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Chapter Two
The Multiple Integrals

In this chapter, we consider the integral of a function of two variables f (x, y) over a
region in the plane and the integral of a function of three variables f (x,y, z) over a region

In space.

2.1 Double Integrals
Double Integral Over Rectangular Regions (First Form — Fubini’s Theorem): If f (x,

y) is continuous throughout the rectangular region'R: a< x < b, c <y <d, then

d b b d
JR‘ flx,¥) dA:!!r(x,y)dxdy=!!f(x,y)dydx-

Fubini’s Theorem says that double integrals over rectangles can be calculated as
iterated integrals. Thus,we can evaluate a double integral by integrating with respect to one
variable at a time.

Calculating Double Integrals: Suppose that we wish to calculate the volume under

the plane.z =4 — x.— y over the rectangular region R: 0 < x <2, 0 <y <1 in the xy-plane.
If we apply the method of slicing, with slices perpendicular to the x-axis (Figure 2.1), then

the volume'is
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oy = |
X Alx) = ' (4 —x—y)dy
Sy =1

Figure 2.1

A(x) dx,

]
I
=

where A(X) is the cross-sectional area at x. For each value of x, we may calculate A(x) as
the integral

y=1

Ax) = f@—x—y)dy,
y=0

Which is the area under the curve 4 — x — y in the plane of the cross-section at x. In
calculating A(x), x is held fixed and the integration takes place with respect to y. Combining

the Equations above, we see that the volume of the entire solid is
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x=2 x=2 = x Jq¥=1
Volume = f Alx) dx = f (j (4—x—y}d}f) dx = f [4y—x -3 dx
x=0 x=0 \y=0 x=0 y=0
x=2
A AN i
- f (2_") =7 T

If we just wanted to write a formula for the volume, without carrying out any of the

integrations, we could write

21

Volume:ff{d-—x—y}dydx.

[V

The expression on the right called an iterated or repeated integral, says that the
volume is obtained by integrating 4 — x — y withrespect to y from y = 0to y = 1 holding x
fixed and then integrating the resulting expression in x with respect to x from x =0to x =
2. The limits of integration 0 and 1 are associated with y, so they are placed on the integral
closest to dy.

The other limits of integration, 0 and 2, are associated with the variable x, so they are

placed on the outside integral symbol that is paired with dx.
What would have happened if we had calculated the volume by slicing with planes

perpendicular to the y-axis (Figure 2.2)? As a function of y, the typical cross-sectional area

IS
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oy = o)
Figure 2.2
x=2 xz X=2
Aly) = f (4—x—y)dx = [4:{———:@]
x=0 2 x=0
=6—-2y.

The volume of the entire solid'is therefore

y=1

y=1
Volume = f A(y) dy = f (6 —2y) dy = [6y—y?]5
¥=0 y=0
=5,
in agreement with our earlier calculation.

Again; we may give a formula for the volume as an iterated integral by writing
1 2

Volume:ffﬁ—x—y)dxdy,
o

0
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The expression on the right says we can find the volume by integrating 4 — x — y with
respect to x from x = 0 to x = 2 and integrating the result with respectto y fromy =0to y

= 1. In this iterated integral, the order of integration is first x and then y, the reverse of the

order in the previous case.

Fubini’s theorem also says that we may calculate the double integral by integrating

in either order, as we see in Example 1. When we calculate a volume by slicing, we may

use either a plane perpendicular to the x-axis or planes perpendicular to.the y-axis.

Example 1: Calculate

I, f(x,y)dAfor

flx,v) =1—6x%y, R:0=<x<2 -1<y=<1.

Solution:

By Fubini’s Theorem,

1 2 1 1

fry)dA= | [(1-6x?y)dxdy = [[x—2x*y;=5dy = |(2—16y)dy

Jrona-]] J J
= [2y - 8y?]%, = 4.

Reversing the order of integration gives the same answer:

2

f f(l —6x2y)dydx = f[y— 31'23?2];:314& = f[(l —3x3) —(—1-3x%))dx = J’Z dx
0 1]

0 -1 0

=4,
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Double Integrals over Bounded Non-Rectangular Regions (Stronger Form —

Fubini’s Theorem): Let f (x, y) be continuous on a region R.

1. If Ris defined by a <x <b, g1 (x) <y < g2 (x), with g; and g, continuous on [a, b], then

b g2(x)

Jf(x,}']d;l:f J’ f(x,v) dy dx.

R a gi(x)

2. If R is defined by c <y <d, hi1(y) < x < hy(y), with h; and A, continuous on [c, d], then

d ha(¥)

ff(x,y)dA:f f f(x,y) dx dy.

3 c hy(¥)

Example 2: Find the volume of the prismwhose base is the triangle in the xy-plane bounded

by the x-axis and the lines y = x.and y = 1 and whose top lies in the plane z = f (x, y) =3

—Xx—Yy.
Solution:

See Figure 2.3. For any x between 0 and 1, y may vary from y =0 to y = x (Figure
2.3b).

Hence,
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(0,0,3)

z=f(x,3) y=x
/=3 —x—y \

Y
(1,0,2) BT 0 y=01
b

«l.(‘),(l/)

x

0 1

(a) (<)

Figure 2.3

1 x 1 2},__,_. 1 !
V= J’I(E—x—y)dydx:f[By—xy—— f(Ex——)dx—[

o0 L] 0

1.

Vv

When the orderof integration is reversed (Figure 2.3c), the integral for the volume is

DL—_NI-

11 e o 1 . )2
VZIIB—I—}’)dxdy: [31_?_1}'] d}’:J’(3—§—y—3y+?+}Jz)d}'
0y x=y i]

1 —
- (5 4y+3 z)d =2y -2y 2l
_ff_ ytsy'jdy=|sy -2y + =

o y=0
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Example 3: Calculate

sinx
f — d4,
x

where R is the triangle in the xy-plane bounded by the x-axis, the line y =, and the line x
=1.

Solution:

The region of integration is shown in Rigure 2.4. If we integrate first with respect to

y and then with respect to x, we find

Figure 2.4

1 x . 1 y=x 1
sinx sinx )
—dy | dx = y—_ dx = | sinx dx
X x 1y
0 o ] o

=—cos(1)+1=046.

