1.6667 A, i3=% = 6.666
v
is=10A, is= 2 =3333A

The fact that /> 1s negative shows that the current flows in the direction
opposite to the one assumed.

Practice Problem

Obtain the node voltages in the circuit

1 6Q 2
A
3A § 2Q 70 g 12A
e
Answer: v; = -6 V,v, = —42 V.
Example

Determine the voltages at the nodes in Fig ( a)_
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i
—

2Q
1 AW

3A(4 §4Q <+>2i,

ro

solution

The circuit in this example has three nonreference nodes, unlike the previous
example which has two nonreference nodes. We assign voltages to the three nodes as
shown in Fig. 3.5(b) and label the currents

40
AW

bi i i | v

il Bl |
sab| i T |

3A (4 § 4Q <+> 2i

circuit for analysis.
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At node 1,

3=14 +1i = 3= + =

Multiplying by 4 and rearranging terms, we get
3U| = 202 —illy = 12 (3.2.1)
At node 2,

&% . vy —U; _Uy—v3 U;—0
L=htHh = 3 = 3 o 2

Multplying by 8 and rearranging terms, we get
_4v| + 702 =il 0 (3-2-2’
At node 3,

S Zio o vy —U3 U —VU3  2uv; —v)
h+n=2 = g T B 3
Multiplying by 8, rearranging terms, and dividing by 3, we get

ZUI = 302 + U3 = 0 3.2.3)

We have three simultaneous equations to solve to get the node voltages
v}, Us, and v;. We shall solve the equations in three ways.

B METHOD 1 Using the elimination technique, we add Egs. (3.2.1)

and (3.2.3).
Sv, — Sv, =12
or
12
v, — Uy = i 24 (3.2.4)
Adding Egs. (3.2.2) and (3.2.3) gives
—Zvl + 402 =0 = v = 202 (3-2-5’

Substituting Eq. (3.2.5) into Eq. (3.2.4) yields
202 =g = 24 = Uy = 2.4, 8 = 202 =48V
From Eq. (3.2.3), we get

3= 302 - 2v| = 302 o 402 - —-24V
Thus,

= 48 V. Up = 24 V, U3 = —2.4 Vv
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B METHOD 2 To use Cramer’s rule, we put Egs. (3.2.1) to (3.2.3)
in matrix form.

~ 3

[ 3 -2 —ij{uv,] [iZ]
{_4 : .HHOJ w26
2 _3 l U3 0

From this, we obtain

where A, A, A, and A are the determinants to be calculated as
follows. As explained in Appendix A, to calculate the determinant of
a 3 by 3 matrix, we repeat the first two rows and cross multiply.

5 =3 -}
A=|-4 71 -1|=
3 =5 1

=21-12+4+14-9-8=10

Similarly, we obtain

-2
A= =84+0+0-0-36-0=48
=1 ey
s s
" 3 e
12
A, = =0+0-24-0-0+48=24
= =P
=14 o Sil e
A \+
-2
A = =0+144+0-168—-0—-0=-24
= e
A B
- 7 +
_# S
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Thus, we find
A, 48 A, 24
e T — V. .,:—':—:: V
v 10 48 v, 310 24
A, -4
UB_X I—O——2.4V

as we obtained with Method 1.

Practice Problem
Find the voltages at the three nonreference nodes in the circuit
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NODAL ANALYSIS WITH VOLTAGE SOURCES

We now consider how voltage sources affect nodal analysis. We use the
circuitin Fig. 3.7 for illustration. Consider the following two possibilities.

CASE If avoltage source is connected between the reference node and a
nonreference node, we simply set the voltage at the nonreference node equal to the
voltage of the voltage source. In Fig. 5, for example

v =10V
4Q
AN Supernode
/
| oo i IR
20 N 5V
n AN 22 & By
i J : ‘i\
v :éau gsu
Fig. 5

CASE If the voltage source (dependent or independent) is connected between two

nonreference nodes, the two nonreference nodes form supernode; we apply both
KCL and KVL to determine the node voltages.

A supernode is formed by enclosing a (dependent or independent) voltage

o source connected between two nonreference nodes and any
elements connected in parallel with it
) h+is=ir+1i3 (3.11a)
or

vp—v v—v3y v»—-0 wvi—-0
2 4 8 6

(3.11b)

To apply Kirchhoff’s voltage law to the supernode in Fig . we redraw the circuit as shown in
Fig . Going around the loop in the clockwise direction gives

___________________________________

- +54+v3=0 - v—-v3=35
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Note the following properties of a supemode:

1. The voltage source inside the supemnode provides a constraint
equation needed to solve for the node voltages.

2. A supemode has no voltage of its own.
3. A supemode requires the application of both KCL and KVL.

Example

For the circuit shown in Fig. find the node voltages.

i

Solution:
The supernode contains the 2-V source, nodes 1 and 2, and the 10 resistor.
Applying KCL to the supernode as shown in Fig. 5. (a) gives

_______________

! 2V H
—_— e I i 2
YOI LI ri— 5
| i i '
2A §m uzg TA E L q i) 5
—l_ ...... i i v e e 00 a5 e i 50 an w0 R E——--
= (b)
(a)
Fig 5
2= +i+7
Expressing i; and i, in terms of the node voltages
g = 0 Uy — 0
2= 42 4T = §=20,40,% 728
2 4
or
v, = =20 — v, (3.3.1)
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To get the relationship between V; and V, we apply KVL to the circuitin Fig. 5. (b).
Going around the loop, we obtain
-0y -24+v2=0 = uvy=uv+2 3.32)
From Egs. (3.3.1) and (3.3.2), we write
n=0+2=-20-2,
or
=-2 = p=-133V

and v; =v, +2=-5333 V. Note that the 10-{) resistor does not
make any difference because it is connected across the supernode.

...............

................

[ 2 A T

» I 9
|| i 7A E‘ l:+ £3 ,,
() §m 4n§ O E'ﬂ q h'
L L g
LS S sssaisaan T

(a)
Applying: (a) KCL to the supernode, (b) KVL to the loop.

Practice Problem

Findvand i in the circuit of Fig.

40 ;( Answer: —400 mV, 2.8 A.

> &
+

14V sa3r 203 Ze0

<
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Example

Find the node voltages in the circuit of Fig

jQ

AMA
Toa-
3. 6Q

AW

§4Q

<

Solution:

Nodes 1 and 2 form a supernode; so do nodes 3 and 4. We apply KCL to the two
supernodes as in Fig. 6 . (a). At supernode 1-2,

B+ 10=14 + i

Expressing this in terms of the node voltages,

U3 — U2 Uy, — Uy v,
+ 10 = + =
6 3 2
or
Sv; + vy —v3— 203=60 34.1)
At supernode 3-4,
5 & . 3 v —Us vz — U2 Vg U3
L =13+ 13+ 1s => 3 = 5 T T
or
4v; + 2v3 — Svs — 16wy =0 (3.4.2)
3iQ
iQ
AW
+‘\NV‘v . B S
. e .
fr, = “I Loop 3
o [ 6Q LT, 0V i /‘{
o T " 4 TSR R u) -
s - .o . - AN %=
i iy B 1% -+—© +! 6Q i+ R +
"z - Z "5 "s H i ! i
| | ! :
2u§ @) 10a §4u §|u I @ n U foopd) ol
i i i s
ISR el e e
2
(a) (b)

Fig 6

We now apply KVL to the branches involving the voltage sources as shown in Fig. 6.

