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3 DIFFERENTIATION

Introduction
Derivative: it's a function we use to measure the rates at which things change, like
slope and velocity and accelerations.

The derivative of a function is a function f' where value at x is defined in the equation:

f(x+h)—f(x)

Fo9=fim, =
f(x+h)-f(x)
The function h is the difference quotient for f at x.

h is the difference increment.

f'(x) is the first derivate of the function f at x. See figure below.
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The most common notation for the differentiation of a function y = f(x) besides f'(x) or
dy/dx and df/dx Dx(f) (Dx off) .. etc..
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Application of differentiation:

The velocity and acceleration at time t and

Problems of cost , maxima and minima

Electrical circuits’ problem

Any other problems related to rate of change.

Example 29: Find the derivative of f(x) = x>~ 2x using the definition.

Solution

f(x) = x>— 2x

£ (x)= lim f(x+h)-f(x)
h—-0 h

f(x+h)=(x+h)?>=2(x+h)=x?+2xh+h?-2x—-2h

f(x+h)—f(x) x*+2xh+h®-2x-2h—(x* -2x)

h h
x2 +2xh+h% —=2x—-2h—x?+2x h?+2hx—-2h
h h
We can take the limitas h — 0: -
f'(x)=hlirr}) (h+2x-2)=2x-2
dy 1

Example 30: Show that the derivative of Y= Vx s dx 2x

Solution:

f(x+h)=vx+h g f(x)=vx
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f(x+h)-f(x) _Vx+h-vx
h h + 0 (Not OK)

f(x+h)- f(x)_«/x+h—\/§X\/x+h+\/§
h - h x+h++/x

_ (x+h)-x 1

- hv/Xx+h +\/; B hv/x+h +\/;

dy . 1 1
—~ =1im =
dx h>0 hyx+h++/x 2vx Ok

The Power Rule If n is a positive integer, then
d 1

—{x") = nx""

dx

FIRST PROOF The formula
"—a"=(x—ax""+x"a+ - +xa"? +a"")
can be verified simply by multiplying out the night-hand side {or by summing the sec-

ond factor as a geometric series). If f(x) = x", we can use Equation 2.7.5 for f'(a) and
the equation above to write

flla)= 1

I—a X —

. flx)—fla) . x"-a"
m = lim
a

I—a X — a

=lim(x""'+x"%a+ - +xa"*+a"")
I—a

=a"'"+a" %+ ---+aa" 4+ a™!

—1
= na"

k
Example 31: Differentiate  (a) f(x) = % (b) y = v/x2

Solution:
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In each case we rewrite the function as a power of x.
(a) Since f(x) = x 2, we use the Power Rule withn = —2:

d 2
fi(x) = E{I"z} — —x = —2x3 = =

d d
(b) %ZEPIZ]:E(IQ’G) Z%IWE}—I =%x“m

Slope and tangent lines:

Example 32: Find an eq. for the tangent to the curve y = 2/x at x = 3

Solution:

f(x+h)—f(x)

m= f'(x)= hILrPO

h
2
f(x+h)=——
(x+h) X+h
2 2 2x—2x-2h
f(x+h)=f(x) _x+h x_ (x+h)x ~ -2h -2
h h h (x+h)x  x?
m= f'(x)=—2/x*
atx =3 m=-2/(3)?
Theny =-2/9

y + 2/3 = -2/9 (x-3)
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Rules for differentiation

If f and g are differentiable functions, the following differentiation rules are valid

d d d . . ..
L. EU {x) + g(x)} =af{ﬂ +E£{XJ =f(x)+g'(x) (Addition Rule)
d d d
2. EU (x) — g(x)} =Ef{x] —Eg{x] =f'(x) —g'(x)
3 d C —Cd =Cf’ here C i stant
. E{ f(x)} = Ef{x]— f'(x) where C is any con

d d d , ;
4. S U xe()} =/0)g(x) +2(x) /() =f(x)g’(x) +g(x)f(x)  (Product Rule)

d d
5. i l@ _ 2(x) Ef{l'] —fix) Eg{x] _ () f(x) — fF(x)eg'(x) if g(x) £0 (Quotient Rule)

gx)) [2(x)T” [e(x)F*
d
6. d—X(C)=0
7. dd—x(x”)=nx”‘l
8. i(lnx)=d—x or ldx
dx X X

d
9. —(e¥)=e"dx
dx( )

10. i(ax)=aX Ina dx
dx

d 1 1 1
11, —( | =—I e=—.—d
dx( 09X x 92 €= ha ™
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Example 33: If f(x) = e&® — x, find f’ and f". Compare the graphs of f and f'.