If we reverse the order of integration and attempt to calculate
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Finding Limits of Integration: We now give a procedure for finding limits of
integration that apply to many regions in the plane. Regions that are more complicated, and

for which this procedure fails, can often be split up into pieces on which the procedure

works.
When faced with evaluating integrating [ f (x, y) dA, first with respect toy and then

with respect to x, do the following:

1. Sketch: Sketch the region of integration and label the bounding curves.

2. Find the y-limits of integration: Imagine a vertical line L cutting through R in the
direction of increasing y. Mark the y-values where L enters and leaves. These are the y-

limits of integration and are usually functions of x (instead of constants).

 Leaves at
F y=WVI1-=-2x*

- Enters at
y=1-x
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3. Find the x-limits of integration: Choose x-limits that include all the vertical lines

through R. The integral shown here is

Leaves at

, 5
A y=NV1-x*
.

'
a __ Enters at
A y=1-x

0 x ]

Smallest x Largest x
isx =10 isx =1

x=1¥=
¥y

ﬂ Fx,y) dA :fu

To evaluate the same double integraloas an iterated integral with the order of

Wvi1-—x2
f f(x.y) dy dx.
1-x

integration reversed, use horizontal lines instead of vertical lines in Steps 2 and 3. The

integral is

Largesty &
isy=1
-1

Enters at
x=1-—y

Vv

Smallest y h LUH\'CH; at ;
isy=0 x=VI1-—-y

0] 1 Y

14 1-¥*

ff(x,y)dﬂ=ff flx,¥) dxdy.
=¥

R 01
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Example 4: Sketch the region of integration for the integral

f j‘x(alx + 2) dy dx

0 x=

and write an equivalent integral with the order of integration reversed.

Figure 2.5

Solution:
The region of integration is given by the inequalities x> <y <2x and 0 <x < 2. It is

therefore the region bounded by the curves y = x> and y = 2x between x =0 and x = 2

(Figure 2.5a).
To find limits for integrating in the reverse order, we imagine a horizontal line

passing from left to right through the region. It enters at x = y/2 and leaves at x =\/§. To

include all'such lines, we let y run from y = 0 to y = 4 (Figure 2.5b). The integral is

—

J
J (4x + 2)dx dy.
¥/2

f

The common value of these integrals is 8.
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Properties of Double Integrals: Like single integrals, double integrals of continuous

functions have algebraic properties that are useful in computations and applications.

If f (x, y) and g (x, y) are continuous, then

1. Constant Multiple: // cf(x,y)dA = ¢ ///(.\'. v)dA4 (any number ¢)
M )

2.  Sum and Difference:

//(ﬂ.\'. v) £ glx,y))dA = // flx,v)dA £ // glx,y) dA
"R "R "R

3. Domination:

(a) // flx,y)d4 = 0 if flx,y) = 0onR
"R

(b) // flx,y)d4 = // glx, v)dA if flx,y) = glx,v)on R
H H
4.  Additivity: // flx,v)dA = // flx, vhdA + // flx, v)dA
TR s ks

If R is the union of two nenoverlapping regions R; and R;.
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2.2 Area

In this section, we show how to use double integrals to calculate the areas of bounded
regions in the plane.

Areas of Bounded Regions in the Plane: The area of a closed, bounded plane region
Ris

A:J’Idﬁl‘

R

Example 1: Find the area of the region R bounded by y = x:andy =2 in the first quadrant.
Solution:

We sketch the region (Figure 2.6), noting where the two curves intersect, and

calculate the area as
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Example 2: Find the area of the region R enclosed by the parabola y = x? and the line y =

X+ 2.

Solution:
If we divide R into the regions R1 and R» shown in Figure 2.7a, we may calculate

the area as

1 V¥

4 \u'T
Azﬂ’dA+ffdA:f J’dxdy+J’ j-dxdy.
Ry Ra 0 —y 1 y-2

—

¥

On the other hand, reversing the order of integration (Figure 2.7b) gives

(=1, 1)

j,l 'ﬂ\ 1 dx dy
Jo LG

Figure 2.7

This second result, which requires only one integral, is simpler. The area is

2 2 2 32 9
x x
A:f[_‘y]x;zd:(:f(x+2—x2)dx:—+2x—— ==.
x 2 3], 2
21 1
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HW (1

1- Find the moment of inertia about the x-axis for this plate bounded by the parabola
x=y-y? and the line x+y=0. If the mass density is 5(X,y)=X+y.

2- Find the total charge on a line plate formed by the region bounded by the parabola
x=y -y &the line x+y=0. If the charge density 5(X,y)=X+y.

3- Sketch the graph and the integral

2

a- Jl'j'xyzdxdy b- Iydydx C- Jlljy‘xdxdy
0y

x+1 0y2

O e

1y
4- Evaluate the double integral j _[ eV dxdy
00

5- Evaluate the double integral |{(X+2y)dydx

P C— N
W C—, U1

6- j Ixy dA where y=0, x=2, and y=2x.
R
7- Evaluate the double integral ”xsin y dy dx
00

8- Evaluate the double integral ”xsin y dx dy
0y

7 sinx

9- Evaluate the double integral J' I y dy dx

00
10- Find the area of the region R enclosed by the parabola y=x? and the line y=x+2.
11- Find the area bounded by the coordinate axis and the line y=x+2.
12- Find the area bounded by the lines x=0, y=2x, and y=4.

13- Find the area bounded by the line y=x+2 and the parabola x = —y°.
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14- Find the area bounded by the curve y =e"and the lines x=0, y=0, andx=1In2.

15- Find the area bounded by the curve y=Inx, y=2Inx and the line x=e in the first
quadrant.

16- Find the area between the parabola x = y*—land x =2y* -1 .

17- Find the volume of a solid whose base is in the xy-plane in the triangle bounded by
the x-axis, the line y=x, and the line x=1 while the top of the solid is bounded by the

plane, z=3-x-y.

18- Find the volume of the solid whose base is the.region in.the xy-plane bounded by the

parabola y =4 —x* and the line y=3x,while the top of the solid is bounded by the

plane, z=x+4.

4Jx
19- Sketch and evaluate .[ I Jx g gV dy dx
1.0

y

1x3
20- Evaluate ” e dy dx
00

21- Find the area bounded by the parabola y=x? and the line y=x+2.

z
4 COSX

22- Sketch the region of integration and evaluate I j dy dx

1 sinx

2 y+2
23- Sketch the region of integration and evaluate the integral j j dxdy

-1 yZ

24- Find the area of the region bounded by y + x> =0 and the line y=x+2.
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4.3 Double Integrals in Polar Form

Integrals are sometimes easier to evaluate if we change to polar coordinates. This
section shows how to accomplish the change and how to evaluate integrals over regions
whose boundaries are given by polar equations.