(b). For loop 1,
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-0, +20+v,=0 = (3.4.3)
For loop 2,
-3+ 3u,+uvs=0
But v, = v; — v4 so that
v, —vy—20,=0 (3.4.4)
For loop 3,
vy — 30, + 6i3 —20=0
But 6i; = vy — v, and v, = v, — v, Hence,
-0, —vy+uo3+20,=20 (3.4.5)

We need four node voltages, v, v,. v3, and vy, and it requires only
four out of the five Egs. (3.4.1) to (3.4.5) to find them. Although the fifth
equation is redundant, it can be used to check results. We can solve
Eqgs. (3.4.1) to (3.4.4) directly using MATLAB. We can eliminate one
node voltage so that we solve three simultaneous equations instead of
four. From Eq. (3.4.3), v; = v, — 20. Substituting this into Egs. (3.4.1)

and (3.4.2), respectively, gives
6vy —v3— 2v3= 80 (3.4.6)

6v, — Sv; — 16v, = 40 34.7)
Equations (3.4.4), (3.4.6), and (3.4.7) can be cast in matrix form as

3 —‘ —2 Ul 0
6 -1 -2||vs|=]|80
6 -5 —16] Lo, 40

Using Cramer’s rule gives

3 ~1 2 0 -1 -2
A=16 -1 -2|=-18, A, =80 -1 -2|= —480,
6 -5 -]é6 40 -5 -16
3 8 =2 3 =1 8
As;=|6 80 -2|= -3120, A;=|6 —1 80| =840
6 40 —16 |6 —5 40

Thus, we arrive at the node voltages as

A, —480 A, -3120
m=ot=—r =261V, vy=—_=—— =133V
A, 840
=2 =" = 4667V
vy == = 4687

and v; = vy — 20 = 6.667 V. We have not used Eq. (3.4.5); it can be
used to cross check results. 56
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Practice Problem
Find vy, v,, and vs, in the circuit of Fig. using nodal analysis
6Q

Mesh Analysis

Nodal analysis applies KCL to find unknown voltages in a given circuit, while mesh
analysis appliesKVLto find unknown currents

% A mesh is a loop which does not contain any other loops within it |

O

’l R| b '3 R:
WA — AR :
P
© M ia M) o
f e d

In Fig for example, paths abefa and bcdeb are meshes, but path abcdefa is not a
mesh. The current through a mesh is known as mesh current. In mesh analysis, we
are interested in applying KVL to find the mesh currents in a given circuit.

Steps to Determine Mesh Currents:
1. Assign mesh currents iy, i3, . .., i, to the n meshes.

2. Apply KVL to each of the » meshes. Use Ohm’s law to express
the voltages in terms of the mesh currents.

3. Solve the resulting n simultaneous equations to get the mesh
currents.

To illustrate the steps, consider the circuit in Fig. above The first step requires that
mesh currents i; and i, are assigned to meshes 1 and 2. Although a mesh current
may be assigned to each mesh in an arbitrary direction, itis conventional to assume
that each mesh current flows clockwise.
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As the second step, we apply KVL to each mesh. Applying KVL
to mesh 1, we obtain

-WVi+ R+ R:(i1 —i2)=0

or
(R, + R3)iy — R3iy =V, G.13)
For mesh 2. applying KVL gives
Ryiy+ Va+ R3(ih— i) =0
or
—R3iy + (R2 + R3)ix = =V (3.14)
h=i§ h =i, =i —i

Example

For the circuit in Fig. find the branch currents and using mesh analysis

", s5Q '3_ 6
AN AN
P
10 Q2
1sv(@® @ i Za0
v
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Solution:
We first obtain the mesh currents using KVL. For mesh 1,

—15 +5i, + 106G, — i) + 10=0
or
3 —2i>=1 (3.5.1)
For mesh 2,
6i> + 4i + 102 — ;) — 10=0
or

iHhn =2 —1 (3.5.2)

Bl METHOD 1 Using the substitution method, we substitute
Eq. (3.5.2) into Eq. (3.5.1), and write
6i —3 -2, =1 =3 nh=1A
From Eq. (3.5.2), iy = 2i, — 1 =2 — 1 = 1 A. Thus,
L=i=1A, L=i>=1A, L=ij,—ih=0

Bl METHOD 2 To use Cramer’s rule, we cast Egs. (3.5.1) and
(3.5.2) in matrix form as

- =L

We obtain the determinants

3 -2
= 6-2=4
.2 B
1 -2 31
A|—|l 2| 2+2=4, A2—|_I l‘—3+|—4
Thus,
i B - _ A
l|—A—lA lz—A—lA
as before.

Practice Problem
Calculate the mesh currents i, and i, of the circuit of Fig
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Answer: i, = 25 A, i, = 0A.

2Q 920
AM A
. 2q
45v(:) ﬁ) q 0V
n
AN
4Q 30

Example

Use mesh analysis to find the current i, in the circuit of Fig.

Solution:
We apply KVL to the three meshes in turn. For mesh 1,

=24+ 106G, —i2) + 1204 —i3) =0

or
iy = 5iz = 6i3 = 12 (3.6.1)
For mesh 2,
- Ui + 4 —13) + 106, — i) =0
or
=5i + 19, - 2i;=0 (3.6.2)
For mesh 3,

AL+ 1203 — i) + Mz — i) =0
But at node A, I, = i; — i5, so that

or

_il - iz + 2(; =10 (3.().3'

In matrix form, Egs. (3.6.1) to (3.6.3) become

11 =5 =614 12
_5 IQ -2 L | = 0
=4 4 2l 0
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We obtain the determinants as

A=
_
_ 7
_ g
=418 - 30— 10— 114 — 22 — 50 = 192
-5
iy = = 456 — 24 = 432
B = =24 + 120 = 144
3 . N
g o N

"—T_E—ZZSA lz—f—m—o'/SA
A; 288
i3 YT I.5A

ThUS, ’,, - il oo iz =15A.
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Practice Problem
Using mesh analysis, find lo in the circuit of Fig.

6Q
AW

i3
IOT 4Q (_) 8Q

MWW

16va:> @ 29@ ;>|0ip

Answer: -4 A.

