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Newton-Raphson Method for Power Flow Solution 

The N-R method has rapid convergence independent from system size. Thus, the method 

usually converges in less than 10 iterations 

For the typical node shown 

𝐼𝑖 = ∑ 𝑌𝑖𝑘𝑉𝑘

𝑛

𝑘=1

………………(1) 

𝐼𝑖 = ∑ |𝑌𝑖𝑘|
𝑛
𝑘=1 |𝑉𝑘|∠(𝜃𝑖𝑘 + 𝛿𝑘)…………(2)                                                                          

𝑆𝑖
∗ = 𝑃𝑖 − 𝑗𝑄𝑖 = 𝑉𝑖

∗𝐼𝑖 ……………(3) 

Substitute (2) in (3) 

𝑃𝑖 − 𝑗𝑄𝑖 = |𝑉𝑖|∠(−𝛿𝑖)∑|𝑌𝑖𝑘||𝑉𝑘|∠(𝜃𝑖𝑘 + 𝛿𝑘)

𝑛

𝑘=1

 

𝑃𝑖 = ∑|𝑉𝑖||𝑉𝑘||𝑌𝑖𝑘| cos(𝜃𝑖𝑘 + 𝛿𝑘 − 𝛿𝑖)

𝑛

𝑘=1

 

𝑄𝑖 = − ∑|𝑉𝑖||𝑉𝑘||𝑌𝑖𝑘| sin(𝜃𝑖𝑘 + 𝛿𝑘 − 𝛿𝑖)

𝑛

𝑘=1

 

If these equations are linearized as before around the point δik and |𝑉𝑘| using the Taylor 

series expansion around the points we have 
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The above matrix can put into the form below 

[
∆𝑃
∆𝑄

] = [
𝐽1   𝐽2
𝐽3   𝐽4

] [
∆𝛿

∆|𝑉|
] 

or 

∆𝑈 = 𝐽 ∙ ∆𝑋 

∆𝑈: power mismatch 

J:    Jacobean matrix 

∆𝑋: error correction 

 

P1, Q1:- of the slack bus can be computed since for this bus we know V1 and δ1.  

For every generator bus we know P and |𝑉| for that bus, hence the equation in ∆𝑄 and ∆|𝑉| 

for that bus is not needed. Thus we can delete the corresponding row and column from 

Jacobean matrix. Jacobean matrix is evaluated at every iteration step. 

 

Starting with some initial value for|𝑉| and δ and solve these equations for ∆𝛿 and ∆|𝑉| we 

can proceed to the next iteration thus: 
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𝛿𝑖
(𝑚+1)

= 𝛿𝑖
𝑚 + ∆𝛿𝑖

(𝑚)
 

|𝑉𝑖
(𝑚+1)

| = |𝑉𝑖
(𝑚)

| + ∆ |𝑉𝑖
(𝑚)

| 

 

We can stop the iteration process when the power residual are smaller than a pre-specified 

value. These are 

 ∆𝑃𝑖
(𝑚)

= 𝑃𝑖(𝑠𝑝𝑒𝑐) − 𝑃𝑖
(𝑚)

   

 ∆𝑄𝑖
(𝑚)

= 𝑄𝑖(𝑠𝑝𝑒𝑐} − 𝑄𝑖
(𝑚)

 

These are known as the power mismatch. 

 

Example: - a three bus system shown in figure: 

 𝑉1 = 1.0∠0,      |𝑉2| = 1.0,        𝑃2 = 0.6,      𝑆3 = 0.8 + 0.6 

 

Solution: 

Step 1: 

𝑌𝑏𝑢𝑠 = [

−𝑗7   𝑗2   𝑗5
𝑗2  − 𝑗6   𝑗4
𝑗5   𝑗4  − 𝑗9

] 

 

Step 2: the initial values 

|𝑉3
(0)

| = 1,    𝛿2
(0)

= 0,    𝛿3
(0)

= 0      

 

Step3: 

𝑃2
(0)

= |𝑉2||𝑉1||𝑌21| cos(𝛿1 − 𝛿2 + 𝜃21) + |𝑉2||𝑉2||𝑌22| cos(𝛿2 − 𝛿2 + 𝜃22)

+ |𝑉2||𝑉3||𝑌23| cos(𝛿3 − 𝛿2 + 𝜃23) 
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𝑄2
(0)

= −[|𝑉2||𝑉1||𝑌21| sin(𝛿1 − 𝛿2 + 𝜃21) + |𝑉2||𝑉2||𝑌22| sin(𝛿2 − 𝛿2 + 𝜃22)

+ |𝑉2||𝑉3||𝑌23| sin(𝛿3 − 𝛿2 + 𝜃23)] 

 

𝑃3
(0)

= |𝑉1||𝑉3||𝑌31| cos(𝛿1 − 𝛿3 + 𝜃31) + |𝑉2||𝑉3||𝑌32| cos(𝛿2 − 𝛿3 + 𝜃32)

+ |𝑉3||𝑉3||𝑌33| cos(𝛿3 − 𝛿3 + 𝜃33) 

          

𝑄3
(0)

= −[|𝑉1||𝑉3||𝑌31| sin(𝛿1 − 𝛿3 + 𝜃31) + |𝑉2||𝑉3||𝑌32| sin(𝛿2 − 𝛿3 + 𝜃32)

+ |𝑉3||𝑉3||𝑌33| sin(𝛿3 − 𝛿3 + 𝜃33)] 

𝑃2(𝑠) = 0.6,        𝑃3(𝑠) = −0.8,        𝑄3(𝑠) = −0.6 

𝑃2
(0)

