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NON -LINEAR PROGRAMMING

Unconstrained Extremal Problems:

An extreme point of a function f (x) defines either a maximum or a minimum point of
the function £ (X). X° = Xq,Xs,....,Xs) is max in the value of f (x) @ every point in
neighborhood of x° not exceed f (x°) thus is :

fOC+h) < f(x)
h3) such that | h; | is sufficiently small for all j ,in a similar manner ,
x°is a minimum if £ (x°+h) > f(x°).

Z=1{X)}
Z = objective value
X = decision variable

/ Global Maximum

Local Max

Z

Local Min /

L /

Local Mini .
oca fmum Global Minimum

For a single variable function:

f (X3 is a global max. (absolute)

f (X1), f(xs) are local max (relative)

f (X4) is a global min. (absolute)

f (Xo), f(xy) is relative min. (' local min.).

Necessary & Sufficient Conditions

Necessary Condition: for x° to be an extreme point of f (x) is that the gradient vector must
be hold that is:

V f (X1, X,
z=1X), X=[x1, Xp,---, %], avectorof n decision variable
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of (X °)
oxy

of (X °)
0xy

of (X °)
0Xy

Solve to find x°

Sufficient Conditions:
For a point x° to be extreme max. or min. ,that the matrix (Hessian Matrix)

) EY) 971 (3

a};:f dx; ox> oxy ox,

IR FEE IR

oxy, dX1 dx; 9o axﬁ

1 Condition of Optimality — Maxima

0 Necessary condition for functions of one variable to have a local maxima at x = x* is

—dﬁ'nzﬂatx =% "
dx

1 Sufficient condition for functions of one variable to have a local maxima at x = x* 1s

df(x) =0atx=x*
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1 Condition of Optimality — Minima

- Necessary condition for functions of one variable to have a local minima at x = x* is
df{x)
dx
] Sufficient condition for functions of one variable to have a local minima at x = x* is
df{x)
dx

o Condition of Optimality — Maxima
Functions of Two Variable

Z = L, X)
0 Necessary condition for bivariate functions to have a local maxima at x = x* is

af{x,) _H{xﬂ
o, i

=0atx=x"*

=0atx=x*

L &
-0 &b, =x", %, =X,

(1 Sufficient Condition for bivariate functions to have a local Maxima at x = x* is (fi;fy, -
f]_gfg]_) >0and f]_]_ and f22 < O,Where

B A |
H-[|- la:':-;! I§mra':: _[fll r:I:I-iI

&F &F f, .
| Oy

1 Condition of Optimality — Minima
Functions of Two Variable
Z = L, X)
0 Necessary condition for bivariate functions to have a local minima at x = x* is

ﬁf_"ﬁ]_ﬁf{xﬂ
i &%,

L &
-0 atx, =37 %, =X,

) Sufficient Condition for bivariate functions to have a local Minima at x = x* is (fy;f,; -
f1of>1) >0 and f; and f, > O,where

A |
H‘[I - E'h:;z Ia:‘;I'a:':: _|:fll r:I:I-:|
& &F £, f,

%o my |
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1Saddle Point

af{x,) _&f{xﬂ
o, i

i | &

a' s | [T e
ool o -[tz, fEJ

L &
-0 &b, =x", %, =X,

B, Iy
If (fraf22 - f12f21) < O then it is a Saddle Point at x1 = x1*, x2 = x2*

1) JOK = xy — 17 + (- 2P

r“‘“m

N

”%

—ar—

- has a positive values of the principal minor determinates than (x°, f (x°)) is a min. point.
- has the sign of (-1)¢, k =1,2,.....,n for the values of the principle minor determinate
(X%, f (x°)) is @ max point.
For a single variable function the necessary condition is:
f1(x°)=0
And £ " (x°) <0 is a sufficient condition for f (x°) to be max._
" (x°) =0 isasufficient condition for f (x°) to be min.
if f"(x°) =0 higher derivatives must be evaluated and follow the theorem.

Theorem: if @ a point (X°, f (x°) ), the first (n-1) derivative =0 and f" (x°) # 0 then f (x°)
has:

1- an inflection point if n is odd.

