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4.10 DOUBLY REINFORCED CONCRETE SECTIONS (SECTIONS WITH COMPRESSION
REINFORCEMENT).

Flexural members are designed for tension reinforcement. Any additional moment capacity
required in the section is usually provided by increasing the section size or the amount of
tension reinforcement.
However, the cross-sectional dimensions in some applications may be limited by
architectural or functional requirements (architectural limitations restrict the beam web
depth at midspan, or the midspan section dimensions are not adequate to carry the support
negative moment even when tensile steel at the support is sufficiently increased), and the
extra moment capacity may have to be provided by additional tension and compression
reinforcement. The extra steel generates an internal force couple, adding to the sectional
moment capacity without changing the ductility of the section. In such cases, the total
moment capacity consists of two components:
1. moment due to the tension reinforcement that balances the compression
concrete, M,,., and
2. moment generated by the internal steel force couple consisting of
compression reinforcement and equal amount of additional tension

reinforcement, M,,; as illustrated in figure below. DAt
) €,y = 0.003 0.85f,
Compression face ] (P
! \Q‘/\ﬂ(\" \Id} _(t_f_’s_ _é‘_ - | Td, Cs = Aé(f£—085fé) ¢ -1—0-5'—
N W L ¥ _1_312 C, = 0.85f.ab
h d A — +
l conc d— %) Mnc (d—d') Mns
As i
XK L =~ T=AF . 1,
Py~ €s = (As— Aglf,
Tension
face
(a) Cross section (b} Strain diagram (c) Stress diagram {d) Moment carried as (e} Moment carried by
a singly reinforced the compression
beam, M, steel, M,;
Notation: oo

€. — strain in compression steel.
fe = Egeg < f, — compression steel stress
A, — area fo compression steel

d' — distance from extreme compression fiber to centroid of compression steel
AI

i S . . .

p' =7 — compression steel reinforcement ratio.

A, — part of the tension steel that match C..

C. — concrete compression resultant for a beam without compression reinforcement.

C, — compression steel resultant as if A, were stressed at (f; — 0.85f,).
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4.10.1 Analysis of doubly reinforced concrete sections

ossr | _oss N
c o T f Y ra,'z % T a/2 S
Al e a C. / A — & T A, C,=
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! oA
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T=Af, Ty = Aufy T = Aqf,
-'—-—b—-‘
€5y = 0.003
> Compression steel is yielded f—n]

f

Compression steel is yielded when  g; > &y = B
S

B
d
g;=0.003<c_cd’>, c=% ll

' €s
Asy = Ag — Agy, Agy = A
a . a
T, = Aslfy = C; and M, = Aslfy (d - E) or My, = (As — As)fy (d - E)
where a= Aslfy _ (As - A.,s*)fy _ é - A_{s
0.85f/b 085 f/b P=bd P = bd
a (As— A;)fy (p— p,)fyd
substituting "a" into ¢c=—= == p
B1 B1°0.85fb pB,-0.85f
d’ 0.85B,f.d’
substituting "c" into &, = 0.003 <1 — —) =0.003 ll — #]
c (p — pHdfy
Compression steel is yielded when
3 f;
-§ g2 & = E_i
g
3 0.003 |1 — 0'85ﬁl,fcd > fy
- (p — p"df,| ~— Es; = 200000 MPa
3
Q or in the form
<
[o] 1 g
Y p_p,20.85fcd 1( 600 )
T, af, 600 — f,
= P = Pey
2 ) o 085Kd ( 600 >+ , “
b where Pey = 1 p *
Q 4 af, 600 — f,
8 Pcy — minimum tensile reinforcement ratio that will ensure yielding of compression steel at
o
§ failure.
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In the previous equation of p.,, was ignored that part of the compression zone is occupied by
the compression reinforcement, the value of ignored compressive force is A;(0.85f."). So

the depth of stress block can be expressed

LAk — Ay(f, — 0.851.")
0.85£.'b ’

and

o 085fd’ 600 \, ., _ 085

In all calculations, the equation (*) for p.,, will be used.
T=Asfy=CC+CS=T1+T2
C. = 0.85fab, Cs = Ay(f, — 0.85f,)

_ Asfy = As(f, — 0.85f)
B 0.85f.'b

The nominal moment strength for rectangular section with tension and compression steel is

Agf, = 0.85f/ab + A5(f, — 0.85f,) from where a

yielded

M, = (Asfy — 4i(fy — 0.85£")) (d = 5) + A4(f, — 0.85£.)(d - @),

or M, = 085f/ab (d - %) + Ay(f, — 0.85£.")(d — d").