= 1.1.2 cos(0 − 0 + 90) + 1.1.6 cos(0 − 0 − 90) + 1.1.4 cos(0 − 0 + 90) = 0   

𝑃3
(0)

= 0,           𝑄3
(0)

= 0  

∆𝑃2
(0) = |𝑃2(𝑠) − 𝑃2

(0)
| = 0.6 

∆𝑃3
(0) = |𝑃3(𝑠) − 𝑃3

(0)
| = −0.8 

 

∆𝑄3
(0) = |𝑄3(𝑠) − 𝑄3

(0)
| = −0.6   

Step 4: 

𝜕𝑃2

𝜕𝛿2

(0)

= 𝑉1𝑉2 Y21sin(𝛿1 − 𝛿2 + 𝜃21) + 𝑉2𝑉3𝑌23 sin(𝛿3 − 𝛿2 + 𝜃23) = 2 + 4 = 6 

𝜕𝑃2

𝜕𝛿3

(0)

= −𝑉2𝑉3𝑌23 sin(𝛿3 − 𝛿2 + 𝜃23) = −4 

𝜕𝑃2

𝜕|𝑉3|

(0)

= 𝑉2𝑌23 cos(𝛿3 − 𝛿2 + 𝜃23) = 0 
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𝜕𝑃3

𝜕𝛿2

(0)

= −𝑉2𝑉3𝑌32 sin(𝛿2 − 𝛿3 + 𝜃32) = −4 

𝜕𝑃3

𝜕𝛿3

(0)

= 𝑉1𝑉3 Y31sin(𝛿1 − 𝛿3 + 𝜃31) + 𝑉2𝑉3𝑌32 sin(𝛿2 − 𝛿3 + 𝜃32) = 5 + 4 = 9 

 

𝜕𝑃3

𝜕|𝑉3|

(0)

= 𝑉1 Y31cos(𝛿1 − 𝛿3 + 𝜃31) + 𝑉2𝑌32 cos(𝛿2 − 𝛿3 + 𝜃32) + 2𝑉3𝑌33 cos(𝜃33) = 0 

𝜕𝑄3

𝜕𝛿2

(0)

= −𝑉2𝑉3 Y32cos(𝛿2 − 𝛿3 + 𝜃32) = 0 

 

𝜕𝑄3

𝜕𝛿3

(0)

= 𝑉1𝑉3 Y31cos(𝛿1 − 𝛿3 + 𝜃31) + 𝑉2𝑉3𝑌32 cos(𝛿2 − 𝛿3 + 𝜃32) = 0 

𝜕𝑄3

𝜕|𝑉3|

(0)

= −𝑉1 Y31sin(𝛿1 − 𝛿3 + 𝜃31)

− 𝑉2𝑌32 sin(𝛿2 − 𝛿3 + 𝜃32) − 2𝑉3𝑌33 sin(𝜃33) = −5 − 4 + 2(9) = 9 

 

[
0.6

−0.8
−0.6

] = [
6   − 4    0
−4    9       0
0      0      9

] [

∆𝛿2

∆𝛿3

∆|𝑉3|
]

𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 6
𝑑𝑖𝑣𝑖𝑑𝑒𝑑𝑒 𝑏𝑦 4 

[
0.1

−0.2
−0.6

] = [
1   − 0.667    0
−1    2.25       0
0          0        9

] [

∆𝛿2

∆𝛿3

∆|𝑉3|
]  𝑎𝑑𝑑 𝑡ℎ𝑖𝑠 𝑟𝑜𝑒 𝑡𝑜 𝑟𝑜𝑤 𝑜𝑛𝑒 

[
0.1

−0.1
−0.6

] = [
1   − 0.667    0
0    1.583       0
0         0          9

] [

∆𝛿2

∆𝛿3

∆|𝑉3|
]  𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 1.583 

[
0.1

−0.063
−0.6

] = [
1   − 0.667    0
0          1          0
0           0         9

] [

∆𝛿2

∆𝛿3

∆|𝑉3|
] 
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∆|𝑉3|
(0) = −

0.6

9
= −0.067 

∆𝛿3
(0) = −0.063 

∆𝛿2
(0) = −0.1 − 0.667 ∗ ∆𝛿3 = 0.058 

|𝑉3|
(1) = |𝑉3|

(0) + ∆|𝑉3|
(0) = 1 − 0.067 = 0.933 

𝛿2 = 0 + 0.058 

𝛿3 = 0 − 0.063 = −0.063 

𝑃2
(1)

= 1 ∙ 1 ∙ 2 cos(0 − 0.058 + 90) + 1 ∙ 1 ∙ 6 cos(−90) + 1 ∙ 4

∙ (0.933) cos(−0.063 − 0.058 + 90) = 0.0099 

𝑃3
(1)

= 1 ∙ 5 ∙ (0.933) cos(90 + 0.063) + 4 ∙ (0.933) cos(90 + 0.058 + 0.063)

+ 9(0.933)2 cos(−90) = −0.013 

𝑄3
(1)

= −[1 ∙ 5 ∙ (0.933) sin(90 + 0.063) + 4 ∙ (0.933) sin(90 + 0.058 + 0.063)

+ 9(0.933)2 sin(−90)] = −0.562 

∆𝑃2
(1)

= 0.6 − 0.0099 = 0.59 

∆𝑃3
(1)

= −0.8 + 0.013 = −0.787 

∆𝑄3
(1)

= −0.6 + 0.5625 = −0.0375 

 

Continue further iteration 

 