2- an extreme point if n is even.

f(x°)=max. if /' (x°) <0, and=min. if f"(x°)>0
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Exl:y=f (X) =X

Solution: f'(xX°)=4x>=0 »x=0
(0, 0) Extreme point or inflection point

U =12x", fU(x)=0

fr) =24x £ (x) =0
O =24, fU(x7) =24

n =4 (even)
(0,0) Is Extreme point

Since f* (x°) >0, (0,0) is a min point.

Ex2:y=f () =X
Solution: f'(x°)=3x°=0 »x=0
(0, 0) Extreme point or inflection point

fr(x)=6x, f"(x)=0
frx) =6, f"(x) =6
n =3 (odd)

(0,0) s inflection point

Note: in three dimension inflection point called Saddle point.
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f(X)

\_/

%4

EX3: f (X1,X2,X3) = X1+ 2Xg +XoX3 — (X1* + X +X5°)
8f/8x1=1-2X1=0 —)X1:1/2

8f/8X2=X3-2X2=0

8f/8x3=2+X2-2X3=O 2}—>X2:2/3,X3:4/3
3= {1/2 , 1/3 43}

PEEY IH(F
8}% X ox>

Ry I
ox, 0X1 Oxy OXo

fXaXs fXiXo fXiXs
fXoX1  fXoXa  fXoXs

fX3X1  fX3X2 fX3X3

The values of the principal minor determinates are (-2,4,-6)
It has a sign (-1)*, k=1,2,......n

(1/2, 2/3, 4/3, 1.58) is a max point.
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Ex4:

MIN f[X)=(X;-12 +X3 + 1
[ of(X°) |
0X4 :[2 (X;-1)

f (X°) 2X2

9X,

[ 2£(X0) 2%(X°) |
ax; 0X19X )
y£(X°) *f(X°)

| 9X20X1  9X)

Is H positive definite?

aiiTHaii}nfmanax;en

[axi,a%][ 29 ] M‘]i :
0 2 | AX

AXy |,

[2A%,,2A%,] [

AX, |

) 2 —
2AX] + 2AX5 =0, forany AX #0

| H is positive definite. |

Ex5: Optimal Container Dimension

-} A cylinder must contain a given volume of o1l, V.
-} Find the height and radius of the cylinder that will minimize the cylinder's surface area.
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Min S = 2nrh + 272
N
S.T. V=mréh — h=mnr2

Min S = 21r —— + 272
TCr2

or

Mms=%+zmﬂ.

1st-order condition:

2nd-order condition:

d2s  4v V
— =— +4n>0 = — >-T

a2 3 3

v
If V =10ft3, r* = 1.167 ft from 1*-order condition, and r_3 > - T, satisfying 2™-order condition for

a minimum of S.

Ex6: Optimal scheduling of water meter Maintenance

A water meter 15 used to charge a large industrial customer for water use. The water utility must decide

how often to repair the meter, given that the accuracy deteriorates with time. The meter always
deteriorates such that it registers less than the actual flow amount.

The average yearly volume used 15 10,000 x 100 cu ft. (ecf). The price of water 15 50¢/ccf. The cost of
repairing the meter (which restores accuracy) 1s $500. The meter loses 1% of 1ts remaining accuracy
each year.

Find how often the utility should repair the meter to minimize present value of total repair and revenue-
loss costs. The mterest rate 1s 5%.
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The present value of costs and losses over one period between repairs of length T 1s

T
C(T) =500+ 0.5 [ 10,000 (1 - e001t) 005 gt
0

1 1
=500 + 5,000 (ﬁ (1-e0.05T). 006 (1- eﬂ-ﬂﬁT}J

_I_

0.05 0.06

0 005T  o-0.06T
C(T) = 500 + 5,000 [3_333 ; )

An infinite series of these repairs, occurning at intervals T, has a present value cost of:

PV(T)= ¥ C(T)e "¢
k=0

2T

time
This infinite series simplifies to PV(T) = C(T) + PV(T)e-0.05T which further simplifies to
_ M
PV(T) =7 005T

The objective 15 to minimize this present value cost.