Solution: Using the Difference Rule, we have

¥ — i I — i I i — X
foy=_-lef—x)=——()———W=e"—1
we defined the second denivative as the derivative of ', so

() = %(e’ - 1) = %{e*) ~ im — ¢t

The function f and its derivative f’ are graphed in Figure . Notice that f has a hori-
zontal tangent when x = 0; this corresponds to Ii]e. fact that f'(0) = 0. Notice also that,
for x > 0, f'(x) is positive and f is increasing. When x < 0, f’(x) is negative and f is
decreasing. [

—1.3 = = 1.3

: T+x—2
Example 34: Lety = x . X Then
x+6

d d
' (x3+6]3(12+x—2}—[12+x—1}g{x3+l5}

}?:

(x* + 6)*

(@ H62x+ 1) — (xF 4 x— 2)(3Y)
N (x* + 6)

o 2x* 4+ x4+ 12x 4+ 6) — (3x* + 3x° — 6x7)
(x* + 67

=2t -2+ 6+ 12x+ 6
(x* + 6)

43



University of Anbar Calculus |

College of Engineering By Group of Calculus |
Department(s): Elec. Eng. Dep. Phase: 1

. Semester | (2018-2019)

Example 35:

Find an equation of the tangent line to the curve y = /(1 + x*) at
the point {l._, %e].

According to the Quotient Rule, we have

{1+ f]%[e’} — e’ %(] + x%)

dy _

dx 1+ x*)?
1+ x%)ef —e*(2x) (1 — 2x + x7)
B (1 + x?7 (14
el —xy
T+ 2

So the slope of the tangent line at [l, %e) is

dy
- =1
dx =1

3
This means that the tangent line at (1, %e} is horizontal and its equation is y = ze.

Derivatives of trigonometric functions

- Xis measured in radians

fGa+h) —fx)
h

flx) = lim

Example 36: Find d/dx {sinx} ?
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flx + h) — flx)

sin(x + h) — sin x

h = jm k
sinxcosh + cosxsinh —sinx
h

_sinx cosh — sinx cos x sinh

| h h

[ . cos h — | N sin h

_5111 x 0 COs X B
L o cosh—1 . . sinh
limsinx * lim ———— + lim cos x + lim
f—0 h—=0 h h—al} h—0 f

Two of these four limits are easy to evaluate. Since we regard x as a constant when com-
puting a limit as A — 0, we have

lim sin x = sin x and lim cos x = cos x
h—s0 h—0
But :
i . #—1
lim sin £ —1 li COs _0
g0 @ i—0 f
Then
cosh — 1 sin h
f(x) = lim sin x - lim + lim cos x - lim
B—s0 h—s0 i—0 B0

=(sinx) -0+ (cosx)- 1 =cosx

So we have proved the formula for the denivative of the sine function:

(3]

dx

(sin x) = cos x
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Derivatives of Trigonometric Functions
%[sinx}=ccﬂx %(cscx}= —csc x cot x
d d
- E[cusx]=—sinx E(sacx}=sm:xtanx
d d
e (tan x) = sec’x I (cot x) = —csc’x

Example 37: Differentiate y = x~ sin x.
Solution: Using the Product Rule and Formula 4, we have
dy ,d . . s
_— JE— + JE— =
r x - (sin x) + sin x = (x°)
= x’cos x + 2xsin x
Example 38:

SeC

Differentiate f(x) = l—x For what values of x does the graph
of f have a horizontal tangent? + tan x

Solution:

{1+ tanx}%[secx} — secx%{l + tan x)

f(x)=

(1 + tan x)*

_Q + tan x) sec x tan x — Sec X * Sec'x
(1 + tan x)*

sec x (tan x + tan’x — sec’x)

(1 + tan x)°

_ secx(tanx — 1)
(1 + tan x)

In simplifying the answer we have used the identity tan’x + 1 = sec’x.