For simplicity, A%(0.85f.") can be ignored and then:

T=Af, =C,+ C,=T, + T C.=085f'ab, C,=ALf o= B A
— Hs]y — ~c¢ s — 11 2y c — Y- c ) s — 41s)y - 0-85]‘;’1?
a a
M, = (A, — Af, (d - E) + Aif,(d —d') = 0.85f ab (d — E) + ALf,(d —d')
» Compression steel is NOT yielded
Compression steel is NOT yielded when
! —_— fy o i _
es<ey—E— or fi = &Es < fy or P < Pcy
N

!

c c—d
fI = e!E, = 0.003 (T) 200 000 = 600 (T)

T=Asfy =CC+CS =T1+T2
C. = 0.85f ab, C, = AL(f! — 0.85f))
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Asfy - A;(fs, - 0-85fc,) _ c
0.85£.'b e

Asfy, = 0.85fab + As(f{ — 0.85f/) from where a=

H H o n " n a . _d
Note that in the above equation two unknowns “c” and “f;”. Substitiuting f; = 600 (C . ')

o_n

in “a” we get an quadratic equation in “c”, the only unknown, which is easily solved for “c”.
The nominal moment strength for rectangular section with tension and compression steel is

NOT yielded

My = (Asfy — A(fl - 0.85£)) (d = 5) + A4(fy - 0.85£.)(d - @),
or M, = 085f/ab (d - %) + AL(F = 0.85£.)(d — d).

For simplicity, A%(0.85f.") can be ignored and then:

A _AI !
T=Afy=C+ C=T,+T,,  C.=0.85f ab, C, = ALf = —SgySSf ,Zfs
" C

My = (Acfy = 44f) (4= 5) + AL (d — d) = 0.85f/ab (d = 5) + A4fy'(d - &)

For both cases (compression steel is yielded and is NOT vyielded) &, = 0.005 (tension-
controlled section).

Example:

Determine the nominal positive moment strength of the _t_

section of rectangular cross sectional beam. The beam is 1S ® 202

reinforced with 4 &J 32 in the tension zone and 2 & 20 in the § =

compression zone. o g

Take f! = 20 MPa, f, =400 MPa. © 3
Il

Solution: 4332 =

A,(4D32) =32.17 cm? 000 '

AL(2 D 20) = 6.28 cm?

Ay 3217 b = 350 mm
P =%d =350 684 0134 ) "
. A 628

p =w=—350-684=0'0026' B = 0.85,

_ 0.85f/d’ 600 , 0.85-20-63 600 _

Pov = a1 <600 - fy> tP = gsa-a00 0% (600 - 400) +0.0026 = 00128

p =0.0134 > p., = 0.01258 compression steel is yielded (g5 = &)

T = Ayf, = Ce + C;
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Agfy, = 0.85fab + A's(fy - 0.85fc') from where
_ Asfy — As(f, — 0.85f,")  3217-400 — 628 - (400 — 0.85 - 20)

0.85f.'b 0.85 - 20 - 350 = 17584 mm,
a 175.84
c= E = e = 206.88 mm,
a

M, = 0.85f/ab(d - 5) + Ay(f, — 0.85£,)(d —d") =

17
= [0.85 -20-175.84 - 350 (684 - ) + 628(400 — 0.85-20)(684 — 63)] X 1076 =

=773.01KN-m
Check for &, = 0.005:

d—c 684 — 206.88
) = 000 (2420688

& = 0.003 (T 506.88 ) = 0.00691 > 0.005 OK

Take ¢ = 0.9 for flexure as tension-controlled section.

dM, = 0.9-773.01 = 695.71 KN - m

Example:

Repeat the previous example using f, = 30 MPa.