Mesh Analysis with Current Sources

Applying mesh analysis to circuits containing current sources (dependent or independent)
Consider the following two possible cases Applying mesh analysis to circuits containing
current sources (dependent or independent) may appear complicated. But it is
actually much easier than what we encountered in the previous section, because the
presence of the current sources reduces the number of equations. Consider the
following two possible cases.

CASE 1 When a current source exists only in one mesh: Consider the circuit for
example. We set i2=- 5A and write a mesh equation for the other mesh in the usual
way; that is,

—10+ 4i, + 6(i;, — i) =0 = Hph=-2A A.17

3Q

40Q
AW
|ov% 60Q Q #)SA

CASE 2 When a current source exists between two meshes: Consider the circuit
in Fig. 7. (a), for example. We create a supermesh by excluding the current source
and any elements connected in series with it, as shown in Fig. 7. (b). Thus,

> VVVV™T]

| A supermesh results when two meshes have a (dependent or independent) |
% current source in common.
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6@ .-~ 10Q
WW—* — AW
8 6Q 10Q
s AW A
0v @) @ : i (i) 34 5 -
C ' . 20V @’) ] @ i) i §4()
L 6A / ' I
1 0 )
Exclude these (b)
(a) elements

Fig7

(a) Two meshes having a current source in common, (b) a supermesh, created by excluding the
current source

As shown in Fig.7 (b), we create a supermesh as the periphery of the two meshes and
treat it differently. (If a circuit has two or more supermeshes that intersect, they
should be combined to form a larger supermesh.) Why treat the supermesh
differently? Because mesh analysis applies KVL—which requires that we know the
voltage across each branch—and we do not know the voltage across a current source

in advance. However, a supermesh must satisfy KVL like any other mesh Therefore,
applying KVL to the supermesh in Fig. (b) gives

=204 6i1 +10i2 +4i> =0

6i1 + 14i» =20 (3.18)

We apply KCL to a node in the branch where the two meshes intersect. Applying
KCL to node 0 in Fig (a) gives

ih=1;+6 (3.19)
Solving Egs. (3.18) and (3.19), we get

Note the following properties of a supermesh:

. The current source in the supermesh provides the constraint equa-
tion necessary to solve for the mesh currents.

. A supermesh has no current of its own.

. A supermesh requires the application of both KVL and KCL.

W N
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Example
For the circuit find i, to iy using mesh analysis
2Q

AW
oc
o)

D
S
<

Solution:

Note that meshes 1 and 2 form a supermesh since they have an independent current
source in common. Also, meshes 2 and 3 form another supermesh because they have
a dependent current source in common. The two supermeshes intersect and form a
larger supermesh as shown. Applying KVL to the larger supermesh
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2 + 4iz + 8(i3 —iy) + 6i, =0
or
Iy +3i + 6i3 —4iy, =0 (3.7.1)
For the independent current source, we apply KCL to node P:
=i +5 3.7.2)
For the dependent current source, we apply KCL to node Q:
iy =iy + 3,

But I, = —i4, hence,
i = i3 — 3i4 (3.7.3)
Applying KVL in mesh 4,
2y + 8(is —i3) + 10=0

or

Siy — 4iz = =5 (3.7.4)
From Egs. (3.7.1) to (3.7.4),

ih=-15A, i=-25A, i3=393A, i=2143A

Practice Problem

Use mesh analysis to determine iy, i; and iz in

Answer: i, = 4632 A, i, = 631.6 mA, iy = 1.4736 A.
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Summary

1. Nodal analysis is the application of Kirchhoff's current law at the
nonreference nodes. (It 1s applicable to both planar and nonplanar
circuits.) We express the result in terms of the node voltages. Solv-
ing the simultaneous equations yields the node voltages.

2. A supernode consists of two nonreference nodes connected by a
(dependent or independent) voltage source.

3. Mesh analysis is the application of Kirchhoff's voltage law around
meshes in a planar circuit. We express the result in terms of mesh
currents. Solving the simultaneous equations yields the mesh
currents.

4. A supermesh consists of two meshes that have a (dependent or

independent) current source in common.

5. Nodal analysis is normally used when a circuit has fewer node
equations than mesh equations. Mesh analysis is normally used
when a circuit has fewer mesh equations than node equations.

. Circuit analysis can be carried out using PSpice.

. DC transistor circuits can be analyzed using the techniques cov-
ered in this chapter.

~ N
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LINEARITY PROPERTY
Linearity is the property of an element describing a linear relationship between
cause and effect. Although the property applies to many circuit elements, we shall
limit its applicability to resistors in this chapter. The property is a combination of
both the homogeneity (scaling) property and the additivity property. The
homogeneity roperty requires that if the input (also called th excitation) is multiplied
by a constant, then the output (also called the response) is multiplied by the same
constant. For a resistor, for example, Ohm’s law relates the input i to the output v,

v=1iR 4.1

If the current is increased by a constant k, then the voltage increases
correspondingly by k; that is,

kiR = kv 4.2)

A linear circuit is one whose output is linearly related
(or directly proportional) to its input.

To understand the linearity principle, consider the linear circuit shown in Fig. 4.1.
The linear circuit has no independent sources inside it. It is excited by a voltage
source vs, which serves as the input. The circuit is terminated by a load R. We may
take the current ithrough R as the output. Suppose vs= 10V gives i= 2 A. According
to the linearity principle, vs= 1 V will give i= 0.2 A. By the same token, i= 1 mA

must be due to vs=5 mV
L i
v Linear circuit R

Figure 4.] A linear circuit with input v, and
output /.
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Example

For the circuit find lIywhen Vs =12 V and V; =24 V

2Q 8Q
AWV AWV
+ o T
103
4Q

Figure 4.2
Solution:
Applying KVL to the two loops, we obtain
12i, —4i, + v, =0 (4.1.1)
—4i, + 16i, — 3v, — v, =0 4.1.2)
But v, = 2i,. Equation (4.1.2) becomes
—10i;, + 16i; —v, =0 4.1.3)
Adding Egs. (4.1.1) and (4.1.3) yields
2, +12i,=0 = i, = —6i,

Substituting this in Eq. (4.1.1), we get
76, +v,=0 = i2=”—;

When v, = 12V,

12
I,=i= —6A
When v, = 24V,
24
I{) =h = %

showing that when the source value is doubled, /, doubles.
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Practice Problem
For the circuit find vo when is = 30 A and is = 45A

Answer: 40V, 60 V.

12Q
A
+
iy 4Q 8Q < v,

Example

Assume lo = 1A, and use linearity to find the actual value of lo in the circuit.

A 6Q 2 L 2Q lVI 3IQ
— A ——— e AMA—— A,
I3 I 24
I,=15A D 70 4Q 59§
ki
Solution:

Ifl,=1AthenV, = (3 + 5)[,=8Vandl, =V,/4 = 2 A. Applying
KCL at node 1 gives

b=t & L=k
v,
V2=V|+212=8+6=I4V. ,3=7-=2A

Applying KCL at node 2 gives
L= l3 + 12 =§A

Therefore, I, = 5 A. This shows that assuming [, = | gives I, = S A,
the actual source current of 15 A will give I, = 3 A as the actual value.

