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Applications of 

 Differentiation 

 

 

Introduction  

We use the derivative to determine the maximum and minimum values of particular 

functions (e.g. cost, strength, amount of material used in a building, profit, loss, 

etc.). 

 

Change of velocity with time                              flow  of tank  

 

 

 

 

     Displacement  

 

                                                           Maximum and Minimum Values 

 

 

Simple circuit with light  

 

                                                                              Engineering mechanics  
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Summary 

 

 

 

Maximum and Minimum Values 

Some of the most important applications of differential calculus are optimization 

problems, in which we are required to find the optimal (best) way of doing 

something.  

These problems can be reduced to finding the maximum or minimum values of a 

function. 

Let’s first explain exactly what we mean by maximum and minimum values. 

We see that the highest point on the graph of the function f shown in Figure is the 

point (3,5). In other words, the largest value of f is f(3)= 5. Likewise, the smallest 

value is f(6)= 2. We say that f (3)= 5 is the absolute maximum of f and f (6)= 2 is 
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the absolute minimum.  

 
 

In general, we use the following definition 
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If f(x2) > f(x1) then the function is called increasing on its interval 

If f(x2) < f(x1) then the function is called decreasing on its interval 

If f(x2) = f(x1) then the function is called constant on its interval 
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Concavity  

 

 
 

Remember:  

The graph of y= f(x) is  

Concve up when y" > 0  

Concave down when y" < 0 

 

Example 49:  
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Example 50: The graph of the function 

 

 
We have seen that some functions have extreme values, whereas others do not. The 

following theorem gives conditions under which a function is guaranteed to possess extreme 

values. 

 

Extrema of a function (maxima and minima) 
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Example 51: Discuss the curve  y = x4 - 4x3 with respect to concavity, points of 

inflection, and local maxima and minima. Use this information to sketch the curve 
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Procedures for finding and distinguishing between stationary points:  

1. Given y = f(x), determine dy/dx (i.e. f′(x) ). 

2. Let dy/dx = 0 and solve for the values of x.  

3. Substitute the values of x into the original function y= f(x) to find the 

corresponding y ordinate values. This would establish the nature of stationary 

points.  

4. Find d2y/dx2 and sub into the values found in 2  above. If the result is: 

i.   Positive then min. point  

ii. Negative then max. point  

iii. Zero then its point of inflexion (inflection)  

5. Determine the sign of the gradient of the curve just before and just after the 

stationary points. If the sign changes for the gradient of the curve is:  

a) Positive to negative then point is max.  

b) Negative to positive then point is min  

c) Positive to positive or negative to negative then it’s a point of inflection. 
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Example 53: Find the local minimum and maximum values of the function f 
 

4x3xf
23

)x( +−=
 

Solution  

x6x3f
2

)x( −=
 ,   

6x6f )x( −=
 

0f )x( =
 ,   

x6x30
2 −=

   

X = 0 or 3x – 6 = 0   then x = 2  

Finding values of f′′(x) at x = 0, 2      

 

6f )0( −=
       Relative maximum point  

6f )2( =
          Relative minimum point  

 

 

 Summary of Curve Sketching 

 

The following checklist is intended as a guide to sketching a curve y = f (x) by hand. 

Not every item is relevant to every function. (For instance, a given curve might not 

have an asymptote or possess symmetry.) But the guidelines provide all the 

information you need to make a sketch that displays the most important aspects of the 

function 
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Example 54:  
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Example 55:  
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Example 56:  
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Example 57:  
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The Mean Value Theorem  
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Optimization Problems  

In solving such practical problems the greatest challenge is often to convert the word 

problem into a mathematical optimization problem by setting up the function that is to be 

maximized or minimized 

 

 
 

Example 58: 
 

A cylindrical can is to be made to hold 1 L of oil. Find the dimensions that will minimize the 

cost of the metal to manufacture the can?. 
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Example 59  

 

 
Solution:  

First, we sketch a figure as below:  
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Example 60:  
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Example 61: a rectangle is to be inscribed in a semicircle of radius 2. What is the 
largest area the rectangle can have, and what are its dimensions?  
 

 

 
 

Example 62( Homework) Find the volume of the largest  
right circular cone that can be inscribed in a sphere 
 of radius 3?  
 

3/π32V =
 