Since sec x is never 0, we see that f'(x) = 0 when tan x = 1, and this occurs when
x = nw + /4, where n is an integer (see Figure ). [ |
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Example 39:
d B 5 4 3
E{x + 12x° — 4x* + 10x° — 6x + 5)
d d d d d d
=— 0N+ 12— ) - 4— N+ 10— () —6— @) +—(5
ix[x} dx{x} dx[x} dx{x} :ixm :ix[]
=8 + 12(5x%) — 4(4x*) + 10(3x%) — 6(1) + 0

=8x" + 60x* — 16x* + 3022 — 6

Example 40: _
The equation of motion of a particle is s = 2t — 5t° + 3t + 4, where s
is measured in centimeters and f in seconds. Find the acceleration as a function of time.

What is the acceleration after 2 seconds?
The velocity and acceleration are

d
o) == =612 — 106 + 3
dt

d
al) =2 =12t~ 10
dt

The acceleration after 2 s is a(2) = 14 cm/s”. [ ]

NOTE Don’t use the Quotient Rule every time you see a quotient. Sometimes it’s
easier to rewrite a quotient first to put it in a form that is simpler for the purpose of dif-
ferentiation. For instance, although it is possible to differentiate the function
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Example 43: Findy’, y", and y

y=2x3+x-5
1.

Solution
y=2x3+x-5
y'=6x2+1
y"=12x
y" =12
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n

for the following functions:

y_ (1=2Xx)*2-2x*(-2) 2-4x+4x _ 2

(1-2x)?

) —2%2(1-2x)*(-2) _

(1-2x)%  (1-2x)?

(1-2x)*

C(1-2x)°

Calculus |
By Group of Calculus |
Phase: 1
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o —8%3(1-2x)°*(-2) 48
- (1-2x)° T (1-2x)*

The Chain Rule

The Chain Rule If g is differentiable at x and § is differentiable at g{x), then
the composite function F = f o g defined by F(x) = f{g(x)) is differentiable at x
and F’ is given by the product

Flx) = f(g(x)) - g'(x)

In Leibniz notation, if y = f(u) and # = g(x) are both differentiable functions,
then

dy dy du

dx  du dx

COMMENTS ON THE PROOF OF THE CHAIN RULE Let Au be the change in u correspond-
ing to a change of Axin x, that is,

Au = g{x + Ax) — g{x)
Then the corresponding change in y is
Ay = flu + Au) — f(u)

It 1s tempting to write

{Note that Auw — Oas Ax — 0
since g is continuous.)
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The Chain Rule can be written either in the prime notation
(2] (fag)(x)=flg(x)-g'(x)
or, if y = f(u) and u = g(x), in Leibniz notation:

dy _ dy du
El dx  du drx

Flxy=Vx?+1

Example 44: Find F(x)" if

SOLUTION 1 (using Equation 2): At the beginning of this section we expressed F as
F(x) = (fo g)(x) = f(g(x)) where f(u) = +/u and g(x) = x* + 1. Since

flu) =3 = 2}; and g'(x) =2x
we have F'(x) = f'(g(x)) - g'(x)

1 x
- ==
2dx+ 1 Jxi+1
SOLUTION 2 (using Equation 3): fweletu =x" + landy = JE, then

Fry — & du _ 1

du dx  2u

_ 1 _ x
N e s |

NOTE In using the Chain Rule we work from the outside to the inside. Formula 2
says that we differentiate the outer function f [at the inner function g(x)] and then we
multiply by the derivative of the inner function.

d
I f (gx) = f (glx)) - g'x)
: " iy iy d L J " "]
outer evaluated derivative evaluated denvative
function at inner of outer at inner of nner
function function function function
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Example 45 Differentiate (a) y = sin(x*) and (b) y = sin‘x.

SOLUTION
(a) If y = sin(x?), then the outer function is the sine function and the inner function is
the squaring function, so the Chain Rule gives

dy d ) 2 . 2
—— =— &in (x%) = COs (x%) . 2x
dx dx
| S S— S| [
outer evaluated denvative evaluated denvative
function at inner of outer at inner of inner
function function function function
= 2x cos(x?)

