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Non –Linear Programming
Unconstrained Extremal Problems:

An extreme point of a function ƒ (x) defines either a maximum or a minimum point of
the function ƒ (x). xo = x1,x2,….,xn) is max in the value of ƒ (x) @ every point in
neighborhood of xo not exceed ƒ (xo) thus is :

ƒ (xo + h) ≤ ƒ (xo)
for h =(h1, h2, ………. h3) such that │hj│ is sufficiently small for all j ,in a similar manner , 
xo is a minimum if ƒ (xo + h) ≥  f (xo).

For a single variable function:
ƒ (x3) is a global max. (absolute)
ƒ (x1), f(x5) are local max (relative)
ƒ (x4) is a global min. (absolute)
ƒ (x0), f(x2) is relative min. ( local min.).

ufficient ConditionsSNecessary &

mustvectoris that the gradient(x)ƒto be an extreme point ofoxforNecessary Condition:
be hold that is:

ƒ (x1,x2,…….,xn) = 0
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Solve to find xo

:ufficient ConditionsS
For a point xo to be extreme max. or min. ,that the matrix (Hessian Matrix)

� Condition of Optimality – Maxima

� Necessary condition for functions of one variable to have a local maxima at x = x* is

� Sufficient condition for functions of one variable to have a local maxima at x = x* is 
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� Condition of Optimality – Minima

� Necessary condition for functions of one variable to have a local minima at x = x* is

� Sufficient condition for functions of one variable to have a local minima at x = x* is

� Condition of Optimality – Maxima

� Necessary condition for bivariate functions to have a local maxima at x = x* is

� Sufficient Condition for bivariate functions to have a local Maxima at x = x* is (f11f22 -
f12f21) > 0 and f11 and f22 < 0,where

� Condition of Optimality – Minima

� Necessary condition for bivariate functions to have a local minima at x = x* is

� Sufficient Condition for bivariate functions to have a local Minima at x = x* is (f11f22 -
f12f21) > 0 and f11 and f22 > 0,where
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�Saddle Point

If (f11f22 - f12f21) < 0 then it is a Saddle Point at x1 = x1*, x2 = x2*

- has a positive values of the principal minor determinates than (xo , ƒ (xo)) is a min. point.
- has the sign of (-1)k , k =1,2,…..,n for the values of the principle minor determinate
(xo, ƒ (xo) ) is a max point.

For a single variable function the necessary condition is:
ƒ'(xo)=0

max.) to beoxƒ (0 is a sufficient condition for≤)oxAnd ƒ " (

.inm) to beoxƒ (0 is a sufficient condition for≥)oxƒ " (

if ƒ " (xo) = 0 higher derivatives must be evaluated and follow the theorem.

Theorem: if @ a point (xo, ƒ (xo) ), the first (n-1) derivative =0 and ƒn (xo) ≠ 0 then  ƒ (xo)
has:
1- an inflection point if n is odd.
2- an extreme point if n is even.

ƒ (xo) = max. if ƒn (xo) < 0 , and = min. if ƒn (xo) > 0



Al Anbar University Water Resources Management & Economics Mr. Ahmed A. Al Hity
College of Engineering 4th Stage Lecture No: 4
Water Resources and Dams Dept. 2019-2020 Date: wed.25/03/2020
&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&

5

Ex1: y= ƒ (x) = x4

Solution: ƒ'(xo) = 4x3 = 0 » x = 0
(0 , 0) Extreme point or inflection point y

ƒ " (x) = 12 x2 , ƒ " (x) =0 y = x4

ƒ "' (x) =24x , ƒ "' (x) = 0
ƒ(4) (x) =24 , ƒ(4) (xo) =24

n = 4 (even)
(0,0) is Extreme point

X
Since ƒ4 (xo) > 0 , (0,0) is a min point.

