Theory of Elasticity 3D Elasticity

3D ELASTICITY

SPECIFICATION OF STRESS AT POINT AND EQUATIONS OF
EQUILIBIRIUM
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The stress vector is therefore: _ _

Consider the equilibrium of a differential volume element to obtain the 3
equilibrium equations of elasticity:
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The stress vary over the volume of the body, and when we arrive at the
surface they must be in such equilibrium with external forces in the
surface of the body. This conditions of equilibrium with external forces
on the surface can be obtained taking a tetrahedron OBCD
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OCTAHEDRAL PLANES AND STRESSES

The Figure below illustrates the orientation of one of the eight octahedral
planes which are associated with a given stress state.
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Each of the octahedral planes cut across one of the corners of a principal
element, so that the eight planes together form an octahedron. The
stresses acting on these planes have interesting and significant
characteristics. First of all, identical normal stresses act on all eight
planes. By themselves the normal stresses are therefore said to be
hydrostatic and tend to compress or enlarge the octahedron but not distort
it.
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Shear stresses are also identical. These distort the octahedron without
changing its volume. Although the octahedral shear stress is smaller than
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the highest principal shear stress, it constitutes a single value that is
influenced by all three principal shear stresses. Thus, it is important as a

criterion for predicting yielding of a stressed material.
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We have 6 compatibility equations :
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These differential relations are called the conditions of compatibility.

Using Hooks law these conditions can transformed into relations between
the components of stress.
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Take, for instance, the condition:
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In the same manner the remaining three conditions can transformed into
equations of the following manner:
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If there are no body forces or if the body forces are constant then these
equations become:
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DETERMINATION OF DISPLACEMENT
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The second derivatives for the two other components of displacement v
and w can be obtained cyclical interchange in the equation above of letter
X, Y, z. the additional linear functions have the form:
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The constants a, d, f represent a translatory motion of the body, and b, c,
e are the three rotations of the rigid body around the coordinate axes.
These constants can easily be calculated so as to satisfy the condition of
constraint.
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PRINCIPAL OF SUPERPOSITION

This principle states that For a given body made up of a material that
obeys isotropic Hooke’s law, in static equilibrium and whose magnitude
of displacement is small.

if {u .o M} is a solution to the prescribed body forces, b™ and boundary
conditions, {u,™ , tn™ } and {u® ,6®} is a solution to the prescribed
body forces, by and boundary conditions, {u,® , t;® } then:

{uY +u@ 5 W+ 6 @Y will be a solution to the problem with body forces,
b™ + b® and boundary conditions, {u,™ + up? , t™ + ty@ }. This is
one of the most often used principles to solve problems in engineering.

UNIQUENESS OF SOLUTION

There could at most be one solution that could satisfy the prescribed
displacement or mixed boundary conditions, in a given body made of a
material that obeys Hooke's law and in static equilibrium with no body
forces acting on it. If traction boundary condition is specified, we shall
see that the stress is uniquely determined but the displacement is not for
the bodies made of a material that obeys Hooke's law and in static
equilibrium with no body forces acting on it.
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