(b) Note that sin®x = (sin x)°. Here the outer function is the squaring function and the
inner function is the sine function. So

dy _d

= (smx) = 2 - (sinx) -  ~©cosx
dx dx
Inner denvative  evaluated dervative
function of outer at inner of inner
function function function
Example 46: Write the composite function in the form f(g(x)).

[Identify the inner function # = g(x) and the outer function
y = f(u).] Then find the derivative dy/dx.

1. y=J1 + 4x 2. y=(2x*+ 5)*
3. y=tanmx 4, y = sin(cot x)

5.y=e*/; 6. y=+2—¢€*

Solution
dy dydu 1. —2/3 4
1. Letu = =1+4zandy = = Ju. Then = = = — = (3 )= ———.
u=g(®) =1+4wandy = f(u) = Ju Then —= = == — = (3u~""*)(4) 3T 12)
2 Tetu = g(z) =22° + 5and y = f(u) =u". Then dy _dydu (4u%)(627) = 242 (22 + 5)3.
dr dudx
— g(z) — — ) — dy _dydu 2 — rsec?
3. Letu = g(z) =mzrand y = fu) =tanw. Thendw = a4 = (sec” u)(m) = 7 sec” wx.
. dy dydu 9 2
4 Letu = g(x) = cotx and y = f(u) = sinu. Then —= = —=-— = (cos u)(— csc? £) = — cos(cot z) csc? =.
dr dudz
5 ]'_tetu:g(g;) :.\/Eandy:f(u):eu Thcn@ :@& = (eu)(lm—l/'z) :B\/;'L — 6\/;
) ’ der dudx 2 2/ 2z
—g@) =2 c"andy = f(u) = By _dydu iy oy &
6. Letu=g(z)=2—¢ andy—f(u)—\/a.'l'hendm—dudm—(.ju )(—e®) = o
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Implicit Differentiation

To find dy/dx for any equation involving x and y differentiation each of term in the

equation with respect to x instead of finding y in terms of x.

Example 47 Find y” if x* + y* = 16.
Solution Differentiating the equation implicitly with respect to x, we get
4x* + dyly' =0

Solving for y" gives
, X
£l y=—%

To find ¥" we differentiate this expression for y' using the Quotient Rule and remem-
bering that y is a function of x:

n_d (_ x3) _ Y d/d)(x*) — x* (d/d)(y*)

s o

},3

'3 — X'3y?y)
yvﬁ

If we now substitute Equation 3 into this expression, we get

3
3:c2].13l — 3133!2( —%)

3%yt +x°) 3yt + xY)
7 - 7

y y

But the values of x and y must satisfy the original equation x* + y* = 16. So the
answer simplifies to

. 3x%(16) x?
y=——0 =83
y y
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¥4 4 4
x*+y*=16
/- - _2 -"--.x\\.
I 1
|
| 0 PR
| |
\ A

Related Rates

In a related rates problem the idea is to compute the rate of change of one quantity in
terms of the rate of change of another quantity (which may be more easily measured).
The procedure is to find an equation that relates the two quantities and then use the
Chain Rule to differentiate both sides with respect to time.

Problem Solving Strategy

1. Read the problem carefully.

2. Draw a diagram if possible.

3. Introduce notation. Assign symbols to all quantities that are functions of time.

4. Express the given information and the required rate in terms of derivatives.

5. Write an equation that relates the various quantities of the problem. If necessary,

use the geometry of the situation to eliminate one of the variables by substitution.

6. Use the Chain Rule to differentiate both sides of the equation with respect to t.

7. Substitute the given information into the resulting equation and solve for the unknown rate.
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Example 72:

Air is being pumped into a spherical balloon so that its volume increases
at a rate of 100 cm’/'s. How fast is the radius of the balloon increasing when the diam-
eter is 30 cm?

SOLUTION We start by identifying two things:
the given information.
the rate of increase of the volume of air is 100 cm¥/s
and the unknown:
the rate of increase of the radius when the diameter is 50 cm

In order to express these quantities mathematically, we introduce some suggestive
notation:

Let V be the volume of the balloon and let r be its radius.