Practice Problem

Assume that Vo =1V and use linearity to calculate the actual value of Vo in the circuit
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12Q
AW
+
40V 50 8Q=V,

Answer: 16
SUPERPOSITION

The superposition principle states that the voltage across (or current through) an
¢ element in a linear circuit is the algebraic sum of the voltages across (or currents
through) that element due to each independent source acting alone.

With these in mind, we apply the superposition principle in three steps:

Steps to Apply Superposition Principle:

1. Tum off all independent sources except one source. Find the
output (voltage or current) due to that active source using nodal or
mesh analysis.

2. Repeat step 1 for each of the other independent sources.

3. Find the total contribution by adding algebraically all the
contributions due to the independent sources.

Example

Use the superposition theorem to find v in the circuit
8Q

Solution:

Since there are two sources, let
v =0, + v,

whereV; and \, are the contributions due to the 6-V voltage source and the 3-A
current source, respectively. To obtain v1, we set the current source to zero, as

showninFig. (a). Applying KVL to the loop in
80 sl
AW 0 e
2 + +
6V @ 4Q 2y 403 3A
@
(a) ®)

(a) Calculatingv1 (b) calculating va.
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12, —6=0 = n=05A

Thus,
U = 4!1 =2V

We may also use voltage division to get v, by writing

4
=46 = 2N
g

To get v,, we set the voltage source to zero, as in Fig. 4.7(b). Using

current division,

8
s =—(3)=2A
b=y
Hence,
02=4i3=8V
And we find

v=u4+0v2=24+8=10V

Practice Problem

Using the superposition theorem, find V, in the circuit of Fig.

10 50
A AW
v: 20 sa D)y

Answer: 7.4 V.
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Example

Find i, in the circuit using superposition theorem.

20

aa (D

Solution:
The circuit involves a dependent source, which must be left intact. We let

i, =i +i (4.4.1)

where i, and i, are due to the 4-A current source and 20-V voltage
source respectively. To obtain i;,, we turn off the 20-V source so that

we have the circuit in Fig. (a). We apply mesh analysis in order to
obtain i,. For loop 1,

ih=4A (4.4.2)
For loop 2,
=3i) + 6i, — liz —5i, =0 (4.4.3)
2Q 2Q
AW MWW

4A CD AMA v ‘ ‘_". AMA L,
— (i) %n

e

©

(a) (b)

Applying superposition to (a) obtain i), (b) obtain i},.
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For loop 3,
—5i; — li + 10i3 + 5i, = 0 (4.4.49)
But at node 0,
iz=1iy —i,=4— I, (4.4.5)

Substituting Eqgs. (4.4.2) and (4.4.5) into Egs. (4.4.3) and (4.4.4) gives
two simultaneous equations

3i — 2, =8 (4.4.6)
i +5i, =20 (4.4.7)
which can be solved to get
52
o = T 4.4.8
i 17 ( )

To obtain i},, we turn off the 4-A current source so that the circuit
becomes that shown in Fig. . (b). For loop 4, KVL gives

6iy —is — S5i, =0 (4.4.9)
and for loop 5,
—ig + 10is — 20 + 5i, = 0 (4.4.10)
But is = —i],. Substituting this in Eqgs. (4.4.9) and (4.4.10) gives
6iy —4i, =0 (4.4.11)
iy + 5i, = —20 (4.4.12)
which we solve to get
ip= —%A (4.4.13)

Now substituting Eqs. (4.4.8) and (4.4.13) into Eq. (4.4.1) gives

8
i, = —— = —0.4706
i 17 A
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Practice Problem
Use superposition to find in the circuit

20Q

25V 5A 4Q§ 0.1z,

= Answer: v, = 31.25 V.

Example
For the circuit in Fig. use the superposition theorem to find i.
@ A
4Q 4Q
{

12v @) §3Q b)3a

Solution:
In this case, we have three sources. Let

=i +i+ i3

where iy, i>, and i3 are due to the 12-V, 24-V, and 3-A sources respec-
tively. To get i, consider the circuit in Fig. 4.13(a). Combining 4 ()
(on the right-hand side) in series with 8 () gives 12 (). The 12 () in
parallel with 4 () gives 12 X 4/16 = 3 (). Thus,

12

6
To get i, consider the circuit in Fig. 4.13(b). Applying mesh analysis
gives

i1= =2A

16i, — 4ip, +24 =0 — My — =98 (4.5.1)

7
Tiy = 4i,=0 = iy=i, (4.5.2)
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Substituting Eq. (4.5.2) into Eq. (4.5.1) gives
iz - 'ib . _1
To get i3, consider the circuit in Fig. 4.13(c). Using nodal analysis gives

Us U — Uy

= — + = —_ -,
3 3 2 = 24 = 3v; — 2v, (4.5.3)
U2 - U| v] Ul 10
= — _— = = —_— .S.
4 4 3 R @l

Substituting Eq. (4.5.4) into Eq. (4.5.3) leads to v, = 3 and

; U,
l3=?=lA
Thus,
i=ihL+tihbh+tihh=2—-—1+1=2A
8Q
AW
40Q 40 30

AN i _J\N\N—¢i

i 1

12V t) gm T—+ 12v () §3n

(a)

?\V 8Q 8Q
¢ AMA AN
4Q 4Q 4Q v 4Q Iy
AAA- et ——] 2,
lfz I3
o

(b) (c)
Figure 4.13
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6Q AN I 8Q
AW = A
£

sv(®) E’i @ sv

Answer: 375 mA.
Example

Use superposition 1o find ve i the ciemt of Fig.

=
—/

_
-

Let v, =v, 2+ V,, Where vy, vy, and vy are due to the independe

fincl vy, consider the circuit below.
)

8 Q2
/NV\

2A (1‘) |()Q§ sQ § :‘

10

Vi = Sx 10+84+5

x2 = 4,.3478
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To find v, consider the circuit below.

$5 CD;

1on§ 59% vz

8
=5X— " Xx4=6.9
Vo 5x8+]0+5x4 6.9565

To find vi. consider the circuit below.

12V
100 § 50%:;

Vs =—l2($]:—2.6087
5+10+8

Vo =V +V,y+V 3=8.6956 V =8.696V.

Example

Apply the superposition principle to find in the circuit

20v(®)
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Let vy = vy = Vor = Vi Where v, Voo . and vy are due 1o the 20-V, 1-A, and 2-A
sowrces respectively. For v, consider the cucut below.