Integrals in Polar Coordinates: Suppose that a function f (r, ) is defined over a region
R that is bounded by the rays 8 = a and 8 = 8 and by the continuous curves r = g;(8) and r
= g2(0).

8=F r=g,()

f(r,8)dA = f(r,8)r drdd.

!e‘ 9!-:1- :'=g'!‘(9)

Finding Limits of Integration: The procedure for finding limits of integration in
rectangular coordinates also works for polar coordinates. To evaluate [[ f (r, 8) dA R over
a region R in polar coordinates, integrating first with respect to r and then with respect to 6

take the following steps.

1. Sketch: Sketch the region.and label the bounding curves.
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2. Find the r-limits of integration: Imagine a ray L from the origin cutting through R in
the direction of increasing r. Mark the r-values where L enters and leaves R. These are the
r-limits of integration. They usually depend on the angle 6 that L makes with the positive

x-axis.

"
t  Leavesatr =2
A L
’) A\
3 l
rsinf =y =%2 i
or r )
r=%2escH / Entersatr = V2cscd
__.r"
- = X

0

3. Find the @-limits of integration: Find thetssmallest and largest 6-values that bound R.

These are the 6-limits of integration.

Largest ¢ is

EIE

%)
.
Y

<
2
= ;
L
Y
"
\
T
|

e
-
;Jlr -~
~
.y ) o
S Smallest s —.
Lk
/N

X

The integralis

B=m 2 r=2

f flr,8) rdrdf.

B=n/4 r=yZcsch
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Example 1: Find the limits of integration for integrating f (r, ) over the region R that lies

inside the cardioid » = 1 + cos @ and outside the circle r = 1.

Solution:
1. We first sketch the region and label the bounding curves (Figure 2.8).

g
2 ZK_N + cos @
| \
I~ ~
™ l & £

=L
Enters Leaves at

at r=1+4cosd
r=1

Figure 2.8
2. Next, we find the r-limits of integration. A typical ray from the origin enters R where r

=1 and leaves where r =1 + cos 4.

3. Finally we find the @-limits of integration. The rays from the origin that intersect R run
from 68 = —m/2 to 6 = /2. The integral is

G=7(2 14+cos@

f(r,8)rdrde.

@=-nf2 1

If f (r, 6) is the constant function whose value is 1, then the integral of f over R is

the area of R.
Page 19
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Area in Polar Coordinates: The area of a closed and bounded region R in the polar

coordinate plane is

A

Example 2: Find the area enclosed by the lemniscate 72 =

Solution:

:Jfrdrdﬂ.

R

4 cos 26.

We graph the lemniscate to determine the limits/of integration (Figure 2.9) and see

from the symmetry of the region that the total.area is 4 times the first-quadrant portion.

¥ Leaves at
r=V4cos20

o

4
po

Enlem-au . r? = 4cos 26

r=1>0

/43 cos 28
A= 4[ J rdrdf = 4J’

/4

= 4[ 2cos26 df = 4sin26]}/* = 4.

0

4

Figure 2.9

| r2 r=vicosz8
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Changing Cartesian Integrals into Polar Integrals: The procedure for changing a
Cartesian integral [ f (x, y) dx dy R into a polar integral has two steps. Firstly, substitute
x =1 cos 6 and y = r sin 8, and replace dx dy by r dr df in the Cartesian integral. Then

supply polar limits of integration for the boundary of R. The Cartesian integral then becomes

ﬂ’f(x,y} dx dy = ﬂ’ f(rcosf,rsin®) rdrdf,
R i
where G denotes the region of integration in polar coordinates.

Example 3: Find the polar moment of inertia about the arigin of a thin plate bounded by the

quarter circle x? + y? = 1 in the first quadrant:

Solution:
We sketch the plate to determine the limits of integration (Figure 2.10). In Cartesian

coordinates, the polar moment isthe value of the integral

Figure 2.10

2
W X

(x2+ vy dydx.

O &

f

Integration with respect to y gives
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3

1 a3
J’(xzn.,f']—x2+u) dx,
0

an integral difficult to evaluate without tables.

It will be much easier if we change the original integral to polar coordinates.

Substituting x = r cos 6, y = r sin 6 and replacing dx dy by r dr d@, we get

1V1-x2 miz g 2

ff (x2+y2)dydx:ff(rz}rdrdfil:}’ [;l
2 5 9 v

0 0

Example 4: Evaluate

-U e Y dy dx,
R

where R is the semi-circularregion bounded by the x-axis and the curve y =+/1—x? (Figure

2.11).

Figure 2.11
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Solution:

In Cartesian coordinates, the integral in question is a nonelementary integral and there

Is no direct way to integrate e with respect to either x or y. Yet this integral and others
like it are important in mathematics-in statistics, for example-and we need to.find a way to
evaluate it. Polar coordinates save the day. Substituting x =r cos 8, y = rsin 8.and-replacing

dy dx by r dr d6 enables us to evaluate the integral as

by o

Tl
jJ’ 4+ dy dx ZDJ’DJ’E?" rdrdf J’ J’ (e—])dﬂ__(g_]}

1]

HW (2

1- Evaluate the given integral by changing for cartesian to polar coordinate

0

je (e’ dxdy

O'—;S

o

2- Find the area for r® = 2a®cos 20

3- Evaluate J% QJ:X J(x* yz)3 dy dx
0 O

4- Find the area of the region on common to the interiors the cardioids r =1+ cosé and
r<=1-cosé.

5- Evaluate .[ .[ e dydx ; where R is the semicircular region bounded by the x-axis and

the curve y=+1-x*.

6- Determine the volume of the solid below the surface f(x,y)=4-x*—y”above the

xy-plane over the region bounded by x* + y* =land x* + y* =4.
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«ll—yz

7- Evaluate I y? (X + yz)2 dxdy

O )

8- Evaluate ”(x+ y)dA, the region bounded by x*+y? =4 and x* +y* =1, left y-axis.
9- Find volume bounded by —x* — y* + z =1and z = 2 using double integral.

