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LECTURE  2# 



Binomial distribution 
Consider an experiment having two possible outcomes: either 
success or failure. Suppose the experiment is repeated several 
times and the repetitions are independent of each other.  
 
The total number of experiments where the outcome turns out to 
be a success is a random variable whose distribution is called 
binomial distribution.  
 
The distribution has two parameters: the number n of repetitions 
of the experiment, and the probability p of success of an individual 
experiment. 
 
Note A binomial distribution can be seen as a sum of mutually 
independent Bernoulli random variables 
 
 



Binomial distribution 

Definition: 
A random variable X has the binomial distribution with 
parameters n and p if X has a discrete distribution for which the 
p.f. is as follows: 
 
 
 
In this distribution, n must be a positive integer, and p 
must lie in the interval 
 
We will denote a binomial random variable with 
parameters p and n as  X ~ BIN(n, p). 
 



Binomial distribution 

Proof : 

Non-negativity is obvious. We need to prove that the sum of f(x) over 
its support equals 1. This is proved as follows: 
      

 𝑝 x

1

x=0

 

  
 
where we have used the formula for binomial expansions 
 
 
 

 

 



Binomial distribution 

Example : 
Find the probability of getting five heads and seven tails in 12 flips of a balanced 

coin. 
 

in binomial table, we find that the result is 
 
 Probabilities for various binomial distributions can be 

obtained from the table given at the end of this book 
and from many statistical software programs. 
 





Binomial distribution 

H.W: 

Find the probability that 7 of 10 persons will recover 
from a tropical disease if we can assume independence 
and the probability is 0.80 that any one of them will 
recover from the disease. 
 

 Note:  

in binomial table 



Binomial distribution 

Theorem: The mean and the variance of the binomial 

distribution are 

 
 

Here p = 



Binomial distribution 



Binomial distribution 



Relation to the Bernoulli distribution 

Proposition 1: A random variable has a binomial distribution 
with parameters n and p, with n = 1, if and only if it has a Bernoulli 
distribution with parameter p. 
Proof: We demonstrate that the two distributions are equivalent by showing 
that they have the same probability mass function. 

The probability mass function of a binomial distribution with 
parameters n and p, with n = 1, is: 

 
𝑝 x                                           ,    but, 

 
𝑝 0                                                ,  and, 
 
𝑝 1  



Relation to the Bernoulli distribution 

Proof:   

Therefore, the probability mass function can be written as 

 
𝑓 x  
 

which is the probability mass function 
of a Bernoulli random variable. 

 

Proposition 2 : A random variable has a binomial distribution with 
parameters n and p if and only if it can be written as a sum of n jointly 
independent Bernoulli random variables with parameter p. 

 

Proof: We will prove that  later: 
 



Binomial distribution 

Theorem : 
The moment generating function of a binomial random variable X 
is defined for any 𝑡 ∈ 𝑅 as : 
 
Proof: 
 The definition of m. g. f. 

X can be represented as a sum of n 
independent Bernoulli r.v. 

Y1 ; …; Yn are jointly 
independent 

The definition of m. g. f. Y1,…Yn 

The formula for the moment 
generating function of a Ber. r.v. 

Since the m.g.f. Ber. .v. exists,so is the m.g.f. of a binomial random variable exists . 



Binomial distribution 

Characteristic function: 
The characteristic function of a binomial random variable X is 
 
 
Proof:  Similar to the previous proof 
 
 
 
 



Binomial distribution 

Distribution  function: The distribution function 
of a binomial random variable X is 
 



Solved exercises 1 

Suppose you independently flip a coin 4 times and the outcome of each toss 
can be either head (with probability 1/2) or tails (also with probability 1=2). 
What is the probability of obtaining exactly 2 tails? 

Solution 
Denote by X the number of times the outcome is tails (out of the 4 tosses). X 
has a binomial distribution with parameters n = 4 and p = 1/2. The probability 
of obtaining exactly 2 tails can be computed from the probability mass function 
of X as follows: 
 
 



Solved exercises 

Suppose you independently throw a dart 10 times. Each time you throw a dart, 
the probability of hitting the target is 3/4. What is the probability of hitting the 
target less than 5 times (out of the 10 total times you throw a dart)? 
 

Solution 
Denote by X the number of times you hit the target. X has a binomial distribution 
with parameters n = 10 and p = 3/4. The probability of hitting the target less 
than 5 times can be computed from the distribution function of X as follows: 
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3 Exercises 

1) On a five-question multiple-choice test there are five possible 
answers, of which one is correct. If a student guesses randomly 
and independently, what is the probability that she is correct only 
on two questions? 

2) What is the probability of rolling two sixes and three nonsixes 
in 5 independent casts of a fair die? 

3) What is the probability of rolling at most two sixes in 5 
independent casts of a fair die? 

4) Suppose that 2000 points are selected independently and at 
random from the unit squares                                      Let X equal 
the number of points that fall in                                     How is X 
distributed? What are the mean, variance and standard deviation 
of X? 



4 Exercises 

4) Hinte : If a point falls in A, then it is a success. If a point falls in the complement 

of A, then it is a failure. The probability of success is 
 
 
 
 
 
 
 
 

5) Let the probability that the birth weight (in grams) of babies in 
America is less than 2547 grams be 0.1. If X equals the number of 
babies that weigh less than 2547 grams at birth among 20 of these 
babies selected at random, then what is  
 
 