6

402 20
MN——AAAN

20v (7 19 %;n—

L

6(4+2) = 3ohms, vy = (*220 = 10V

For v, consider the cucut below

hp g

S ‘ P
M r A — f@—%—ﬁ
' k4

A <¥> § S Vo

36 = 2olms.vor = [2(4+2+2)H4 = IV

S

For v consider the cucut below

& o
TS ’é
(”VIV\\/— — '\fV\{\ R _ﬁ,vnv’\’
% %?J\ ko
Gl(4+2) = 3.vey = («1)3 = -3 -

79



Fundamentals of EE I
EE1301
Dr. Naser Al-Falahy

University of Anbar
College of Engineering
Dept. of Electrical Engineering

Example
For the circuit find the terminal voltage Vab using superposition.
3V,
100 .
WV O a
+
W@ A @ Vo
o b
Solution

Let vy = vab1 + v where vy and vy are due to the 4-V and the 2-A sources respectively.

3van 3van:

10Q @ 10Q o
+— T ®
+ - -
w o 0 Vabl 2A Vab2
o o
(a) (b)

For v1. consider Fig. (a). Applying KVL gives,

-Vabl —3 Va1 +10x0+4 = 0, whichleadstovy = 1V
For v, consider Fig. (b). Applying KVL gives,
Va2 — 3vay + 10x2 = 0, which leadstovay = 5

v = 1+5 =6V

80



Fundamentals of EE I
EE1301
Dr. Naser Al-Falahy

University of Anbar
College of Engineering
Dept. of Electrical Engineering

Example
Use the superposition principle to find and in the circuit
i, 10Q 200

A
Lt e
6A 00 4i, 30V

Let v, =v) + vy, where v) and v; are due to the 6-A and 80-V sources respectively. To
find v, consider the circuit below.

I
Y I
+ Vi -
6A <1‘> 409% 4i;
At node a,
Vo, Vo—V
6-E+_|O ] E— 24)-5\/‘,—4\/, (0
At node b.
1, — 41, + (v — 0)20 = 0 or v, = 1001,
But i, = "’l’o‘“ which leads to 100(va—5)10 =ws or w = 0.9091va  (2)
Substituting (2) into (1).
Sva — 3.636Va = 240 or va = 175.95 and v = 159.96
However, Vi=V,—Wp=1599V.

To find va. consider the circuit below.

L, 100 00
V.V —— VA
+ Py o=

wg e O

81



Fundamentals of EE |

EE1301
Dr. Naser Al-Falahy

University of Anbar
College of Engineering
Dept. of Electrical Engineering

0-v, 4 +(—30-vc)=

» 0
50

v,=10i,=2V

Vo=vi+v: =1599+2=17.99 Vand i, =vo/10=1.799 A

Example
Use superposition to find Vo in the circuit of Fig. 4.86.
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1Q
AW
s 0.57,
AW &>

+
10V MCP m% v,

Let V.=V +V;, where V| and V; are due to 10-V and 2-A sources respectively. To
find V. we use the circuit below.

10 VC) % \_/_1

05V,

20 1Q :
-+
10V

83



University of Anbar
College of Engineering
Dept. of Electrical Engineering

Fundamentals of EE I
EE1301
Dr. Naser Al-Falahy

-10+71-0.5V =0
But V=4
‘10=7i-2i=5i —— i=2, V,=8V

To find V,. we use the circuit below.

1Q
A
A
L W g +
" 40 évz
05V,
20 1Q =
+
4V C) . 40 %V’

-4+71-0.5V, =0
But Vo =4
4=7i-2i=5i —— i=08, V,=4i=3.2

Vo=V +V,=8+432 =112V
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Use superposition to solve for V, in the circuit of

Let vy = vy + v, where vy and v; are due to the 4-A and 6-A sources respectively.

i vi i Vs

<
-«

* +
2Q 4A®m V1 2Q 6A 8$Q V2

(@) (b)

To find vy. consider the circuit in Fig. (a).

v1/8—4+(vi —(—41x))2=00r (0.125+0.5)vi =4 - 2ig or vi = 6.4 — 3214
But. iy = (v1—(—4ix))20rix = —0.5vy. Thus.

vi = 6.4+ 3.2(0.5v1). which leads to vi = —6.4/0.6 =-10.667

To find v. consider the circuit shown in Fig. (b).

v)/8 — 6+ (va—(—4ix))2=0o0rvy +3.2ix=9.6
But iy, = —0.5v,. Therefore.

va + 3.2(-0.5v2) = 9.6 which leads to vy = -16
Hence. vy = —-10.667-16 = -26.67V.
Checking.

ix =—0.5vy =13.333A

Now all we need to do now is sum the currents flowing out of the top node.

13.333-6-4+(-26.67)/8 =3.333-3.333=0
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44 SOURCE TRANSFORMATION
I - MWW
A source transformation is the process of replacing a voltage source v '
in series with a resistor R by a current source i; in parallel

with a resistor R, or vice versa.
R
a a
v -— R
b b
Figure4.15  Transformation of independent sources. The

two circuits in Fig. 4.15 are equivalent—provided they have the same voltage-
current relation at terminals a-b. It is easy to show that they are indeed equivalent.
If the sources are turned off, the equivalent resistance at terminals a-b in both
circuits is R. Also, when terminals a-b are shortcircuited the short-circuit current
flowing from a to b isisc= vs/R in the circuit on the left-hand side and isc= is for the
circuit on the righthand side. Thus, vs/R = is in order for the two circuits to be
equivalent. Hence, source transformation requires that

. - vI
vy =isR or I = I 4.3

we should keep the following points in mind when dealing with source
transformation

1. Note from Fig. 4.15 (or Fig. 4.16) that the arrow of the current source is directed toward
the positive terminal of the voltage source.

2. Note from Eq. (4.5) that source transformation is not possible whenR = 0, which is the
case with an ideal voltage source. However, for a practical, nonideal voltage source, R_= 0.
Similarly, an ideal current source with R =oocannot be replaced by a finite voltage source.
More will be said on ideal and nonideal sources

Example

Use source transformation to find in the circuit of Fig. 4.17.
2Q 3Q
AN AN/

+

4Q§ 3a(§ 89§u,, ® 12v
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Solution:

We first transform the current and voltage sources to obtain the circuit in Fig. . (a).
Combining the 4Q and 2Q resistors in series and transforming the 12-V voltage
source gives us Fig. . (b). We now combine the 3Q) and6€) resistors in parallel to get
2Q) . We also combine the 2-A and 4-A current sources to get a 2-A source by
repeatedly applying source transformations, we obtain the circuit inFig.. (c).

