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DIFFERENTIATION

Introduction
Derivative: it's a function we use to measure the rates at which things change,

like slope and velocity and accelerations.

The derivative of a function is a function f' where value at x is defined in the

equation:
P ()= lim f(x+h)—f(x)
h—-0 h
f(x+h)—f(x)
The function h is the difference quotient for f at x.

h is the difference increment.

f'(x) is the first derivate of the function f at x. See figure below.
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The most common notation for the differentiation of a function y = f(x) besides
f'(x) or dy/dx and df/dx Dx(f) (Dx of f) .. etc..



University of Anbar Calculus |

College of Engineering Dr. Ahmed T. Noaman
Dams & Water Resources Eng. Dept. Dr. Ghassan S. Jamil
Phase: 1

Semester | (2019-2020)

Application of differentiation:
- The velocity and acceleration at time t and
- Problems of cost , maxima and minima
- Electrical circuits’ problem
- Flow of water (change in volume with time)

- Any other problems related to rate of change.

EX-1 - Find the derivative of the function : f(x)=

\2\+3
Sol.:

1 l
J2x+3
B f(x+Ax)- j(\) 7(_L+_A‘_'_)L;__ 2x+3

Lix)= g v

i 2x+3 -4 ’(\+A\)+3 \:\+3+\’(\+A\)+3

= lm--- — oot &t i e eiidicy

w0 Ax.y ’(\+A\)+¥\7\+3 \2\+3+ 7(\+A\)+3

(2x+3)- (7’(\+A\)+ i)

= lim -

- Ay ’(\+A\)+?\.’\+?(\2\+i’+ (\+A\)+3)
-2 /

(7\+?)(\2\+?+\:’_\:3) V(2x 4+ )

Example 2: Find the derivative of f(x) = x*— 2x using the definition.

Solution

f(x) = x°— 2x

F ()= lim f(x+h)-f(x)
h—-0 h

f(x+h)=(x+h)?>=2(x+h)=x?+2xh+h? -2x—2h



University of Anbar Calculus |

College of Engineering Dr. Ahmed T. Noaman
Dams & Water Resources Eng. Dept. Dr. Ghassan S. Jamil
Phase: 1

Semester | (2019-2020)

f(x+h)—f(x) x®+2xh+h®-2x—-2h—(x*-2x)

h h
x? +2xh+h? —=2x—-2h—x?>+2x h?+2hx—2h
h h
We can take the limitas h —0: -
f'(x):hlim0 (h+2x-2)=2x-2
Q 1

Example 3: Show that the derivative of Y= VX s dx 2Vx

Solution:

f(x+h)=Vx+h gnq f(x)=vx

f(x+h)-f(x) _vx+h-vx
h

h + 0 (Not OK)

ux+hy-ux)_Jx+h—J§XJx+h+J§
h - h Jx+h+4/x

_ (x+h)-=x 1

- hv/x+h +\/; B hv/x+h +\/;

dy . 1 1
— = lim =
dx h>-0 hyx+h++x 2JX Ok
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The Power Rule If n is a positive integer, then

i Ay n=1
o (x") = nx
Example 4. Differentiate (a) f(x) = iz (b) y = Jx?
X
Solution:
In each case we rewrite the function as a power of x.
(a) Since f(x) = x72, we use the Power Rule withn = —2:
d ) 2
"y =—(xHY= -2y ¥'= -2y = ——
f)=—-() =
(b) o _ (J_)——(xm) =230 = 2y
dx  dx

Slope and tangent lines:

Example 5: Find an eq. for the tangent to the curve y = 2/x at x = 3

Solution:

f(x+h)—f(x)
h

m=f(X)= |I7

f(x+h)=i
X+h

2 2  2Xx—-2x-2h
f(x+h)-f(x) x+h x_ (x+h)x  -2h -2

h o h C(x+h)x  x?
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m= f (x) =—2/x?
atx = 3 m = -2/(3)?

