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Chapter Four   

Lines and Planes in Space 

 

Lines: In the plane, a line is determined by a point and a number giving the slope of the 

line. In space, a line is determined by a point and a vector giving the direction of the line. 

 

Suppose that L is a line in space passing through a point Po (xo, yo, zo) parallel to a 

vector 𝐯 = 𝑣1𝐢 + 𝑣2𝐣 +𝑣3𝐤, then L is the set of all points P (x, y, z) for which 
o

PP  parallel to 

v (Figure 4.1). Thus, 
o

PP  = 𝑡𝐯, t is a scalar parameter (−∞, ∞). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.1: A point P lies on L 



   

Page 2  
 

University of Anbar 

College of Engineering 

Department of Electrical Engineering (Stage: 2)  
Engineering Mathematics 

Dr. Zeyid Tariq Ibraheem  

 

Parametric Equations of a Line 

 

The standard parametrization of the line through Po (xo, yo, zo) parallel to 𝐯 = 𝑣1𝐢 + 

𝑣2𝐣 + 𝑣3𝐤 is 𝑥 = 𝑥𝑜 + 𝑣1𝑡, 𝑦 = 𝑦𝑜 + 𝑣2𝑡, 𝑧 = 𝑧𝑜 + 𝑣3𝑡. 

 

Example 1: Find parametric equations for the line through (-2, 0, 4) parallel to 𝐯 = 2𝐢 + 4𝐣   

                    −2𝐤. 

 

Solution: 𝑥 = −2 + 2𝑡, 𝑦 = 4𝑡, 𝑧 = 4 − 2𝑡. 

 

Distance from a Point S to a Line Through P Parallel to v (see Figure 4.2) 

 

 

 

 

 

 

 

 

 

Example 2: Find the distance from the point S(1, 1, 5) to the line  

                     L: 𝑥 = 1 + 𝑡, 𝑦 = 3 − 𝑡, 𝑧 = 2𝑡 

 

 

 

Figure 4.2: The distance from the point to a line 
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Solution: from the equation for the L, L passes through P (1, 3, 0) and parallel to 𝐯 = 𝐢 − 𝐣    

                +2𝐤. PS = (1 − 1) 𝐢 + (1 − 3) 𝐣 + (5 − 0) 𝐤 = −2𝐣 + 5𝐤 and 

 

 

 

 

 

 

 

 

 

 

 

Angle Between Two Lines: 

 

 

 

 

 

 

Skew Lines are two lines that do not intersect and are not parallel. 
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An Equation for a Plane in Space 

 

A plane in space is determined by knowing a point on the plane and the vector normal 

(perpendicular) to the plane (see Figure 4.3). 

 

 

 

 

 

 

 

 

Example 3: Find an equation for the plane through Po (-3, 0, 7) perpendicular to 

            𝐧 = 5𝐢 + 2𝐣 − 𝐤. 

 

Solution: the component equation is 5(𝑥 − (−3)) + 2(𝑦 − 0) + (−1) (𝑧 − 7) = 0 

      5𝑥 + 2𝑦 − 𝑧 = −22. 

 

 

 

 

 

 

 

 

Figure 4.3: A plane in space 
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Angle Between Two Planes: 

 

 

 

 

 

 

Distance Between Point and Plane: 

 

 

 

 

 

 

 

Or as you can see in the next example: 

 

 

 

Example 4: Find the distance from S (1, 1, 3) to the plane 3𝑥 + 2𝑦 + 6𝑧 = 6. 

 

Solution: First, we find a point in the plane and calculate the length of the vector projection   

                of PS onto a vector n normal to the plane (Figure 4.4). The coefficients in the                 

                equation gives 

                                                      𝐧 = 3𝐢 + 2𝐣 + 6𝐤 
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We can find interception points from the plane’s equation. If we take P to be the y-

intercept (0, 3, 0), then 

 

 

 

 

 

 

 

 

 

 

 

 

 

The distance from S to the plane is 

 

 

 

 

 

 

 

 

 

Figure 4.4: The distance from point S to the plane 
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Solved Problems: 

 

Prob 1. Find a vector that has a length 15 in the direction of 𝐁 = 𝐢 + 2𝐣 − 𝐤. 

Solution:  

 

 

 

 

Prob 2. Find a vector that has a length of 22 in the opposite direction of 𝐀 = 2𝐢 − 3𝐣. 

Solution: 

 

 

 

 

Prob 3. Using vectors, show that the sum of triangle angles is 180o, and the points of the   

            triangle are (1, 1), (4, 3), and (2, 5). Then, find the area of the triangle. 