- l‘ -
2A(y) 6q 8Q 3 w %m 4A 8QZy 2Q 2A
<

(b) (c)
We use current division in Fig. (c) to get

2
f — ———— = 0.4
! 2 + 8(2) A

and

v, = 8i =8(04) =32V

Alternatively, since the 8-Qand 2-Q resistors in Fig.. (c) are in parallel, they have the
same voltage vo across them. Hence,

8
v =(8]2)2A) = 2)=32V

=

Practice Problem
Find ig in the circuit of Fig. 4.19 using source transformation

5V 1Q
£ A
& ‘,‘v

6Q§ sa(d) 3Q§ 7Q§ 3a(®) 4Q§
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Example
Find vy in circuit using source transformation

E Zﬂg"x @) 18V

Solution:

The circuit in Fig. . involves a voltage-controlled dependent current source. We
transform this dependent current source as well as the 6-V independent voltage
source as shown in Fig. . (a). The 18-V voltage source is not transformed because it
is not connected in series with any resistor. The two 2-Q resistors in parallel combine
to give a 1Q resistor, which is in parallel with the 3-A current source. The current
source is transformed to a voltage source as shown in Fig.(b). Notice that the
terminals for vx are intact. Applying KVL around the loop in Fig (b) gives

-3+5i+v,+18=0 (4.7.1)

vy
4Q

,,
: 1Q 40
J l ‘ VWWA ﬁ AN ——e——— AN, =
+
"
3AQ]D m?T’ 203 5 \?ISV sv(\:; % ﬁ) :rlsv

(a) (b)

Applying KVL to the loop containing only the 3-V voltage source, the
1-() resistor, and v, yields

=3# li+ v, =0 = v,=3—i (4.7.2)
Substituting this into Eq. (4.7.1), we obtain

13+ 3+ 3 —i=10 = i=—45A

Alternatively, we may apply KVL to the loop containing vx , the 4-Q resistor, the
voltage-controlled dependent voltage source, and the 18-V voltage source in Fig. (b).
We obtain

88



Fundamentals of EE I
EE1301
Dr. Naser Al-Falahy

University of Anbar
College of Engineering
Dept. of Electrical Engineering

—v +4di+uv,+18=0 = i=-45A
Thus,v, =3 —i=75V.

Practice Problem

Use source transformation to find i, in the circuit shown in Fig.

Answer: 7.059 mA.

24 mA 10Q <l 2ix
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4.5 THEVENIN'S THEOREM
= AAAA/
Thevenin's theorem states that a linear two-terminal circuit can be replaced
by an equivalent circuit consisting of a voltage source Vr, in series with
f a resistor Ry, where Vr, is the open-circuit voitage at the terminals
and R is the input or equivalent resistance at the terminals when
the independent sources are turned off.

The following steps provide a technique which converts any circuit into
itsThévenin equivalent:

1. Remove the load from the circuit.

2. Label the resulting two terminals. We will label them as a and b, although
any notation may be used.

3. Setall sources in the circuit to zero. VVoltage sources are set to zero by replacing
them with short circuits (zero volts). Current sources are set to zero by replacing
them with open circuits (zero amps).

4. Determine the Thévenin equivalent resistance, RTh, by calculating the
resistance “seen” between terminals a and b. It may be necessary to redraw the
circuit to simplify this step.

5. Replace the sources removed in Step 3, and determine the open-circuit voltage
between the terminals. If the circuit has more than one source, it may be necessary
to use the superposition theorem. In that case, it will be necessary to determine the
open-circuit voltage due to each source separately and then determine the combined
effect. The resulting open-circuit voltage will be the value of the Thévenin voltage,
ETh.

6. Draw the Thévenin equivalent circuit using the resistance determined in Step 4
and the voltage calculated in Step 5. As part of the resulting circuit, include that
portion of the network removed in Step 1
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Example
Find the Thevenin equivalent circuit of the circuit shown in Fig. 4.27, to the

left of the terminals a-b Then find the current through R, =6, 16 , And 36

Q
4Q 1Q ,
i T R |
2v@ ne3 @24 Z(R"
| | -
b
Solution:

We find Ry, by turning off the 32-V voltage source (replacing it
with a short circuit) and the 2-A current source (replacing it with an

open circuit). The circuit becomes what is shown in Fig. (a).
Thus, "

EX12
R-n,=4le+l=T+l=4Q

4Q 1Q 40 Vi 1Q
VWW—O a AMAN- AMA—O a
+
12Q Km oy ) @ 12Q ﬁ) CD 2A vy
ob o b
(a) (b)

.(a) finding RTh, (b) finding VTh.

To find VTh consider the circuit in Fig. (b). Applying mesh analysis to the two loops:

—32 + 4i, + 123i; — i) = 0, ih=-—2A
Solving for i;, we get iy = 0.5 A. Thus,
Vi = 12, — i) = 12(0.5 + 20) =30V

Alternatively, it is even easier to use nodal analysis. We ignore the
1-L) resistor since no current flows through it. At the top node, KCL
gives

2 -V
BV oo .. Yo
4 12

or

96 —3Vy, +24=Vy, = Vi, =30V
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as obtained before. We could also use source transformation to find VTh. The
Thevenin equivalent circuit is shown in Fig.

4Q

a
AN O ¢!I
(4 2’
30V Q_’) R,
b
The current through RL is
Vin 30
I, = =
Rm +R, 4+R,
When R; = 6,
I & =3A
“ 10
When R; = 16,
30
I, =—=15A
20
When R; = 36,
30
I, =—=075A
40

Practice Problem
Using Thevenin’s theorem, find the equivalent circuit to the left of the terminals in
the circuit of Fig. Then find I.

60 6Q i
AM
| L
12V 2A %49 1Q
b

Answer: VTh =6V, RTh =30, I=15A.

92



University of Anbar
College of Engineering
Dept. of Electrical Engineering

Fundamentals of EE |
EE1301
Dr. Naser Al-Falahy

Example

Find the Thevenin equivalent of the circuit in Fig. at terminals a-b.

2({‘
&
\/
2Q 2Q
AN AN O a

sa(}) 43« §6n

o b

Solution:

This circuit contains a dependent source, unlike the circuit in the previous example.
To find RTh we set the independent source equal to zero but leave the dependent
source alone. Because of the presence of the dependent source, however, we excite
the network with a voltage source vo connected to the terminals as indicated in Fig.
(a). We may set vo =1 V to ease calculation, since the circuitis linear. Our goal is to
find the current io through the terminals, and then obtain Bm = 1/i,.
(Alternatively, we may insert a 1-A current source, find the corresponding voltage
vo, and obtain RTh =vo/1.)

2, 2v.
vy 2v,

£3 Vi R
is

) )

20 I &

[

Q 2Q
M\ WW—C a

WA AMWN—
o+ L+ (8 3
40 3 u Q 260 ,-‘ : 5A q 40 >n ﬁ) 26Q the

(a) (b)

&

Applying mesh analysis to loop 1 in the circuit of Fig. (a)
results in
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-, + 2, —i,)=0 or U, =1, — I
But —4i, = v, = i, — i>; hence,
iy = —3i (4.9.1)
For loops 2 and 3, applying KVL produces
4i + 2(i — i) + 6(ip —i3) =0 (4.9.2)
6(iz — i) +2i3+1=0 (4.9.3)

Solving these equations gives

.
I3 = 6

But i, = —i; = 1/6 A. Hence,
1
Rm=—=6Q

lo

To get VTh , we find voc in the circuit of Fig (b). Applying mesh analysis,
we get
ih=5 (4.9.4)
—20,. + iz — l2) =0 = Uy =13 — i2 (4.9.5)
4(’2 — ’I) + 2(12 = lx) - 612 — 0
or
]212 == 4l| - 21'4 =0 (4.9.6)

But 4(i; — i) = v,. Solving these equations leads to i, = 10/3.
Hence,

Vin = Upe = 6iy = 20V

The Thevenin equivalent is as shown in Fig.

