Theory of Elasticity Introduction

Strain at point: The general two-dimensional state of strain at a point is show below.

The two dimensional strain transformation equations are very similar to the 2D stress
transformation equations. The analysis is based on a plane strain state in which all
strains in the z-direction are zero. The analysis can also be used for a plane stress
state with one minor modification. A material cannot have both plane stress and
plane strain states at the same time.

The relationship between the strains at a point measured relative to a set of axes x-y
and a set x'-y' which have the same origin but are rotated counter-clockwise from the
original axes by an angle 6 are given by for the normal strains and by for the shearing
strain.  Note the similarity of form between these equations and the stress

transformation equations.
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for the shearing strain. Note the similarity of form between these equations and the

stress transformation equations.

Principal Strains and Maximum Shearing Strain

As with the stresses there are maximum and minimum (principal) values of the

normal strains for particular orientations at the point and maximum shearing strains.
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The principal strains are given by

and the maximum shearing strain is given by
The orientation of the larger principal strain to the positive x-direction is given by
The direction of the smaller principal strain is perpendicular to the first. The
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directions involved with the maximum shearing strain are the two directions at 45° to

both of the principal directions.

Mohr's Circle for Strain

A Mohr's Circle mapping between the strains

acting with respect to a set of x-y axes at a point D y >

and a point in the strain plane can be made. . 4»‘ b

The same rules apply as for the stress circle

with & replacing o and y/2 replacing t. This ’ 26 th

makes the radius of the circle equal to half the X }

in-plane maximum shearing strain) ————(ectey)2 > (ecey)2
T2 & ———————P
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Strain Gauge Rosette

A strain gauge rosette is a term for an arrangement of two or more strain gauges that

are positioned closely to measure strains along different directions of the component

under evaluation. Single strain gauges can only measure 9

strain effectively in one direction, so the use of multiple
strain gauges enables more measurements to be taken, 6o

providing a more precise evaluation of strain on the o

surface being measured.

Case 1: Construction of The 45°Circle

60°

(U}

We shall use a numerical example to explain the construction of the circle. Suppose the

three strains are

eA =700 pe eg =300 pe gc =200pe

1. Choose a suitable origin O

2. Scale off horizontal distances from
O for g4, g and ¢ and mark them as
A BandC.

3. Mark the centre of the circle M half
way between A and C.

4. Construct vertical lines through A,
BandC

5. Measure distance BM

6. Draw lines A A' and C C' equal in
length to BM

7. Draw circle centre M and radius
MA=MC

S8.DrawBB'

Scaling off the values we find 1= 742 pe, £7=158 pe and the angle 26 = 30°
The first principal plane is hence 159 clockwise of plane A.

(ii)
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Case 2: Construction of The 60 ° Circle

1. Select a suitable origin O

2. Scale of A. B and C to represent the three strains 5. eg and g

3. Calculate OM=(A+B +C)/3

4. Draw the inner circle radins MA

5. Draw the triangle (60° each corner)

6. Draw outer circle passing through B'and C".

7. Make sure that the planes A, B and C are in an anti clockwise direction because you
can obtain an upside down version for clockwise directions.

8. Scale off principal strains.
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Problem 1:

A single horizontal force P of 150 Ib magnitude
is applied to end D of lever ABD. Determine (a)
the normal and shearing stresses on an element at

point H having sides parallel to the xand yaxes,

(b) the principal planes and principal stresses at

the point H.
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Problem 2: A “0°-60°-120°” strain gauge rosette is bonded to
the surface of a

thin steel plate. Under one loading condition, the strain
measurements

are ea = 60 pe, eg = 135 pg, ec = 264 pe. Find the principal
strains, their orientations, and the principal stresses.

Problem 3: A thin plate of width (b),
thickness (t) and length (L) is subjected to A
an axial compressive force (p) as shown in _ B
figure below. Find:

y
a- the shortening of the plate parallel to the
force p. p—oy

b- the component of normal strain in the
thin direction.

all >| t"'

Problem 4: show that the line elements at the point X, y that have the maximum and

minimum rotation are those in the two perpendicular direction 0 determined by:

Equilibrium Equations

There are two types of forces acting on a body:

1. Surface forces (or traction forces): they act on the surface of a body.

2. Body forces: they act within a body, like gravity force (or self-weight)
Consider a small rectangular block element which is subjected to body forces X,Y.

The stresses changes but the equilibrium must be satisfied in x and y directions.
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Where: XY denote the components of body force per unit volume. In practical

applications the weight of body is usually the only body force (p=mass/unit volume).

Then the Eq. become:

0
oo, N Oty _ 0
OX oy
0T, 80
ax ay

These are the differential equations of equilibrium for 2D problems.

Boundary Conditions:

Egs. of equilibrium must satisfied at all point throughout the

volume of the body. Taking small triangular prism as shown

in Figure. X and Y are surface force components per unite 4

area, at this point of the boundary, we have:

I
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X:-=kz+m7:w
Y=m0.y+lfw

Where: | and m are the direction cosines of the normal N to boundary. If taking the

side of plate parallel to the sides of plate the Eqgs. above can be simplified, since for

this part of boundary the normal N parallel to y-axis; hence I= 0 and m=£1. Then
X=+r, TP=tq

It is seen that at the boundary the force components equal to the components of the

surface forces per unit area of the boundary.

Strain Compatibility:

In 2D-dimentional problems only three components need to be considered, namely,

. _¢u . _ov . _6u+6v
¢ Yooex Yoey ex

Differentiating the first of Egs. twice with respect to y, the second twice with respect
to x and the third once each with respect to x and y yields

X

o’ 825y _ Gzyxy

oy? T oxoy ®) Condition of compatibility
e In case of plane stress: o; =0
1
By = E[U}{ — vy )
1
s = gloy vy
t Substituting in  Eq. (3), we find:
Y= e E[El['l +'u]|1:]
9? a? A7y
'aTyg (03 W#) + 'a_a;E (0'3 Wz) - 2(1 + ]-’) or ay

By differentiating 1% eq. of equilibrium w.rt x and differentiating 2" eq. of
equilibrium w.r.ty,

9%ty S
= —Z#a; ....... Hence the compatibility Eq. for plane

%0, 0%c X Y
e ()
dx? dy? ox  dy

stress becomes:
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..(4)
e In case of plane strain: &, =0, os = v(os + a")
€& = -Jlg[(l - g, — »(1 + v)oy]
1
& = 7 [(L = ¥y — »(1 + v)os]
2(1 + »
w =5 Tw
- {97 9? 1 X | aY
Similar we get: Fr + w) (6z + oy) = = (E + 6—y) en(5)
e For body forces involving gravity only (self-weight)
X=0 and Y=pg
2
(% + %iz) (64 e,) =0 oo (6) For both plane stress and strain

Problem 5: The Figure represent a tooth on a plate in state of plane stress
In the plane of the paper. The face of tooth (the two straight lines) are free from

force. Prove that there is no stress at all at the apex of the tooth.

Problem 6: Using stress-strain relations and equations of equilibrium, show that in
the absence of body force the displacements in problems of plane stress must satisfy

1+pu 0

E E 9 v, )
omxt O ory Ty 5x("ax + Pay) =0
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