10- Evaluate the electric charge define by J.J'(x2 + yz)dxdy inside the region between
R

X*+y?=1and x*+y*=9.
11- Evaluate the mass of region bounded by x*+(y - 2)2 =4ifp=/x*+y*-16 and
1

JEry:-16

12- If R represent the area of the part'in the first quadrant of circle x* + y* =1, find

” yZdxdy .
R

T:

a?-x? 3

13- Evaluate i J' (x* +y )2 dydx

T 1
14- Evaluat dyd
Vauae'([l(x2+y2+a2)2 -

+y2)

15- Evaluate ”e_(xz dxdy; _[e‘xzdx; R, (X y):x*+y*<b
Ry —0

16- Evaluate the following integral by changing the cartesian into polar coordinate
a -y

I::[ I (x2+y2)dxdy

0
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17- Evaluate the following integral by changing the cartesian into polar coordinate

a va?x2
Izj (x2+y2)dydx
,am
2 41— Xl
18- Evaluatej J' x+y ———dydx
5% X° +y°

—]

1 2
19- Evaluate j {%}dydx
% X“+y +1

T
x
N

Page 25



University of Anbar
College of Engineering
Department of Electrical Engineering (Stage: 2)
Engineering Mathematics
Dr. Zeyid Tariq Ibraheem

Sl 8l

o T ——
UNIVERSITY OF ANBAR

4.4 Triple Integrals in Rectangular Coordinates

We use triple integrals to calculate the volumes of three-dimensional shapes.
Triple Integrals: If F (x, y, z) is a function defined on a closed bounded region D in space,
such as the region occupied by a solid ball, then the integral of F over D. may be defined in

the following way.

LH F(x,y,z)dV = gf F(x,y,2) dx dy dz.

The volume of a Region in Space: If F is.the.constant function whose value is 1, then

the volume of a close, bonded regionD in space is

V=J;!]dlf.

Finding Limits of.Integration: We evaluate a triple integral by applying a three-
dimensional version of Fubini’s Theorem (Section 4.1) to evaluate it by three repeated
single integrations.

As with double integrals, there is a geometric procedure for finding the limits of

integration for these single integrals.

To evaluate

'gf F(x,y,z)dV

over a region D, integrate first with respect to z, then with respect to y, and finally with x.
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1. Sketch: Sketch the region D along with its “shadow” R (vertical projection) in the xy-
plane. Label the upper and lower bounding surfaces of D and the upper and lower bounding

curves of R.

D

2. Find the z-limits of integration: Draw a line M passing through a typical point (x, y) in
R parallel to the z-axis. As zincreases, M enters D at z = f1(x, y) and leaves at z = f»(x, y).

These are the zlimits of integration.

Leaves at
z = fH(x,y)

D

Enters at
z=filx,»)
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3. Find the y-limits of integration: Draw a line L through (x, y) parallel to the y-axis. As

y increases, L enters R at y = g1 (x) and leaves at y = g,(x). These are the y-limits of

integration.

P

D

Enters at

y =g “./ —— v

XL

) / >
b/ (,\'._1')_ > > 1

x R =
Leaves at
¥y = gs(x)

4. Find the x-limits of integration: Choose x-limits that include all lines through R parallel
to the y-axis (x = a and x = b in.the preceding figure). These are the x-limits of integration.

The integral is

x=b ¥=g:20x) z=f(x¥)

f f f F(x,y,2) dz dy dx .
x=a y=g,(x) z=f(xy)

Follow similar procedures if you change the order of integration. The “shadow” of
region D lies in the plane of the last two variables with respect to which the iterated

integration takes place.
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Example 1: Find the volume of the region D enclosed by the surfaces z = x? + 3y? and z =

2

8 — x?—y2

Solution: The volume is

szffdzdydx,
D

To find the limits of integration for evaluating the integral, we-first sketch the region.
The surfaces (Figure 2.12) intersect on the elliptical cylinder x2+ 3y®> =8 — x> — y? or x> +
2y? = 4, z > 0. The boundary of the region R, the projection of D onto the xy-plane, is an

ellipse with the same equation: x? + 2y?> = 4. The “upper” boundary of # is the curve

y=4/(4-x*)/2. The lower boundary is the curve'y = —/(4-x*) /2.

Now we find the z-limits of integration. The line M passing through a typical point
(x, y) in R parallel to the z-axis enters D at z = x 2 + 3y? and leaves at z = 8 — x? — y2. Next,

we find the g~limits of integration. The line L through (x, y) parallel to the y-axis enters R
at and leaves at y =J(4-x")/2. Finally, we find the limits of integration. As L sweeps

across R, the value of .xrvaries from x = -2 at (-2, 0, 0) to x = 2 at (2, 0, 0). The volume of
Dis

Page 29



University of Anbar
College of Engineering
Department of Electrical Engineering (Stage: 2)
Engineering Mathematics
Dr. Zeyid Tariq Ibraheem

Leaves at
> 2
z=8—x—y°
> 5
z=8—x"—y*

/
The curve of intersection

P (-2,0,4)
\*‘ =X ¥
(2.0,4) 1
L’nlcr:ul ;
z=x°4+3p* — —
Enters at (-2,0,0)
B s ;7 00 | 1
(2,0,0) 2% =4
x R )
Leaves at L
y=V@a-n
Figure 2.12
2 o (4-x?)/2 g-x?-y? 2 o(4-x%)/2
Vzﬂ]dzdydsz- j J dzdydsz- j (8 — 2x% — 4y?) dy dx
D -2 — fta—xT)/2 x*+3y? -2 - [la-x7)/z

2 =23/ 2 : o 3
r 4 .}_\'{4 X}fz 4_x2 8 4_x“ 2
=f (8—2x2)y——y3] dxzf 2(8 — 2x2) ——( ) dx
| 3 y=-— E(4_X—2}ff2 2 3 2

-2

2T 3 3 2
— x2\Z — y2\Z After
= f 8 (4 al )2 —g(dr X )2 dx = 4\_5 f@ —x2)32 dx = 8m+/2 .| integration with
3 2 3
-2

the substitution
x = 2sinu.
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Example 2: Each of the following integrals gives the volume of the solid shown in Figure

2.13.
1 fl—z f2
(a) // / dx dy dz
Jo Jo Jo
12 pl-z
(c) /// dy dx dz
Jo Jo Jo
1 £2 fl-y
(e) / / f dz dx dy
0o Jo Jo

I l—y 2
(b) / / / dx dz dy
Jo Jo o Jo
2 p1 pl-z
(d) / / [ dy dz dx
Jo Jo Jo
2 1 fl-y
(f) f / f dz dy dx
o Jo Jo

We work out the integrals in parts (b) and (c):