Theny =-2/9

y + 2/3 =-2/9 (x-3)

Rules for differentiation

If f and g are differentiable functions, the following differentiation rules are valid

d d d : , -
L ZV (x) + g(x)} =er(-\')+zg(x) =f(x)+g'(x)  (Addition Ruk)

)

L) =8} =2 1) = 3209 =/ ') =0
3 d Cfx)}=C d J(x)=Cf" here C i nstant
: Z" f(x)} = e x)= (x) where C is any co

d d d , ,
4. 7 U(g(x)} =/() =) +8(x) 7= /(9 = f(x)g'(x) +£(x)/(x)  (Product Rule)

d d
d [f(x)] _ 8(X) = f () = (%) 7-8(x) g —f(R) .
. E[m - )P s BOF if g(x) #0 (Quotient Rule)
d
6. —(C)=0
i (C)
7. i(xn )= nx "1
dx

8. i(lnx)zd—x or 1dx
dx X X

9. i(e")=eX dx
dx

10. i(ax)=ax Ina dx
dx
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d 1 1 1
11. —( log,x)=—1log, e=—.—dXx
dx( 9aX) X % X Ina

Example 6: If f(x) = e* — x, find £ and f". Compare the graphs of f and f".
Solution: Using the Difference Rule, we have

’ _i x _i x i D P
fix) =—-(e —x) =—=() ——-(x) = e — |
we defined the second derivative as the derivative of f’, so

=S = =S — () =

The function f and its derivative f' are graphed in Figure . Notice that f has a hori-
zontal tangent when x = 0; this corresponds to ﬂle. fact that f'(0) = 0. Notice also that,
for x > 0, f'(x) is positive and f is increasing. When x < 0, f'(x) is negative and f is
decreasing. [ |
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EX-8 — Find % for the following functions :

a) y=log,e* b) y= lo&'c(x+l)
c) y=log,(3x°+1)° d) v-[ln(x +2)]
_ : (2x* —4)’ (2x° +3)
e) y+in(xy)=1 D y= (7% 14x—3)
a) y=log,e" = y=xlog e=>dy =log,,e= Ine _ 1
” 1 dx T Inl0  Inl0
dy. 2
b) y=log,(x+1)’ —210g,(x+l)=>dx (x+1)ins
dy 3 6x _ 18x

c) y=23log,(3x’ Hh)y=ar= 3x’+1'In2  (3x*+1)In2

48x[ln[ X" +2)

dx x’+2
dy 1 1 dy dy y
- nx + Iny = 1 o =
e) y+inx+ iy =>dx+.\' y dx dx x(y+1)
f) lny=Zln(z.t’—4)+§In(2.t’+3)-21n(7x"+4x—3)
1dy 2 6x° +£ i __, 2Ix° +4
ydx 3 2x'-4 2°2X°+3 T7x'+4x-3

dy _ 2[2: 5x 21r+4]

d) -3[2In(x +2)] 2+2.2x

+
ide N Ak I3 TN+ dx=3
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EXAMPLE 3 If f(x) = /x g(x), where g(4) = 2 and g'(4) = 3, find f'(4).
SOLUTION Applying the Product Rule, we get

d d d
F)=— [Vx g0] = vx = (9] + g(0) — [vx]
=Jx g'(®) + g(x) - 3x7

= J;g'{x} + g[x)

2Jx
g(4) 2
S @) =4 g'(4) + =2.34+-—=_=65

o @) =4 g4 Wi 2.2

Example 7:
X4+ x—2
Lety=""31¢6 - hen
(x* + 6]1(172 +x—2)—(x*+x— I}i{f + 6)
,_ dx dx
Y > + 6
_ (x* +6)(2x + 1) — (x* + x — 2)(3xY)
(x* + 6)°
Reminder: —  (2x* 4 x* + 12x + 6) — (3x* + 3x* — 6x?)
4 (x* + 60
( .
e _ -2+ 6x’ + 125+ 6
(x* + 6)
a | \w_ ax ax
dx [g(.r) J B [g(x)]*

Example 8:

Find an equation of the tangent line to the curve y = /(1 + x*) at
the point (I, %e).

According to the Quotient Rule, we have

dy 1+ xz)%(e’) —e* %(l +x%)

dx (1 + x2)?

o PR —= 0N . (1 —2+x7)
B (1 + x2p T+

(1 —x)
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2.5
( »
B
=1+
o] |
\_// i
-2 . s’ 3.5
0

Additional Example
d
I(x' + 12 —4x* + 10x* — 6x + 5)
_d s 4 sv_a9 4 B e ol d
_dx(x)+12dx(x) 4dx(x)+lodx(x) 6dx(x)+dr(5)
= 8x7 + 12(5x*) — 4(4x*) + 10(3x%) — 6(1) + 0

= 8x" + 60x* — 16x* + 30x* — 6

Derivatives of trigonometric functions

- Xis measured in radians

flx + h) — fx)
h

£ = lim
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Example 9: Find d/dx {sinx} using the definition?