6Q
A AA" O a

20V i)
o b

The Thevenin equivalent of the circuit
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Practice Problem

Find the Thevenin equivalent circuit of the circuit to the left of the terminals

s I o3q
AW AW oa

6V (‘_‘) .51, 4Q

o b

Angwer: Viy = 5333V, Rpy = 4444 mi

Example

Determine the Thevenin equivalent of the circuit in Fig.4-35 (a) at terminals a-b.

Solution:

1.

2

Define. The problem is clearly defined; we are to determine the
Thevenin equivalent of the circuit shown in Fig. 4.35(a).
Present. The circuit contains a 2-{) resistor in parallel with a
4-02 resistor. These are, in turn, in parallel with a dependent
current source. It is important to note that there are no
independent sources.

. Alternative. The first thing to consider is that, since we have no

independent sources in this circuit, we must excite the circuit
externally. In addition, when you have no independent
sources you will not have a value for Vqy,: you will only have
to find Ryy,.

95



University of Anbar
College of Engineering
Dept. of Electrical Engineering

Fundamentals of EE I
EE1301
Dr. Naser Al-Falahy

Oa

I

ob

(a)

-40Q a 9Q

ﬁ) 0V

b
)

Figure 4.35
For Example 4.10.

The simplest approach is to excite the circuit with either a
1-V voltage source or a 1-A current source. Since we will end
up with an equivalent resistance (either positive or negative), |
prefer to use the current source and nodal analysis which will
yield a voltage at the output terminals equal to the resistance
(with 1 A flowing in, v, is equal to | times the equivalent
resistance).

As an alternative, the circuit could also be excited by a 1-V
voltage source and mesh analysis could be used to find the
equivalent resistance.

. Attempt. We start by writing the nodal equation at a in Fig. 4.35(b)

assuming i, = | A.
2+ W, —0/4+ @, -0/2+(-H=0 (101

Since we have two unknowns and only one equation, we will
need a constraint equation.

iy = (0 — v,)/2 = —v,/2 (4.10.2)
Substituting Eq. (4.10.2) into Eq. (4.10.1) yields

2(—v,/2) + (v, — 0)/4 + (v, — 0)/2+(-1)=0
=(=1+%+dv, -1 or vo=—4V

Since v, = | X Rm, then R = v,/1 = —4 Q.

The negative value of the resistance tells us that, according
to the passive sign convention, the circuit in Fig. 4.35(a) is
supplying power. Of course, the resistors in Fig. 4.35(a) cannot
supply power (they absorb power); it is the dependent source
that supplies the power. This is an example of how a
dependent source and resistors could be used to simulate
negative resistance.

. Evaluate. First of all, we note that the answer has a negative

value. We know this is not possible in a passive circuit, but in
this circuit we do have an active device (the dependent current
source). Thus, the equivalent circuit is essentially an active
circuit that can supply power.

Now we must evaluate the solution. The best way to do this
is to perform a check, using a different approach, and see if we
obtain the same solution. Let us try connecting a 9-() resistor in
series with a 10-V voltage source across the output terminals of
the original circuit and then the Thevenin equivalent. To make
the circuit easier to solve, we can take and change the parallel
current source and 4-() resistor to a series voltage source and
4-() resistor by using source transformation. This, with the new
load. gives us the circuit shown in Fig. 4.35(c).

We can now write two mesh equations.

8i, +4i, +20, — 1) =0
2z — ) + 92+ 10=0

Note, we only have two equations but have 3 unknowns, so we
need a constraint equation. We can use

iy =i — i)
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This leads to a new equation for loop |. Simplifying leads to

4+2-8)i+(-2+8)i=0
or

=2, +6i,=0 or i, = 3i,
Substituting the first equation into the second gives

—6i> + 11i = =10 or i»=—-10/5=-2A

Using the Thevenin equivalent is quite easy since we have only
one loop, as shown in Fig. 4.35(d).

—4i+9%+10=0 or i=-10/5=-2A

6. Satisfactory? Clearly we have found the value of the equivalent
circuit as required by the problem statement. Checking does
validate that solution (we compared the answer we obtained by
using the equivalent circuit with one obtained by using the load
with the original circuit). We can present all this as a solution to
the problem.

Practice Problem

Obtain the Thevenin equivalent of the circuitin Fig
4v,

10 Q 4_\ o
+ b
nsS5Q 15Q
o b
Answer: Vi, =0V, R, = —7.5Q.
4.6 NORTON’S THEOREM
> A AN

Norton's theorem states that a linear two-terminal circuit can be replaced
by an equivalent circuit consisting of a current source y in parallel with
& aresistor Ry, where Iy is the short-circuit current through the terminals
and Ry is the input or equivalent resistance at the terminals when the

independent sources are turned off.
O a
Iy Ry
o b
Ry =R
® i
IN = lsc
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The following steps provide a technique which allows the conversion of any circuit into
its Norton equivalent:

1. Remove the load from the circuit.

2. Label the resulting two terminals. We will label them as a and b, although any
notation may be used.

3. Set all sources to zero. As before, voltage sources are set to zero by replacing them
with short circuits and current sources are set to zero by replacing them with open
circuits.

4. Determine the Norton equivalent resistance, Rn, by calculating the resistance seen
between terminals a and b. It may be necessary to redraw the circuit to simplify this
step.

5. Replace the sources removed in Step 3, and determine the current which would occur
in a short if the short were connected between terminals a andb. If the original circuit
has more than one source, it may be necessary to use the superposition theorem. In this
case, it will be necessary to determine the short-circuit current due to each source
separately and then determine the combined effect. The resulting short-circuit current
will be the value of the Norton current In.