11-y 2 11-y 1
v:J’j jdxdzdy:jj 2dzdy=J[2z];'?dy N
00 0 00 0
1
1 I
Y : y+z=1
= [20-yay =12y -yl =1 SR
0 // \‘\ 1
AISO, \\‘-\\ 7 g g ).\-\-. ¥
1 21-2 12 B
2 - N,
V:fff dydxdz:ff(l—z)dxdz 2
000 00 .
1 1
= f[x — xz)§dz = f(Z —22)dz=[2z-2%*]§ = 1. Figure 2.13
0 0

The integrals in-parts (a), (d), (e), and (f) also give V = 1.
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Properties of Triple integrals: If F = F(x, y, z) and G = G(x, y, z) are continuous, then

1. Constant Multiple: /// kF dV = A/// Fdv (any number k)
D D

2.  Sum and Difference: ///(F + G)dV = /// FdV + /// Gdv
D’ D’ D’

3. Domination:

(a) /// FdV=0 ifF=0onD
-
(b) ///F(II"Z ///Gdl" ifF= GonD
D D
4. Additivity: /// FdV = /// EdV + /// FdVv
I JJ.

f)| I).‘

If D is the union of two non-overlapping regions and D1 and D:.
4.5 Triple Integrals in Cylindrical and Spherical Coordinates

When a calculation.in‘physics, engineering, or geometry involves a cylinder, cone, or
sphere, we can often simplify our work by using cylindrical or spherical coordinates, which
are introduced in this section. The procedure for transforming these coordinates and
evaluating the resulting triple integrals is similar to the transformation to polar coordinates
in the plane studied in Section 4.3.

Integration‘in Cylindrical Coordinates: We obtain cylindrical coordinates for space by
combining polar coordinates in the xy-plane with the usual z-axis. This assigns to every

point in space one or more coordinate triples of the form (r, 6, z) as shown in Figure 2.14.
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Figure 2.14

Cylindrical Coordinates: Cylindrical coordinates representa point P in space by ordered
triples (r, 6, z) in which
1. r and @ are polar coordinates for the vertical projection of P on the xy-plane.
2. z 1S the rectangular vertical coordinate.
The values of x, y, r, and 8 in rectangular and cylindrical coordinates are related by

the usual equations.

Equations Relating Rectangular (x, y, z) and Cylindrical Coordinates:

X =rcos@, y=rsing, z=2z, ri=x%+y? tanﬁzé

In cylindrical coordinates, the equation » = a describes not just a circle in the xy-
plane but an entire cylinder about the z-axis (Figure 2.15). The z-axis is given by » =0. The
equation 6 = 6, describes the plane that contains the z-axis and makes an angle 6, with the
positive x-axis. And, just as in rectangular coordinates, the equation z = z,

describes a plane perpendicular to the ,-axis.
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0 = 6.
whereas » and z vary |

| Z2=2,
whereas » and 6 vary

r=a,
whereas ¢ and z vary

Figure 2.15

Cylindrical coordinates are good for describing cylinders whose axes run along the

z-axis and planes that either contains the z-axis or lie perpendicular to the z-axis. Surfaces
like these have equations of constant coordinate value:

r Cylinder, radius 4, axis the z-axis

T
6= 7 Plane containing the z-axis
2.

z Plane perpendicular to the z-axis

The triple integral of a function f over D is

_[ﬂfdb’zﬂ]fdzrdrdﬂ

Triple integrals in cylindrical coordinates are then evaluated as iterated integrals, as
in the following example.
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Example 1: Find the limits of integration in cylindrical coordinates for integrating a
function f(r, 8, z) over the region D bounded below by the plane z = 0, laterally by the

circular cylinder x? + (y — 1)? = 1, and above by the paraboloid z = x? + y2.

Solution: The base of D is also the region’s projection R on the xy-plane. The boundary of

R is the circle x? + (y — 1)? = 1. Its polar coordinate equation is

X+ (y—-1)2=1=>x2+y?-2y+1=1

r2—2rsinfd=0=>r=2sina.

The region is sketched in Figure 2.16.

Top

Cartesian: z = x? + y?
SO 5

Cylindrical: z = »*

M D

7\‘\ 2
o =

0

Cartesian: x> + (y — 1)2 =1
x Polar: r=2sinf

Figure 2.16

We find the limits of integration, starting with the z-limits. A line M through a typical

point (r, 8) in R parallel to the z-axis enters D at z = 0 and leaves at z = x> + y* = r2,
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Next, we find the r-limits of integration. A ray L through (r, 8) from the origin enters
Ratr=0and leaves at r =2 sin 6.
Finally, we find the 8-limits of integration. As L sweeps across R, the angle @ it makes

with the positive x-axis runs from 8 =0 to 8 = «. The integral is
m2sin@ r?
f(r,6,2)dV = f(r,0,z)dzrdr d
/ [

0 0

How to Integrate in Cylindrical Coordinates: To evaluate

f! f(r,0,2)dV

over a region D in space in cylindrical coordinates, integrating first with respect to z, then
with respect to r, and finally, with respect to 8, take the following steps.
1. Sketch: Sketch the region D-along with its projection R on the xy-plane. Label the

surfaces and curves that bound D and R.

T z=g(r8)
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2. Find the z-limits of integration: Draw a line M through a typical point (r, 8) of R parallel
to the z-axis. As z increases, M enters D at z = gi1(r, 8) and leaves at z = g,(r, 8) These are
the z-limits of integration

T M
z = gr )
S
s
) -
D ‘
J‘ZfPJIff} — _ z=gln i)
/ N B
! ( (r6)e 7
R ——

; = hy(0)

3. Find the r-limits of integration: Draw a ray L through (r, 8) from the origin. The ray

enters R at r = h1(0) and leaves at = hy(60). These are the r-limits of integration.

= (1, 0)

N

z=g(r, 0)

¢§\ -
r= III(H)/(I &(\\

0=a

1‘ “r=h, »(6)
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4. Find the @-limits of integration: As L sweeps across R, the angle it makes with the
positive x-axis runs from 8 = a to 8 = 5. These are the @-limits of integration. The integral
IS

0=F r=hz(8) z=gz(r.0)

f(r,B,z) dv = f(T,B,Z) dz r dr do
‘gf 9;[1' r:h{(g) z:gJ;rJQ)
Example 2: Find limits of the integrations of the solid enclosed by the eylinder x2 + y? = 4,

bounded above by the paraboloid z = x? + y?, and bounded below by:-the xy-plane.

Solution: We sketch the solid, bounded above by.the paraboloid z = r2 and below by the
plane z = 0 (Figure 2.17). Its base R is the disk 0 <r <2 in the xy-plane.