The key thing to remember is that rates of change are derivatives. In this problem, the
volume and the radius are both functions of the time #. The rate of increase of the vol-
ume with respect to time is the derivative dV/dt, and the rate of increase of the radius is
dr/dt. We can therefore restate the given and the unknown as follows:

av
Given: o= 100 cm/s
dr
Unkriown: A when r = 25 cm

In order to connect dV/dt and dr/dt, we first relate V and r by the formula for the
volume of a sphere:

V= ;l‘m'

In order to use the given information, we differentiate each side of this equation with
respect to £. To differentiate the right side, we need to use the Chain Rule:

dV _ dV dr , dr
_dvdr_, Ldr

dt  dr dt dt

Now we solve for the unknown quantity:

1 av
dt dmrl dt
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If we put r = 25 and dV/dt = 100 in this equation, we obtain

dr 1 1
—_— = m = —
dt  4w(25) 25m

The radius of the balloon is increasing at the rate of 1/(257) = 0.0127 cm/s.

Example 73:

A water tank has the shape of an inverted circular cone with base radius
2 m and height 4 m. If water is being pumped into the tank at a rate of 2 m*/min, find
the rate at which the water level is rising when the water is 3 m deep.

SOLUTION We first sketch the cone and label it as in Figure 3. Let V, r, and h be the
volume of the water, the radius of the surface, and the height of the water at time 1,
where t 1s measured In minutes.

We are given that dV/dt = 2 m”/min and we are asked to find dh/dt when h is 3 m.
The gquantities V and h are related by the equation
V= %*.rrrzh

but 1t i1s very useful to express V as a function of h alone. In order to eliminate r, we use

&, |

T4
Vv I

55



University of Anbar

College of Engineering
Department(s): Elec. Eng. Dep.

Calculus |
By Group of Calculus |
Phase: 1

Semester | (2018-2019)

the similar tniangles in Figure 3 to write

and the expression for V becomes

_1 h 1_11' 3
V_Sﬂ(l)h_ h

Now we can differentiate each side with respect to ¢:

v _w ., dh
dt 47 dt
dh 4 gv
50 - =
dt wh® dt

Substituting i = 3 m and dV/dt = 2 m*/min, we have

dh 4 8
dt w3 T o

The water level is rising at a rate of 8/(97) = 0.28 m/min.
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Example 74:

A man walks along a straight path at a speed of 4 ft/s. A searchlight is
located on the ground 20 ft from the path and is kept focused on the man. At what rate
1s the searchlight rotating when the man 1s 15 ft from the point on the path closest to
the searchlight?

SOLUTION We draw Figure 5 and let x be the distance from the man to the point on the
path closest to the searchlight. We let # be the angle between the beam of the search-

light and the perpendicular to the path.
We are given that dx/dt = 4 ft/s and are asked to find d6/dt when x = 15. The
equation that relalhs x and # can be written from Figure 5:

X

E=ta.nﬂ x=20tan &

Differentiating each side with respect to ¢, we get (. ‘i‘

Fils] 1 . dx
S0 =—cos i —

dt 20 dt

1 1
= —cosB(4) = r cos'f

20

When x = 15, the length of the beam 15 25, so cos # = %and

o 1(4\* 16
() =—2=0128
dt 5 (5) 125

The searchlight is rotating at a rate of 0.128 rad/s. [ |
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Indeterminate Forms and L’Hospital’s Rule

John Bernoulli discovered a rule using derivatives to calculate limits of
fractions whose numerators and denominators both approach zero or +~. The

rule is known today as I’Hopital’s Rule, after Guillaume de I’Hépital.

Indeterminate Form 0/0

If we want to know how the function

Fio) =X —;in X
behaves near x = 0 (where 1t is undefined), we can examine the limit of F(x) as x— 0.
We cannot apply the Quotient Rule for limits {Theorem 1 of Chapter 2) because the limit
of the denominator i1s (. Moreover, in this case, both the numerator and denominator
approach 0, and 0/0 is undefined. Such limits may or may not exist in general, but the
limit does exist for the function F(x) under discussion by applying I'Hépital’s Rule, as we
will see in Example 1d.