. C(T)
Min PV(T)=1"_"005T

-0.06T
—300 _ 4+ 100,000 - 83,333 l=€

PVIET} — I_E—ﬂ.ﬂﬁT l_e—ﬂ_ﬂﬁT
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Solution by search/enumeration:

PV
Plot __/

T

and select T.*

Change-out Period Present Value Cost
A B
1 107428
2 62293
3 5036.6
35 4796.0
4 4665.69
4614.94%
5 4616.98
55 4656.7
6 47239
6.5 48119
7 49154
8 51558
9 54255
10 57126
11 6009.8
12 63123

Solution by Calculus:

dPV
1st order condition:  Solve: dT(T) =0

0.01 . 0.06T _o0.01T — 9:05(500) 0,05
0.06 5,000 0.06

0.167 e0.06T _o-001T —08283

Here, the first-order condition needs a numerical solution.
T LHS
10 -0.8132
-0.8166
-0.8227
-0.8275
08285 T*=45 years
0.8294




Al Anbar University Water Resources Management & Economics Mr. Ahmed A. Al Hity
College of Engineering 4™ Stage Lecture No: 4

Water Resources and Dams Dept. 2019-2020 Date: wed.25/03/2020
88&&8&8E&E&EEEEEEEELEEEEEEELEEEREEEEEELEEEEEEEEEEEEEELEEEEEEEEEE&E

The steepest ascent method:

Ex1: Max. f (X1,X2) =4 Xq + 6%, — 2 (X% + X1 X2 +X5°) , start with x; = x, =1

Solution: 1st iteration

We will find the optimal step size (r) that max f (x;'") .

Where x;"* = x' +1 v f(x{)
V (X)) =V f(X, X2) = (4-4X1-2%3), (6-2 X1 — 4 Xy)
v f(1.1)=(-2,0)
x,"'=(1,1)+r(-2,0)={(1-2r), 1}
FO™=7(@-2r),1) =4 (1-2r) +6-2{(1-2r)?+ (1-2r) + 1}
FO™ = f((@-2r),1) =-2(1-2r)?+2 (1-2r) +4
solve for (r) for max. f ((1-2r) , 1)
fea™)=f(@-2r), 1)=-4(1-2r)-2)-4=0
8-161-4=0 —r=1/4

X, = (1/2,1)

vf

(0,0 Relative max.

(0,1/16) = (0,0) | Absolute max.
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Constrained extermal problems:

Equality Constraint:

Ex: Min Z = f (X1,Xo,

Subject to: g1(X1,X2,
02(X1,X2,

gm(X11X21

Lagrangean Method ( Indirect Search Method)
L(X ) }\‘) = f (X11X21 ;Xn) = }\' gl(X11X21 1XI’1) - }\‘ gm(X11X21
Where L = Lagrangean function

A = Lagrangean multiplier

The Lagrangean function can be used directly to generate the necessary condition, this
means that the optimization of f (x) subjected to g(x) is equivalent to the optimization of
Lagrangean L(x, A).

The sufficiency condition for the Lagrangean Function is defined as follows:

J(m+n)x(m+n)
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Where :
H® : Bordered Hessian matrix
Depending on H®, (x°, f (x°))

1- A max. point if :

Starting with the principal major determinate of order (2m +1) , the last (n-m) principal
minor determinates has the sign of (-1 ).
2- A min. point if :

Starting with the principal major determinate of order (2m +1) , the last (n-m) principal
minor determinates has the sign of (-1)™.

Note: (X°, £ (x°) ) may be an extreme point without satisfying these conditions.

ExL: Min f(Xq, Xp, X3) = (Xa° + Xo° +X3°)
SUbjeCt to: X1+ Xo +3X3-2=0

5X1+ 2%, +3X3-5=0
Solution: L(X R }\.) = f (Xl, X2, X3, M, }\.2)

L(x, A) = X2+ Xo° +X5° - M(Xq+ Xp + 3X3 — 2) - Ap(5X1+ 2X, + 3X5 — 5)
8L/8x1= 2X1->L1-57L2=0

8L/8x2=2xg-7u1-2?»2 =0

aL/aX3=2X3-37\,1- 7»2 =0

8L/8K1=—(X1+X2+3X3—2)=0

oL/o >\,2= - (5X1+ 2X2+3X3—5)