> >
z=x"+y°
5
g

/
4 M

C.m. ¢

5 5
x*+y =4
0

R ?4\ r=2
r o

X vV

I

Figure 2.17

To find the limits of integration, we continue with the four basic steps. We completed
our initial sketch. The remaining steps give the limits of integration.
The z-limits. A line M through a typical point (r, ) in the base parallel to the z-axis

enters the solid at z = 0 and leaves at z = r2.
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The r-limits. A ray L through (r, 8) from the origin enters R at r = 0 and leaves at r = 2.
The @-limits. As L sweeps over the base like a clock hand, the angle 8 it makes with

the positive x-axis runs from 8 = 0 to 6 = 2.

2m r

2
!Df!f(r,ﬂ,z)dzrdrdﬂ

Spherical Coordinates and Integration: Spherical coordinates locate points in space with

two angles and one distance, as shown in Figure 2.18. The first coordinate, p = ‘@‘ Is the

point’s distance from the origin. Unlike r, the variable p is.never negative. The second

coordinate, ¢ is the angle OP makes with the positive'z-axis. It is required to lie in the

interval [0, m]. The third coordinate is the angle @ as'measured in cylindrical coordinates.

Figure 2.18
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Spherical Coordinates: Spherical coordinates represent a point P in space by ordered
triples in which
1. p is the distance from P to the origin.
2. ¢ is the angle OP makes with the positive z-axis (0 < ¢ < ).

3. 6 is the angle from cylindrical coordinates.

The equation p = a describes the sphere of radius a centered at-the origin (Figure
2.19). The equation ¢ = ¢, describes a single cone whose vertex lies at the origin and whose
axis lies along the z-axis. (We broaden our interpretation toinclude the xy-plane as the cone
¢ =m/2.) If ¢, is greater than /2 the cone ¢ = ¢s-0pens downward. The equation 8 = 6,
describes the half-plane that contains the z-axis and makes an angle 8, with the positive x-

axis.

& = ¢, whereas p
and 6 vary &

AN

P(a, ¢y, 0,)

X
p = a, whereas ¢ /
and 6 vary

6 = 6, whereas p
and ¢ vary

Figure 2.19
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Equations Relating Spherical Coordinates to Cartesian and Cylindrical Coordinates:

r =psing, x =r cos 8 = p sing cos 6,

Z=pCcosp,y=rsinf =psingsin 9,

p:\/x2+y2+22:\/r2+z2

Example 3: Find a spherical coordinate equation for the sphere x24 y> + (z — 1) = 1.

Solution: See Figure 2.20. R ,
x4+ ye+(z=1)y=1
p=2cosd¢

9

xX24+y2+(z-1)2?=1

p? sin ¢ cos® @ + p*sin® P sin?@ + (pcosp — 1)* =1

)
(&
p? sin? ¢ (cos? @ + sin?0) + p?cos?¢p —2pcosp+1=1 ~/p
1

p?(sin® ¢ + cos® ) = 2pcos ¢ / ‘ TR

- .
p? =2pcos¢

Figure 2.20

p = 2cos .

Example 4: Find a spherical coordinate equation for the cone z =/x*+ y* (Figure 2.21).
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Solution: z =/x* +y? R e

ISH

pcos¢ = /p?sin? ¢ \
pcos¢ = psing ;._,:,\.:“_:
L
cos¢ =sing
. /\ _
p=7- . .
Figure 2.21

Spherical coordinates are good for describing spheres.centered at the origin, half-
planes hinged along the z-axis, and cones whose vertices lie at the origin and whose axes

lie along the z-axis. Surfaces like these have equations of.constant coordinate value:

p =4  Sphere, radius 4, centre at origin

P 7 Cone opening up from the origin, making an angle of 7/3 radians with positive
73 z-axis

T Half-plane, hinged along the z-axis, making an angle of 7/3 radians with
3" positive x-axis

The triple integral of a function F over D is
_[g F(p,¢,0)dV = fff F(p,¢,8) p*sing dp dop do
D D

In spherical coordinates, we have

dV = p?sin¢ dp dop do

To evaluate integrals in spherical coordinates, we usually integrate first with respect to p.
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The procedure for finding the limits of integration is shown below. We restrict our
attention to integrating over domains that are solids of revolution about the z-axis (or
portions thereof) and for which the limits for 8 and ¢ are constant.

How to Integrate in Spherical Coordinates: To evaluate

f ﬂ F(p, $,0) dV
D

over a region D in space in spherical coordinates, integrating first with respect to p then

with respect to ¢ and finally with respect to 8 take-the following steps.

1. Sketch: Sketch the region D along with its projection R on the xy-plane. Label the

surfaces that bound D.

p = gld,0)

‘p = g(d, 0)
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2. Find the p-limits of integration: Draw a ray M from the origin through D making an
angle ¢ with the positive z-axis. Also, draw the projection of M on the xy-plane (call the
projection L). The ray L makes an angle 8 with the positive x-axis. As p increases, M enters

D at p = gi1(¢p, 6) and leaves at p = g2(¢, 6). These are the p-limits of integration.

p =g, 0)

D
T~p=gd. 0

G ,& =R

X >
* i

3. Find the ¢-limits of integration: For any given @, the angle ¢ that M makes with the z-

axis runs from ¢ = ¢pmin to'¢ = pmax. These are ¢-limits of integration.

4. Find the @-limits of integration: The ray L sweeps over R as 6 runs from a to 8. These

are the @-limits of integration. The integral is

8=f ¢max P=9:(¢.6)

[[revoaw=[ [ [ res6psngdodsae
D

9=a ¢min P=g1(¢.0)
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Example 5: Find the volume of the “ice cream cone” D cut from the solid sphere p <1 by
the cone ¢ = /3.

Solution: The volume is [[f[ p2sing dp d¢ d6 D, the integral of f(p,¢, 6) = 1 over D.

To find the limits of integration for evaluating the integral, we begin by sketching D
and its projection R on the xy-plane (Figure 2.22).
| 2
D Sphere p = 1

S

~Cone p = =
L |

Figure 2.22

The p-limits of integration. We draw a ray M from the origin through D making an
angle ¢ with the positive z-axis. We also draw L, the projection of M on the xy-plane, along
with the angle 8 that L makes with the positive x-axis. Ray M enters D at p = 0 and leaves
atp = 1.

The ¢-limits of integration. The cone ¢ = /3 makes an angle of /3 with the positive
z-axis. For any given 8, the angle ¢ can run from ¢ = 0to ¢ = n/3.