Ex2: y= ƒ (x) = x3

Solution: ƒ'(xo) = 3x2 = 0 » x = 0 y
(0 , 0) Extreme point or inflection point

ƒ " (x) = 6 x , ƒ " (x) =0 y=x3

ƒ "' (x) = 6 , ƒ "' (x) = 6
n = 3 (odd)
(0,0) is inflection point

X

Note: in three dimension inflection point called Saddle point.
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Ex3: ƒ (x1,x2,x3) = x1 + 2x3 +x2x3 – (x1
2 + x2

2 +x3
2)

∂ ƒ/∂ x1 = 1- 2 x1 = 0    → x1=1/2
∂ ƒ/∂ x2 = x3 - 2 x2 = 0 ………………. 1 }
∂ ƒ/∂ x3 = 2 + x2 - 2 x3 = 0    …………….. 2}  →  x2 =2/3 , x3 = 4/3
xo = {1/2 , 1/3 ,4/3}

ƒx1x1 ƒx1x2 ƒx1x3 -2 0 0

= ƒx2x1 ƒx2x2 ƒx2x3 = 0 -2 1

ƒx3x1 ƒx3x2 ƒx3x3 0 1 -2

The values of the principal minor determinates are (-2,4,-6)
It has a sign (-1)k , k =1,2,…..,n

(1/2 , 2/3, 4/3, 1.58) is a max point.
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Ex4:

Ex5: Optimal Container Dimension
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Ex6: Optimal scheduling of water meter Maintenance
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The steepest ascent method:

Ex1: Max. ƒ (x1,x2) =4 x1 + 6x2 – 2 (x1
2 + x1 x2 +x2

2) , start with x1 = x2 =1

Solution: 1st iteration

We will find the optimal step size (r) that max ƒ (x1
i+1) .

Where x1
i+1 = x1

i + r ƒ(x1
i)

ƒ(x1
i) = ƒ(x1, x2) = (4 - 4 x1 – 2 x2 ) , (6 – 2 x1 – 4 x2)

ƒ(1,1) = (-2,0)

x1
i+1 = (1,1) + r ( -2 ,0 ) = { (1-2r) , 1}

ƒ (x1
i+1) = ƒ ((1-2r) , 1) = 4 ( 1- 2r) + 6 - 2{( 1 -2r)2 + ( 1- 2r) + 1}

ƒ (x1
i+1) = ƒ ((1-2r) , 1) = -2 ( 1 -2r)2 + 2 ( 1- 2r) +4

solve for ( r ) for max. ƒ ((1-2r) , 1)

ƒ' (x1
i+1) = ƒ' ((1-2r) , 1) = - 4 (1 – 2r )(-2) – 4 = 0

              8 -16 r - 4 = 0  → r = 1/4 

x1
i+1 = (1/2,1)

x1 x2 r ƒ
1 1 1/4

1/2 1 1/4 (0,0) Relative max.

1/2 5/4 1/4
3/8 5/4 1/4 (0,1/16) ≈ (0,0) Absolute max.
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Constrained extermal problems:

Equality Constraint:
Ex: Min Z = ƒ (x1,x2,…….,xn)
Subject to: g1(x1,x2,…….,xn) = 0

g2(x1,x2,…….,xn) = 0
.
.
.
gm(x1,x2,…….,xn) = 0

( Indirect Search Method)Lagrangean Method
L(x , λ) = ƒ (x1,x2,…….,xn) - λ g1(x1,x2,…….,xn) – λ gm(x1,x2,…….,xn)
Where L = Lagrangean function
            λ  = Lagrangean multiplier 

The Lagrangean function can be used directly to generate the necessary condition, this
means that the optimization of ƒ (x) subjected to g(x) is equivalent to the optimization of
Lagrangean  L(x , λ). 

The sufficiency condition for the Lagrangean Function is defined as follows:

O P

HB =

PT Q

(m + n) x (m + n)

g1

-

-P =
-.

gm

(m x n)

∂ 2L
Q =

∂ xi∂ xj
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Where :
HB : Bordered Hessian matrix

Depending on HB , (xo, ƒ (xo) )
1- A max. point if :

Starting with the principal major determinate of order (2m +1) , the last (n-m) principal
minor determinates has the sign of ( -1 )k .
2- A min. point if :

Starting with the principal major determinate of order (2m +1) , the last (n-m) principal
minor determinates has the sign of ( -1 )m .

Note: (xo, ƒ (xo) ) may be an extreme point without satisfying these conditions.