If the continuous functions f(x) and g(x) are both zero at x = a, then

cannot be found by substituting x = 4. The substitution produces 0/0, a meaningless
expression, which we cannot evaluate. We use 0/0 as a notation for an expression known
as an indeterminate form. Other meaningless expressions often occur, such as oo/oo,
00-0, 0o — oo, 0°, and 1%, which cannot be evaluated in a consistent way; these are
called indeterminate forms as well. Sometimes, but not always, limits that lead to indeter-
minate forms may be found by cancelation, rearrangement of terms, or other algebraic

THEOREM 6—LHépital's Rule Suppose that f{a) = g(a) = 0, that { and
g are differentiable on an open interval [ containing a, and that g'(x) # 0 on
Iifx # a. Then

lim @ = lim @
x=*g g(x]' =+ EF{I},

assuming that the limit on the right side of this equation exists.
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Example 75:

The following limits involve 0/0 indeterminate forms, so we apply
I'Hopital’'s Rule. In some cases, it must be applied repeatedly.

. 3x —sinx . 3 —cosx _ 3 —cosx
(a) m——5—— = lim = =12
=0 - = 1 1 x=0
I
. l+x—1 VAT I |
(b} lim = lim ==
) =0 X =] 1 2
VI -1 —x/2 0
(c) 11]1'6 2 5: apply I"'Hépital’s Rule.
I— ] L
= lim‘:I'Jlr:!.}(l - 172 still 2; apply I'Hépital’s Rule again
x_"u 1]: i [.:I b 2 L= = -
—(1/4(1 + x)3* 1 0
= hm 5 = 3 Not e limit is found.
x—0
id) liﬂa% %: apply I'Hépital's Rule.
Ir— 4
.1 —cosx '
= hr% 3—1 Still % apply I"Hépital"s Rule again.
— x -
sin x (
= h—r'%- 6x Still % apply I"'Hipital's Rule again.
¥ .
= _’ﬂcnﬁs L= % r\'m%: limit is found.
X

. Inx
Example 76: Calculate lim 3

I—=®

SOLUTION Since In x — o and 4/x — @ as x — = I"'Hospital’s Rule applies:

TLLE S S T
MU T AR T R TR
Notice that the limit on the right side is now indeterminate of type %. But instead of

applying I'Hospital’s Rule a second time as we did in Example 2, we simplify the
expression and see that a second application 1s unnecessary:

1 —=|r — =i _—
RN VNI N 59



University of Anbar Calculus |

College of Engineering

Department(s): Elec. Eng. Dep. Phase: 1

Semester | (2018-2019)

Example 77: Find the limits of these 00/o0 forms:
. SEC X . Inx -

ia) IEQE T+ tanx by lim " e _rll{ga 2
Solution
(a) The numerator and denominator are discontinuous at x = 7 /2, so we investigate the

one-sided limits there. To apply I'Hopital’s Rule, we can choose [ to be any open

interval with x = /2 as an endpoint.

. SeC X oo _ e
_f—!%::}z}-l T tanx = from the lefi so we apply I'Hipital's Rule.
sec xtan x . .
= lm ————= lim_ sinx =1
iz sec’x x—+{w/2)
The right-hand limit is 1 also, with (—o0) /(—00) as the indeterminate form. Therefore,
the two-sided limit i1s equal to 1.
. Inx . 1/x . 1 1/x T

by lim = lim = lm —=10 — ==

=00 2\’,{; =00 ]JJI'\‘;E =00 \."‘E | .\__.-.l'_ X \__.-.:_

.o e’
= _ = — = 0
ic) rILFI[IW 2 lim 7 IILIED ) [ |
Example 78: °

Evaluate Iim xInx.

x—0+

SOLUTION The given limit is indeterminate because, as x — (0%, the first factor (x)
approaches 0 while the second factor (In x) approaches —e. Writing x = 1/(1/x), we
have 1/x — = as x — 0% so I'Hospital’s Rule gives

m xlnx= Gm 2% fim % _ §m (—x) =0 m
r—0* a0 1 [x x—0t _[:l’_rz -0t
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