 

Solution: 
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Prob 4. Find equation of the plane has P1(3, 2, 1), P2(2, 1, -1), and P3(-1, 3, 2). 

 

Solution: 
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Prob 5: Given equations of two planes, plane1 (𝑥 + 𝑦 + 𝑧 = 1) and plane2 (2𝑥 − 3𝑦 + 𝑧 =4), 

find: (a) point ∈ plane1; (b) whether the two planes are parallel or not; (c) the intersection 

point, if they are intersecting; (d) equation of the line of intersection for the two planes. 

 

Solution: (a) 𝑦 = 𝑧 = 0, ⇒ 𝑥 = 1, ⇒ point is (1, 0, 0). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Prob 6: Determine a point P ∈ plane (𝑥 − 2𝑦 + 3𝑧 = 0), then find the distance between that  

             point P and an intersection point of the line (L) with the plane. 
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Solution: 𝑦 = 𝑧 = 0, ⇒ 𝑥 = 0, ⇒ 𝑃 (0, 0, 0), 
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Prob 8: Check whether these two planes are parallel or not and find the distance between   

             them: plane1 (𝑥 − 2𝑦 + 4𝑧 = 1) and plane2 (3𝑥 − 6𝑦 + 12𝑧 = 5). 

 

 

 

 

 

 

 

 

Prob 9: Find the intersection point of the line that passes through (2, 4, -1), (5, 0, 7) with 

xz- 

             plane. 
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Prob 10: Find the equation of the plane through (1, 2, -1) and perpendicular to the line of   

               intersection of these two planes (2𝑥 + 𝑦 + 𝑧 = 2), (𝑥 + 2𝑦 + 𝑧 = 3). 
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H.W (1) 

 

1- (a) 
1 2
: 1 4 ; 2 4 ; 1 8 , : 1 8 ; 2 8 ; 1 16L x t y t z t L x s y s z s= + = + = + = + = + = +  

(b) 
1 2

2 3 1 3 4 2
: , :

1 2 3 1 3 7

x y z x y z
L L

− − − − + −
= = = =

− − −
 

(c) 
1 2

1 6 3 6 11 3
: , :

3 1 2 2 2 1

x y z x y z
L L

+ − − − − −
= = = =

−
 

(d) 
1 2
: 2 1; 3 2; 4 3, : 2; 2 4; 4 1L x t y t z t L x s y s z s= + = + = + = + = + = − −  

     Determine whether L1 and L2 are parallel, intersection, or skew lines.  

2- Put the equation of the line in standard form 
2 5 1

3 2 6

x y z− − − −
= =

−
and convert it into 

equations.  

 

3- Find the equation of the plane that contains  

1 2
: 1 2 ; 5 ; 3 , : 5 4 ; 2 ; 1 6L x t y t z t L x s y s z s= + = + = = + = − = +  

 

4- Find the equation of the plane that contains : 1 ; 2 ; 4 3L x t y t z t= + = − = − and is 

parallel to the plane5 2 1x y z+ + = . 

 

5- Find the equation of the plane passes through the point (1, 5, 1) and perpendicular to  

1 2
: 2 2 2, : 3 4Plane x y z Plane x z+ − = + = . 

 

6- Find the point of intersection between the line : 1 2 ; 4 ; 2 3L x t y t z t= + = = − and 

the plane 2 1 0x y z+ − + = . 
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7- 
1 2
: 2 2 2, : 3 4Plane x y z Plane x z+ − = + =  find the line intersection between two    

 planes.   

 

8- Find the point of intersection between the line : 2 ; 2L x z y z− = with the plane

3 4 0x y z+ − + = . 

9- The line whose equation is given as the line : 2 1; 3 ; 4L x t y t z t= − = + = − +

intersects the (xy) plane at point P. Find the coordinates of P.  

10- Find the point of intersection between the line 
2 3 2

1 2 2

x y z− + −
= = and the plane 

2 2 13x y z+ + = . 

11- Find the angle between the two planes 2 6 2 7 2 2 5x y z and x y z− − = + − = . 

 

12- Find a vector parallel to the line of intersection of the two planes 

3 6 2 7 2 2 5x y z and x y z− − = + + = . 

 

13- Find the distance (d) between point P (2, -3, 4) and the plane 2 2 13x y z+ + = . 

 

14- Find the distance from the point P (1, 1, 5) to the : 1 ; 3 ; 2L x t y t z t= + = − = . 

 

15- Find the distance from point P (1, 1, 3) to the plane 3 2 6 6x y z+ + = . 

 

16- Find a vector parallel to the line of intersection of the two planes

3 6 2 15 2 2 5x y z and x y z− − = + − = , and find the angle between the two planes. 