Ex1: Min ƒ(x1, x2, x3) = (x1
2 + x2

2 +x3
2)

Subject to: x1+ x2 + 3x3 - 2 = 0
5x1+ 2x2 + 3x3 - 5 = 0

Solution:  L(x , λ) = ƒ (x1, x2, x3, λ1, λ2)

L(x , λ) = x1
2 + x2

2 +x3
2 - λ1(x1+ x2 + 3x3 – 2) - λ2(5x1+ 2x2 + 3x3 – 5)

∂ L/∂ x1 = 2 x1 - λ1- 5 λ2 = 0
∂ L/∂ x2 = 2 x2 - λ1- 2λ2 = 0
∂ L/∂ x3 = 2 x3 -3 λ1-  λ2 = 0
∂ L/∂ λ1 = - (x1+ x2 + 3x3 – 2) = 0
∂ L/∂ λ2 = - (5x1+ 2x2 + 3x3 – 5)

Solve for x1, x2, x3, λ1, λ2

xo = { x1, x2, x3} {0.81 , 0.35 ,0.28}

 λ o =  { λ 1, λ 2 } {0.0867 , 0.3067}

1 1 3

P = 5 2 1 ,

ƒx1x1 ƒx1x2 ƒx1x3 2 0 0

Q= ƒx2x1 ƒx2x2 ƒx2x3 = 0 2 0

ƒx3x1 ƒx3x2 ƒx3x3 0 0 2
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0 0 1 1 3
0 0 5 2 1

HB =
1 5 2 0 0
1 2 0 2 0
3 1 0 0 2

n = 3 , m = 2 , n – m = 1 , 2m +1 = 5
we need to check  the│ HB │ sign 

0 0 5 1 0 0 5 20 0 2 1
1 5 0 0 1 5 2 0 1 5 2 0

│ HB │=    1    2    2    0      -       1    2    0   0      +   3     1     2     0    2    
3 1 0 2 3 1 0 2 3 1 0 0

1 5 0 1 5 0 1 5 0 1 5 2 1 5 0 1 5 2
= 2 1 2 0 - 1 2 2 - 5 1 2 0 + 1 2 0 + 3*5 1 2 2 - 3*2 1 2 0

3 1 2 3 1 0 3 1 2 3 1 0 3 1 0 3 1 0

= 2 ( 4- 5*2) – ( -2 -5 (-6)) -5 ( 4 – 5 (2)) + 2 ( 1- 6) + 15 ((- 2) – 5 ( -6 )) – 2 ( 1- 6))
= - 12 – 28 + 30 – 10 + 15* 28 + 60
= 460 > 0

The values of the principal minor determinates It has a sign (-1)m, (-1)2 > 0

(xo , ƒ (xo)) is a min point.

Ex2: Solve Min Z = (x1
2 + x2

2 +x3
2)

Subject to: 4 x1 + x2
2 + 2x3 – 14 = 0

Solution: L(x , λ) = ƒ (x1, x2, x3, λ) 
L(x , λ) = x1

2 + x2
2 +x3

2 - λ (4 x1 + x2
2 + 2x3 – 14)

∂ L/∂ x1 = 2 x1 - 4 λ = 0  → x1= 2 λ 
∂ L/∂ x2 = 2 x2 - 2λ x2 = 0 x2 (2 -2 λ) = 0 --------------- 1   
∂ L/∂ x3 = 2 x3 - 2 λ  = 0 → x3=  λ 
∂ L/∂ λ = - (4x1+ x2

2 + 2x3 – 14) = 0 , - {4 (2 λ) + x2
2 + 2 λ – 14) } = 0 -------------- 2 

x2 = ± √14 - 10 λ       Substituting in eq.(1) find  x1, x2, x3, λ 

(xo , λ)1= ( 2 , 2 , 1, 1)

(xo , λ)2= ( 2 , -2 , 1, 1)
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(xo , λ)3= ( 2.8 , 0 , 1.4,1.4)

0 4 2 x2 2

HB = 4 2 0 0

2 x2   0     2(1- λ)      0     

2 0 0 0
m=1, n =3, n-m=2
The values of the principal minor 2m +1 = 3 determinates must be has a sign (-1)m, (-1)1

= -1> 0

For(2 , 2 , 1 , 1)

0 4 4 0 4 4 2

4 2 0 = - 32 < 0 4 2 0 0 = - 64 < 0

4 0 0 4 0 0 0

2 0 0 2

For(2 , -2 , 1 , 1)

0 4 - 4 0 4 - 4 2

4 2 0 = - 32 < 0 4 2 0 0 = - 64 < 0

-4 0 0 - 4 0 0 0

2 0 0 2

For(2.8 , 0 , 1.4 , 1.4)

0 4 0 0 4 0 2

4 2 0 = 12.8> 0 4 2 0 0 = 32 > 0

4 0 -0.8 4 0 -0.8 0

2 0 0 2

(xo , λ)1&(xo , λ)2 are absolute min points.
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Ex3:
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EX4:
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