The 6-limits of integration. The ray L sweeps over R as @ runs from 0 to 2m. The

volume is
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2nm/3 1 2 /3 4l
V=fjfpzsind)dpd¢ld9=f j fpzsint;bdpdq&-dﬂzjf [%] sin¢ d¢ df
D 00 0 00 0
(1L d¢ do f1-L " a0 M( 1 1)619 Lom =T
—f j §sm¢ ) —f [—§c05¢]0 —f —zt3 _E( 1:)—5.
0 0 0 1]

Coordinate Conversion Formulas:

CYLINDRICAL TO SPHERICAL TO SPHERICAL TO
RECTANGULAR RECTANGULAR CYLINDRICAL
X = rcosf X = psin¢ cosd r = psind¢
y = rsinf v = psing¢sinf z = pcos¢
z =7z z = pcosd 0 =20
Corresponding formulas for dV in triple integrals:
dV = dxdydz
= dz r dr df
= p*sin¢ dp d db
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Solved Problems:

1- Double Integrals

Prob 1: Sketch the region of integration and evaluate the integral

mTsinx

sinx ’[1
Solution: ff ydydx = I ] fimzxdx Y 4
0

=Zf(l—c052x)dx y =sinx

L O
—Z I—ESIH X]D

Z- —

Prob 2: Integrate f over the given region. f(x, y) = x/y over the region in the first quadrant
bounded by the linesy =x, y =2x,x =1, x = 2.

2x

2
X 3
Solution: ff ; = f[x Iny]i*dx = (In2) J’ x dx = =12
1Xx 1 1

Prob 3: Sketch the region-of integration and write an equivalent double integral with the
order of integration reversed

2 Va=x?

f f 6x dy dx .
0 —a—x?
4=-y2

Solution: f j 6x dx dy .

-2

Page 47



University of Anbar
College of Engineering
Department of Electrical Engineering (Stage: 2)
Engineering Mathematics
Dr. Zeyid Tariq Ibraheem

UNIVERSITY OF ANBAR

Prob 4: Sketch the region of integration, reverse the order of integration, and evaluate the
integral

1

3
j j ey’ dy dx .
]

Jx/3
3 1 13y? v4
Snlution:f J.e-'*’g dydxzfj e’ dx dy

0 a3 00

) 1 (3,1)
= [3y2e” dy =[e7] . =e—1. T
fye y=[er],=e x=3y*ory= [=
0 3
5 >

Prob 5: Find the volume of the region bounded by the paraboloid z = x? + y? and below by
the triangle enclosed by lines y = x, x = 0,and x + y = 2 in the xy-plane.

12-x 1 4y2-x 1 7 (2—x)?
Snlution:V=ff (x2 +v?) dydx=j[x2y+% dx:f 2x2_T+ - ]a‘x
0 x fi] x

203 7xt (2-04

3 12 12

Page 48



University of Anbar
College of Engineering
Department of Electrical Engineering (Stage: 2)
Engineering Mathematics
Dr. Zeyid Tariq Ibraheem

UNIVERSITY OF ANBAR

2- Area

Prob 1: Sketch the region bounded by the given lines and curves. Then express the region’s
area as an iterated double integral and evaluate the integral. The parabola x = y? — 1 and x
=2y%— 2.

1 y*-1 1
Solution: J’ J’ dx dy
-1 2y2-2 x =2y%*-2 1
N
: —x=y2-1
=f(y2—1—2y2+2)dy -
-1 -2 —1 0 xr
1 1
'l _4 -1
_ - =y | ==
-1

Prob 2: Sketch the region, label the bounding curve with its equation, and give the
coordinates of the points where the curves intersect. Then find the area of the region.

2 y+2
JJ’ dx dy .
_1};2
Solution: yT
2 y+2 2 12 y32 (4.2)
J-f dxdyzJ(y+2—y2)dy=[?+zy—?] Ll x=y?
_1y2 -1 -1
8 1 1 1 9 >
— =) — | == — ] = = [} X
(2+4+3) (2 2+3) STy Q-1
—2Vy=x-2
/
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3- Double Integrals in Polar Form

Prob 1. Change the Cartesian integral into an equivalent polar integral. Then evaluate the

polar integral.

1 Vi-x?
[ | aermoe
-1 —V1-x2
1 Vi-x2 ) miz g /2
Sﬂllltlﬂll:f j '(1362—-%}'2)2 dydx f fm dr df = 4—_[ [ 1+r ] do
=1 —\1-x2

mf2

=2j df =m.
0

Prob 2: Find the area of the region cut from the first quadrant by the cardioid r =

/2 14sin@ m/2
Soluti drdo == (242sin0 -2 40 -3 11
UUID“.J’ J’ Trar _2f (2+ sine — 2 ) —8+ N
0 0 0

1+siné.
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4- Triple Integrals in Rectangular Coordinates
Prob 1: Let D be the region bounded by the paraboloid z = x? + y? and the plane z = 2y.

Write triple iterated integrals in the order dz dx dy and dz dy dx that give the volume of
D.

Solution: The projection of D onto the xy-plane has the boundary

X +y2=2y = xX*+(y-1?%=1,

which is a circle. Therefore, the two integrals are:

[2y-y2 2y 1 1+V1-x2 2y

2
f f j dz dxdy and f I f dz dy dx .
0 '\-W x2+y2 -1 1-1—x2 xZ+y2

Prob 2: Evaluate the integral

1
0
1-x2 4-x-y 11-x2

11=—
Solution: f f j xdzdydx=f f x(1—x% —y)dydx
00 00

1-x2 4=x*=y

f f xdzdydx.
0

3

1 1

=j [(1—x2)2—1(1—x2)]dx =J%x(1—x2)2 dx

0
o -
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Prob 3: Write the integral as iterated integral in the order (a) dz dy dx (b) dx dz dy of the
region shown in Figure below.

1 11-y I Top: y+z=1
Solution: (a) f J’ j dz dy dx . Side: el
“1x2 0 y=x i - N
Rz (-1, 1, 0)
s Ul "..:-'
e / 1\‘ .,
(b) f J f dx dz dy . W :
x (1, 1,0)
00 —y¥

Prob 4: Find the volume of the region in the first.octant bounded by the coordinate planes,
the plane x + y = 4, and the cylinder y? + 4z%= 186.