Solve for X1, X2, X3, M, Ao
x° = { Xy, X», Xs} {0.81,0.35,0.28}
A°= {AnA,} {0.0867,0.3067}

fXaXs fXiXo fXiXs
fXoX1 fXaXa  fXoX3

fX3X1  fX3Xa [X3X3
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n=3,m=2,n-m=1,2m+1=5
we need to check the| H® | sign

| B |=

0
1
1
3

150 |15 0 5 2 150 15 2
120 -1 2 2 2 0|+35 L 2 2|-3*2[120
312 |31 0 10 31 0 310
=2 (4-5*2)—(-2-5(-6)) -5 (4—-5(2) +2(1-6)+15((-2) =5 (-6)) = 2 ( 1- 6))
=-12-28+30-10+ 15* 28 + 60

=460 >0
The values of the principal minor determinates It has a sign (-1)™, (-1)* >0

(x°, £ (x°) is a min point.

Ex2: Solve Min Z = (X;* + X,° +X5°)

Subjectto: 4 x; + X,° + 2x3—14=0

Solution: L(x , A) = f (X1, X2, X3, A)

L(x, A) = X1+ X% +X5° - A (4 xq + X7 + 2X3 — 14)

8L/8x1= 2X1-47\,:0 _)X1:2>\/

6L/8x2=2xg-2kx2=0 X2(2-27\,):O
aL/aX3=2X3-2>L:0—>X3: A

OLIOA=-(4x1+ X" +2X3— 14)=0,- {4 2N +x°+2A—14) } =0

Xo=2V14-10A  Substituting in eq.(1) find X, X, X3 A
°,0)=(2,2,1,1)
(°,A)=(2,-2,1,1)
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(x°,A)s=(28,0,14,1.4)

2%:i 0 2(1-1) 0

210 0 0—
m=1, n =3, n-m=2
The values of the principal minor 2m +1 = 3 determinates must be has a sign (-1)™, (-1)*
=-1>0
For(2,2,1,1)
0 4 4

4 2 0

4 0 O

For(2,-2,1,1)
0 4 -4
4 2 0
-4 0 O

For(2.8,0,1.4,1.4)
0 4 0 0 2
0 O

4 0 -08

0
4 2 0 4
4
2

4
2

0 -08 0
0 0 2

(X°, A)1&(X°, L), are absolute min points.
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Ex3:

Step 1 Max f=31 +X>
ST. 2¥X12 + X2 =1

Step 2
L=X;+Xy+A(1-2X12_3,2
Step 3

oL
X,

1-4A3;, =0

dL.
oX-

1-2;‘»:’:2:0

dL.
— =1-2X}-X3=0

2) = A =—1—
2X2

{1) & (2) —}4}{1 = EXZ —}2}{1 :Xz

into (3) — 1 =2X] + 2, —

Step 4:
A = aﬂnax __3
ab V6

Afpax = A Ab, for small Ab.
S
Raising b from 1 to 2 should raise finax by 2V6.

A is called a Lagrange multiplier, shadow price, or dual variable.
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EX4:
Step1: MaxZ=X1+X
ST. X12+Xp2<25
X1 <4

Step 2: Form the Lagrangian.
L=X1+Xo+A (25-X12-XD + A (4 -X1)

Step 3: Solve the Lagrangian for the first-order conditions, both for the Xjs and the A js.

Solve: (1 ;?L={}=1-211}{1-lg
1

ar.
2y —=0=1-2x1X
(2) ox, 1Xo

(3) a—L =0, and

k1 May go away, depending on value assumed

for A; and A»
@ Lo
din
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FOUR cases exist for the possible sets of Lagrange Multiplier values. For n inequality constraints, there
are 2n cases.

1) A1=0 ,A2=0 Solution: Z =, X] = =, X3 —e_but violates both constraints.
2) A1=0,A7#0: Solution: Z —ee, X1 =4, Xy oo, but violates 1st constraint.

3) L1#0, A9 =0: 1st constramt binds; 2nd constramt is non-binding. There are
two solutions for this case:

. 25 _ :
Solutton 1: Z=707. X1=X»= ’\/; = 3.54. OK with both constraints;

. 25 : : .
Solution 2: Z=-707,X1=X3=- ‘\/; . OK with both constraints, but solution 1s a minimum.

4) L1#0, Ay #0: Both constraints bind, OK with both constraints; Two solutions:
Solution 1: Z=7 X|=4,Xp=3,
Solution2: Z=1;X1=4Xp=-3.




