Engineering Mechanics-Dynamics Kinetics of Particles: Work and Energy

CHAPTER TWO
KINETICS OF PARTICLES:. WORK
AND ENERGY

2-9 The Work of a Force

A force F will do work on a particle only when
the particle undergoes a displacement in the direction
of the force. For example, if the force F in Fig. causes
the particle to move along the path s from position r to
a new position r', the displacement is then dr =" - r.
The magnitude of dr is ds, the length of the
differential segment along the path. If the angle
between the tails of dr and F is 6, then the work done
by F is a scalar quantity, defined by

dU=Fdscosé
By definition of the dot product this equation can also be written as

dUu=F.dr

2-9-1 Work of a Variable Force

If the particle acted upon by the force F undergoes a finite displacement along its path
fromry to rp or s; t0 S, , the work of force F is determined by integration. Provided F
and 4 can be expressed as a function of position, then

Uy, = / _F'dl' = ] _Fcos 0 ds
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2-9-2 Work of a Constant Force Moving Along a Straight Line

If the force F. has a constant magnitude and acts at a constant angle ¢ from its
straight-line path, then the component of F. in the direction of displacement is always
Fc cos 6. The work done by F. when the particle is displaced from s; to s; is
determined from, in which case

U_, = F_.cos ﬂf _ds
i

U, = F_.cos8(s, — 5y)

Here the work of F. represents the area of the rectangle as in Figure below:
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2-9-3 Work of a Weight

Consider a particle of weight W, which moves up along the path s shown in Fig. from
position s; to position s; .

U, = ]F-dr = / (—Wj) - (dxi + dyj + dzk)
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2-9-4 Work of a Spring Force

If an elastic spring is elongated a distance ds, then the work done by the force that acts
on the attached particle is dU = -Fsds = -ks ds. The work is negative since Fs acts in
the opposite sense to ds. If the particle displaces from s; to s,, the work of F is then

U, , = /_Fsds - f_—k.s-ds
] 5

U_y = —(3ks3 — 3ks)
Unstretched
position, s = 0
F,
F,=ks
- s /—
§ /fl s L
<—O
€ -
Force on 5, 5 §
Particle -
Example 9: The 10-kg block shown in gt B B
Fig. rests on the smooth incline. If the —_— Initial

spring is originally stretched 0.5 m, Positica. O ppridg

determine the total work done by all the 2sin30°m
forces acting on the block when a
horizontal force P = 400 N pushes the
block up the plane s =2 m.

SOLUTION: ' 2

U, = 400N (2 30°) = 692.81]
p (2 mcos ) 081 N 1 30°

\‘\ ' F 400N
/ \[F

Ng
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Spring Force F.. In the initial position the spring is stretched
sy = 0.5 m and in the final position it is stretched 5, = 0.5m + 2 m =
2.5 m. We require the work to be negative since the force and
displacement are opposite to each other. The work of F, is thus

U, = —[430N/m)2.5 m)> — H30 N/m)(0.5m)’] = —907
Weight W. Since the weight acts in the opposite sense to its vertical

displacement, the work is negative;i.e.,

Uw = —(98.1 N) (2 msin 30°) = —98.11]

Normal Force Ng. This force does no work since it is always
perpendicular to the displacement.

Total Work. The work of all the forces when the block is displaced
2 m is therefore

Urp=6928] —90] — 98.1J = 5051 Ans

2-10 The Principle of Work and Energy

Consider the particle in Fig. which is located on the path defined relative to an inertial
coordinate system. If the particle has a mass m and is subjected to a system of external
forces represented by the resultant Fr = Y F, then the equation of motion for the
particle in the tangential direction is Y F; = ma; . Applying the kinematic equation a; =
v dv>ds and integrating both sides, assuming initially that the particle has a position s
=s;andaspeedv=v;,and laterat s =s,,v =V, , we have

E/_Frds = /_nr-vdv
-'-'| i

LE)
E/ F,ds = ymv} — mo7
5
_ 1 I
YU -, = ymv3 — 3mvj

TJ T 2U|_2 = Tz

Where:

1

T = kinetic energy Emvz
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Principle of Work and Energy.
¢ Apply the principle of work and energy. 7, — XU, , = T,.

® The kinetic energy at the initial and final points is alwavs positive,
since it involves the speed squared (T = %mvi).

e A force does work when it moves through a displacement in the
direction of the force.

* Work is positive when the force component is in the same sense of
direction as its displacement, otherwise it is negative.

* Forces that are functions of displacement must be integrated to
obtain the work. Graphically, the work is equal to the area under
the force-displacement curve.

® The work of a weight is the product of the weight magnitude and
the vertical displacement, Uy, = = Wy. It is positive when the
weight moves downwards.

® The work of a spring is of the form U, = J_,—ksl. where k is the
spring stiffness and s is the stretch or compression of the spring.

If we apply the principle of work and energy to this and each of the other particles in
the system, then since work and energy are scalar quantities, the equations can be
summed algebraically, which gives

ETJ Ll ZLF]_E = Z-TE

Problems involve cases where a body slides over the surface of another body in the
presence of friction considers as special class of problems which requires a careful
application. Consider, for example, a block which is translating a distance s over a
rough surface as shown in Fig. If the applied force P just balances the resultant
frictional force pk N.

12 1,2
smv” + Ps — uuNs = smv

-
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Example 10: The 3500-Ib automobile
shown in Fig. travels down the 10° inclined
road at a speed of 20 ft/s. If the driver jams on
the brakes, causing his wheels to lock,
determine how far s the tires skid on the road.

20 ft /s

o] S

The coefficient of kinetic friction between the
wheels and the road is pk = 0.5.

SOLUTION:

Applying the equation of equilibrium normal to the road, we have
+N2F,=0; Ny—3500c0s10°lb=0 N, = 3446.81b
Thus,

Fy= N, = 05 (34468 1b) = 17234 1b
Principle of Work and Energy.

TJ T 2U|_2 = T2

1{ 35001b

—( 2)(20 ft/s)* + 3500 Ib(s sin 10°) — (1723.41b)s = 0

2\3221t/s
Solving for s yields

s =1951t Ans.
NOTE: If this problem is solved by using the equation of motion, two
steps are involved. First, from the free-body diagram, Fig. , the
equation of motion is applied along the incline. This yields
3500 1b

+/3F, = ma;  3500sin 10°1b — 17234 1b = ~a
3.2 ft/s?

a=-103ft/s
Then, since a is constant, we have
(+v) o=} + 2a05 — 5);
(0 = (20 ft/s)* + 2(—10.3 ft/s*)(s — 0)
s =195 ft Ans.

J—

1
S

l— 1135001b

\ 10° |

|| ¥ ___,__,—-'-' .
S VT e Fy
- !
10° k
N;‘u

37 %‘JZ‘. jfgf oﬁl‘ gﬁefaﬂ W" Z?gma