T
Solution:
657124y W= g \

o 4
f f f dxdzdy:j f (4—y)dzdy
0 0 0 0 0 /

A

4 4 2
J16 — 2 et iy [ vlie—at
:ny(a,_y)dy:J’Z 16—y2d}’—§f}’ 16 —y dy
0 0 g

4 1 4
= [y\/ 16 —y%2 +16 sin‘l%] + [5(16 - y2)3/z]
0 0

= 16(%)—%(16)%= 871—3—?;2.
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Prob 5: Evaluate the integral by changing the order of integration in an appropriate way

11 1
ff lexzezyzdydxdz.
0 0 x2

VY 11
12 xze?¥*dx dy dz = f f 6yze?*dy dz

11 1 11
Solution: jf le xzezyzdy dxdz:ffj
00 000 0

x2

j[3ezy z—3f(e —z)dz = 3[e? —1]§ = 3e — 6.

5- Triple Integrals in Cylindrical and Spherical Coordinates

i

2n 2-r

!

T

dzr dr df .

S —

Prob 1: Evaluate the cylindrical coordinate integral
371

1
oj
r
—d9

f[r(Z—rz)Z—r]drdﬁ j[ —(2—r2)2—3
0

D‘-‘_-\I—l
T —

2m
Solution: j
0 L]

(5

0

dzrdr df f
2

UJIN

3

) _am(Z-1)

Prob 2: Setup the iterated integral for evaluating [[f f(r, 8, z) dz r dr d6 D over the given
region D. Duis the right circular cylinder whose base is circle » = 2 sin 6 in the xy-plane and

whose top lies in the plane z=4 — y. -
z=4-y
m 2sin@ 4-rsin ~_/
Solution: j f j f(r,0,z)dzrdr dé . A
o o 0
4 .,

2sind

X r=2
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Prob 3: Evaluate the spherical coordinate integral

T ﬂ-ZSint,fJ
jf j pising dp d¢ df .
0
o mw2sing T T
8
Solution: ff j p’singdpdo dﬂzgfjsin’*d) de¢ do
00 00

wl

f [ sin qbcosd}] snchdqb 40

Fia
sin 271"
in2¢ dﬂzjndﬂzﬁz
0

=2_j!sin2¢ dqsdg:![[p—

Prob 4: Find the spherical coordinate limits for the integral that calculates the volume of
the given solid and then evaluate the integral. The solid between the sphere p = cos¢ and

hemisphere p =2, z> 0.

2rmf2 2

Solution: f f f p*singdp de do / \
0 cosg¢ ‘ X b \ /“‘
L~
2 /2 2m /2 21 * \
1 _ 1 cos* ¢ 1 1
:—ff(ﬂ—cos3¢)51n¢d¢d9=—f —8cos¢ + dﬂz—f (8——)d9
3 3 4 |, 3 4
0o 0 0 0

(31) (21) = 32:1
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Prob 5: Find the volume of the portion of the solid sphere p < a that lies between the cones
¢ =mn/3 and ¢ = 2m/3.

2m 2n/3 g 2 2m/3
Solution: V = f f fp smqﬁdpd:ﬁdﬂ—f f —smqb dp df = — f[ cos:ﬁlfzg do
0 w3 0 0 m/3
2w
_a d9 _ 2ma’®
- 3,[ 3
0
Prob 6: Find the volume of the solid
/2 1 4t f/\?=4 4(x"+ )
Solution: V = 4 f j f dzr dr d6 I
0 rf-1 'l_
m/2 q w2 | )
5 1 W J\.
=4f j(Sr—4r3—r5)drd9=4f (——1——)d9 s
2 6 z=(x"+y ) —1
o o0 0
2
—af ap=2C
- f ==
0
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HW (3
1- Evaluate J%_l[ _X[ x*y? dy dx dz
10-

X

2- Find the volume of paraboloid z =10- x* — y* above z =1.
3- ”J'zdv bounded by y*+ z? =9 and planes x=0, y=3x, and z=0 in-1* octant.
4- Find the volume bounded by x=0, y=0, z=0, and x+ y+z =1.

5- Find the volume bounded by z =4 —x*, x=0, y=0, y=6, and z=0.

6- Evaluate .[J'.[nydv where Q is the solid bounded by :2x + y +z =4 in 1% octant.
Q

7- Find the mass of the solid with density p = x* +y?* bounded by z=/x* +y* & z=4.

8- Evaluate the electric charge inside a space V described by: z=0, z=x+y -1, x=0, and

y=0 if the charge is defined by Hje(‘x‘y”) dzdydx.
V

9- Evaluate the volumebounded by z =4 — x* — y* and z=0.

10- Find the volume bounded by the surface z=5-x* and the surface z=4x* and plane

y=0 and the plane x+y=1.
0

12- Find the volume of the region between the cylinder z = y* and the xy-plane bounded

24 2y

_Xj xdzdydx.
3

1

1
11- Evaluate j
0

by the planes x=0, x=1, y=1 and y=-1.
13- Integrate the w= f (x,y,z)=x"yz over the cylinder x* +y*=1, x>0, y >0 from

z=-1t0 z=x+10.

Page 56



University of Anbar
College of Engineering
Department of Electrical Engineering (Stage: 2)
Engineering Mathematics
Dr. Zeyid Tariq Ibraheem

o T ——
UNIVERSITY OF ANBAR

14- Find the volume cut from the cylinder x* + y* =4 by the two planes z = x +3 and
Z=X-3.
15- Find the volume cut from the sphere x* + y2 + 22 =4 by the plane z=+/3.

16- Find the volume of paraboloid z =10—-x* — y* and z=1.

17- Find the volume bounded by z* —x* — y* =1 and plane z=2 using-cylindrical.
18- Find the volume bounded by z =./3x* +3y? and x* + y* + z2* =9 using cylindrical.

19- set up the integral that gives volume bounded below cone z = \/m and above
X>+y>+2°=4.
20- set up the integral that gives volume bounded above 7 = —\/m and below
X*+y’+2°=4.
21- set up the integral that givesivolume
Outside sphere x> +y* 4 z° =4
Inside sphere x*+y’+2%=9
2 02

. X2 +
Outside cone z° = ..

+22)

22- Evaluate e(xz+y2 dv where B is the unit ball B=1{x,y,z: X +y*+22 <1},
y y
B

23- Use the spherical coordinate to find the volume of the solid that lies above the cone
z=+x*+y? and below the sphere x* +y*+z*=z.

24- ”jzz dv where G is the solid region in 1%t octant bounded by the sphere
G

x2+y?+22=16, =0, x=~/3y, and y=x.
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