Solution:

oy = LDy (600 ), _085:30:63, 836 ( ) +0.0026 = 00173
Por =g, "\600—£,) P T 684-400 - \600—400/ " T

p =0.0134 < p., = 0.0173 compression steel is NOT yielded (&5 < ¢,)
T =Asfy = C. + (s

c—d
fi = 600( p ), B, =0.85—0.007(f) —28) = 0.85—0.007(30 — 28) = 0.836

Agfy, = 0.85f ab + As(f{ — 0.85f,) from where
— Asfy - A’s(fs, - 0-85fc,) _

0.85£.'b 1€
3217 - 400 — 628 - (600 (C - 63) —0.85- 30)
¢ =0.836
0.85 - 30 - 350
2659.764
103755 + ———— = 0.836 ¢, = 0.836 ¢2 —103.755 c — 2659.764 = 0,
. . ) —b +Vb? — 4ac
solution of quadratic equation X1 = a

c? —124.109 ¢ — 3181.536 = 0,
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124.109 +/124.1092 — 4-1- (—3181.536)  124.109 + 167.718
’ 2 2

Choose only ¢ > 0, ¢ = 145.91 mm
a = pB;c=0.836-14591 = 121.98 mm,

c— d’) e <145.91 — 63

fs =600 <T 14591 ) = 340.94 MPa < f, =400 MPaq,

M, = 0.85f/ab (d - %) + AL = 085£)(d —d') =

121.98
= [0.85 -30-121.98-350 (684 - ) + 628(340.94 — 0.85-30)(684 — 63)] x 1076 =

=801.27 KN -m
Check for &, > 0.005:

— 0.003 (d — C) — 00 (684 —145.91
s = 0 c )Y 145.91

Take ¢p = 0.9 for flexure as tension-controlled section.

dM, = 0.9-801.27 = 721.14 KN - m

) = 0.011 > 0.005 OK

4.10.2 Design of doubly reinforced concrete sections.

When the factored moment M,, is greater than the design strength ¢M,, of the beam when
it is reinforced with the maximum permissible amount of tension reinforcement,
compression reinforcement becomes necessary.

The logical procedure for designning a doubly reinforced sections is to determine first
whether compression steel is needed for strength. This may be done by comparing the
required moment strength with the moment strength of a singly reinforced section with the
maximum permissible amount of tension steel p,,4x-

For example, for steel Grade 420 P4 = 0.724p, which

0.003
defined from strain conditon &, = 0.004 for beams. 1 /: T 1
© :
< __ di = c==d a=fc 1 i
0.003 ~ 0.003 + 0.004 7Y ! ;
The maximum moment strength as a singly reinforced section i <
a |
M max = 0.85f/ab (d ), i
If My, > @M, mq, Design the section as doubly reinforced !
section, . %___i—"— |
g, = 0.004

250
where ¢ = 0.65 + (0.004 — 0.002) —~ = 0.817 ~ 0.82
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Example:
The beam is loaded by a uniform service DL = 25KN/m and a uniform service
LL = 35 KN /m. Compute the area of steel reinforcement for the section.
Take f/ =20 MPa, f, =400 MPa.

Assume d' = 60 mm, and one layer arrangement of tension steel.

d = 410 mm

S
g
o
)
Il
45 m
14
Solution:
w,=12D+16L=12-25+4+1.6-35=86 KN/m
wyl? 86457 b = 250 mm
Mu = Mmax = = - 2177 KN m - »

8 8
Maximum nominal moment strength from strain condition £, = 0.004

3 3
c= 7d = 7410 = 175.7 mm, B, =0.85

a=f;c=085-175.7 = 149.4 mm

, a 149.4 P
My maz = 0.85fab (d — E) = 0.85 - 20 - 149.4 - 250 (410 _T) x 1076 = 212.9 KN - m

¢ =0.82
M, = 217.7KN -m > ¢M,, = 0.82+212.9 = 174.6 KN-m
Design the section as doubly reinforced concrete section.

M, 217.7
Mns = ?— Mnc = m— 2129 =52.59 KN -m

Mg
(fs' —0.85£.)(d — d")

Mys = C(d —d") = A(f;' = 0.85f)(d —d") =  As=

c— d’) iy <175.7 —~ 60

£/ =600 <T e ) =395.1 MPa < f, = 400 MPa,

Compression steel does NOT yield

M, _ 52.59 - 10°
(. —0.85£.)(d—d) (395.1 — 0.85-20)(410 — 60)

T =C,+C,=085f ab + A.(f; — 0.85£.) =
= [0.85-20 - 149.4 - 250 + 397.4(395.1 — 0.85 - 20)] x 10~3 = 785.21 KN

LT _78sa-10t
s—fy— 200 = .02 mm

A = = 397.4 mm?
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