6. Sketch the Norton equivalent circuit using the resistance determined in Step 4 and the
current calculated in Step 5. As part of the resulting circuit, include that portion of the
network removed in Step 1. The Norton equivalent circuit may also be determined
directly from the Thévenin equivalent circuit by using the source conversion technique

o a

. QD R

o b

Rm=RNn 4 a
—AM— 0
— Eﬁ=INRN @ (D Rn=Rm
E
b N b
Thévenin equivalent circuit Norton equivalent circuit
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we see that the relationship between the circuits is as follows:

E;, = IRy
E
Iy=—"
Ry,
Example
Find the Norton equivalent circuit of the circuit in Fig. 4.39 at terminals a-b.
80
AW Oa
40
2A 50
12V ]
| ] A o b
80

Solution:
We find Ry in the same way we find Ry, in the Thevenin equivalent
circuit. Set the independent sources equal to zero. This leads to the
circuit in Fig. 4.40(a). from which we find Ry. Thus.
20x 5

25
To find IN, we short-circuit terminals a and b, as shown in Fig. (b). We
ignore the 5- Q resistor because it has been short-circuited. Applying
mesh analysis, we obtain

i =2A, 20i, — 4i, — 12 =0

Ry=5|(8+4+8=5]20= =40

From these equations, we obtain

i;»:lA:i;(:lN
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3Q 8Q P
o MW O a MWW O
lit = Iq

(i) 40
Ry

4u§ su‘é il ZACD

12v i
8Q 80
o AW o b AWV
b
(a)
(b)
8Q
A ARG 0 a

finding: (a) Ry, (b) Iy = isc, (€) Vin = Vs

Alternatively, we may determine IN from VTh / RTh We obtain VTh as the open-
circuit voltage across terminals a and b I n Fig (c). Using mesh analysis, we obtain

i3=2A
i, —4-12=0 = iy =08A
and
Upe = Vm =513, =4V
Hence,
Iy= %}:— = % =1A
R = v, /ige = 4/1 = 4 (). Thus, the Norton equivalent circuit is as  shown in Fig..
a
1A 4Q
b
Norton equivalent .
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Practice Problem
Find the Norton equivalent circuit for the circuitin Fig. 4.42, at terminals a-b.

3Q 3Q
v W\ O a
15V 5'\/\:; ¢ 60Q
O b
Answer: Ry =3, Iy =45A.
Example
Using Norton’s theorem, find RN and IN of the circuit at terminals a-b.
2i,
%
50
iy 1 AN ©a
40 ﬁ*_’) 10V
o b
Solution:

To find Ry, we set the independent voltage source equal to zero and
connect a voltage source of v, = | V (or any unspecified voltage v,)
to the terminals. We obtain the circuit in Fig. a). We ignore the

4-() resistor because it is short-circuited. Also due to the short circuit,
the 5-() resistor, the voltage source, and the dependent current source

are all in parallel. Hence. i, = 0. At node a, i, = 3 = 0.2 A, and

To find I, we short-circuit terminals @ and b and find the current

ise, as indicated in Fig: ) Note from this figure that the resistor, the 10-V voltage
source, the resistor, and the dependent current source are all in parallel. Hence,
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10
i, =—=25A
b=
At node a, KCL gives
10
i,(=‘5—+ 2i. =2+ 2125 =TA
Thus,
Iy=TA
2i, 2,
AN AN
R4 4
50 n 5Q a
i, l AWM b i, l AW
40 w=1V 40 C:va e =l
b b
(a) (b)

(a) finding RN, (b) finding IN.

Practice Problem
Find the Norton equivalent circuit of the circuit in Fig.
terminals a-b.

Answer: Ry, = 1 Q. I, = 10 A.

2u,

6n§ 10a(¥) 2Q§”x

o b
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MAXIMUM POWER TRANSFER
The Thevenin equivalent i1s useful in finding the maximum power a
linear circuit can deliver to a load. We assume that we can adjust the load
resistance R, . If the entire circuit 1s replaced by its Thevenin equivalent
except for the load, as shown in Fig. 4 48, the power delivered to the load
1s

g W= 2R @.21)
P L Y L :
Rn
ANA——0 I
" ® 7a

b

Figure 448  The circuit used for
maximum power transfer.

maximum power transfer For a given circuit, Vqy, and Ry, are fixed. By varying the load resistance

R the power delivered to the load varies as sketched in Fig. 449. We
notice from Fig. 4.49 that the power 1s small for small or large values of
R; but maximum for some value of R; between 0 and 0. We now want
to show that this maximum power occurs when R; 1s equal to Ry, This
1s known as the maximum power theorem.

Maximum power is transferred to the load when the load resistance equals the
R Thevenin resistance as seen from the load (R, = Rr).

0 Rn

Figure 449  Power delivered to the load = 5 5 G g

The maximum power transferred is
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Example
Find the value of for maximum power transfer in the circuit. Find the

maximum power

60 3Q 2Q g

b
Solution:
We need to find the Thevenin resistance Ry, and the Thevenin voltage

V-m across the terminals a-b. To get Ry, we use the circuit in Fig. 4.51(a)
and obtain

6X12

Rm=2+3+6]12=5+-7

=90

6Q 3Q 2Q 6Q 3iQ 2Q
i

MWW NWA—O A AAA A AAAG MWW\—0
R g
12q -— v (@ q 120 ﬁ,) 2A vy
O

(a) (b)
(a) finding RTh, (b) finding VTh
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To get V. we consider the circuit in Fig. 4.51(b). Applying mesh anal-
ysis,

—12 + 18iy — 12i =0, i2=-2A

Solving for iy. we get iy = —2/3. Applying KVL around the outer loop
to get Vqy, across terminals a-b. we obtain

—1246i1 +3i+2(00+ V=0 =4 V=22V
For maximum power transfer,
R =Ry =90

and the maximum power is

Practice Problem

Determiune the value of R; that will draw the maximum power from
the rest of the circuit in Fig. 4.52. Calculate the maximum power.

Answer: 422 () 2901 W.

20 40
+‘\N\/\r
e
10
ov (D Ry
3
O_J
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Summary

1. A linear network consists of linear elements, linear dependent
sources, and linear independent sources.

2. Network theorems are used to reduce a complex circuit to a sim-
pler one, thereby making circuit analysis much simpler.

3. The superposition principle states that for a circuit having multi-
ple independent sources, the voltage across (or current through) an
element is equal to the algebraic sum of all the individual voltages
(or currents) due to each independent source acting one at a time.

4. Source transformation is a procedure for transforming a voltage
source in series with a resistor to a current source in parallel with
a resistor, or vice versa.

5. Thevenin’s and Norton's theorems allow us to isolate a portion of
a network while the remaining portion of the network is replaced
by an equivalent network. The Thevenin equivalent consists of a
voltage source Vy, in series with a resistor Ry, while the Norton
equivalent consists of a current source [y in parallel with a resis-
tor Ry. The two theorems are related by source transformation.

RN = RTh' IN = !lh‘
R,

6. For a given Thevenin equivalent circuit, maximum power transfer
occurs when R; = Ry, that is, when the load resistance is equal
to the Thevenin resistance.

7. The maximum power transfer theorem states that the maximum
power is delivered by a source to the load R, when R; is equal to
Ry, the Thevenin resistance at the terminals of the load.

8. PSpice can be used to verify the circuit theorems covered in this
chapter.

9. Source modeling and resistance measurement using the Wheat-
stone bridge provide applications for Thevenin's theorem.

106