Solution:
won v flx+h)—fx) . sin(x+ h) —sinx
') = lim . = lim :
_ sinxcosh + cos x sinh — sinx
= h
— sinx cosh — sinx 4 cos x sin h
e h h
I : cosh — 1 L sin h
= lim | sin x —E cos X p
§93 . cosh—1 . . sinh
(1] —}I_IH)SIDX"!I%—I!—*"'!I%COSJ"'!I% p

Two of these four limits are easy to evaluate. Since we regard x as a constant when com-
puting a limit as A — 0, we have

lim sin x = sin x and lim cos x = cos x
hs0 h»0
But :
fim 200 _
g—0 f
cosf — |
lim———=10
[ )
Then
ek cae sz OS] : . sinh
Ho) = oy s =y — & ey cony” By

=(sinx) -0+ (cosx) - | =cosx

So we have proved the formula for the derivative of the sine function:

@ ';—x(sinx)=cosx
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Derivatives of Trigonometric Functions
E[sinx}=cmx E(csc x) = —csc x cot x
: 9 (cos 1) = —si 9 (sec x) = sec x tan
dxCDSI— 5ln x dx 5eC X) — 88C X X
d d
I (tan x) = sec’x Fe (cot x) = —csc’x

Example 10: Differentiate y = x~ sin x.
Solution: Using the Product Rule and Formula 4. we have
dv 58 oy d (x2)
— = x"—(sin x) + sin x — (x~
dx dx l dx
= x’cos x + 2xsin x
Example 11:

Differentiate f(x) = -l& For what values of x does the graph
of f have a horizontal tangent? -

Solution:

d d
(1 + Ianx)E[sec:t) sech{] + tan x)

fx)=

(1 + tan x)*

_ (1 + tan x) sec x tan x — sec x - sec’x
(1 + tan x)*

sec x (tan x + tan’x — sec’x)
(1 + tan x°

_secx(tanx — 1)
(1 +tanx¥
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In simplifying the answer we have used the identity tan’x + 1 = sec’x.
Since sec x is never 0, we see that f'(x) = 0 when tan x = 1, and this occurs when
x = nw + /4, where n is an integer (see Figure ).

Example 2 Differentiate each of the following functions.
(a) g(x)=3sec(x)—10cot(x) [Solution]
(b) h(w)=3w" —w tan(w) [Solution]
(¢) y=>5sin(x)cos(x)+4csc(x) [Solution]
sin(
(d) P(r) =4— [Selution]
"~ 3-2cos(1)
Solution
(a) g(x)=3sec(x)—10cot(x)
There really isn’t a whole lot to this problem. We’ll just differentiate each term using the
formulas from above.
g'(x)=3sec(x)tan(x)-10(—csc’ (x))
=3sec(x)tan(x)+10csc” (x)
[Retum to Problems]
(M) h(w)=3w" —w’ tan(w)
In this part we will need to use the product rule on the second term and note that we really will
need the product rule here. There is no other way to do this derivative unlike what we saw when
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H(w)=—12w" —I[Ewtan{wH W sec’ {w}}

=—12w~ — 2wtan(w) —w’ sec? (w)

i I:: w)=-1 TwT — Ewtank w::l —w' sec? [w::l

Motion and velocity

Example 13:
The equation of motion of a particle is s = 2t* — 5¢* + 3t + 4, where s
is measured in centimeters and ¢ in seconds. Find the acceleration as a function of time.
What is the acceleration after 2 seconds?

The velocity and acceleration are

ds

() =—=06t>— 10t + 3
dt
dv
t)=—=12t — 10
a(r) 7
The acceleration after 2 s is a(2) = 14 cm/s’. i}

NOTE Don’t use the Quotient Rule every time you see a quotient. Sometimes it’s
easier to rewrite a quotient first to put it in a form that is simpler for the purpose of dif-
ferentiation. For instance, although it is possible to differentiate the function

using the Quotient Rule, it is much easier to perform the division first and write the func-
tion as

Flx) =3x + 2x7 '

before differentiating.

Higher order derivatives
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m

Example 14: Find y', y", and y"™ for the following functions:

y=2x>+x-5
1.
y= 2X
2 1-2x
Solution
y=2x3+x-5
y' =6x%+1
y"=12x
y’"=12
_ 2X
2. YT 1 2x
y  (1=2Xx)*2-2x*(-2) 2-4X+4Xx _ 2
(1-2x)? (1-2x)*>  (1-2x)?
w —2%2(1-2x)*(-2) _ 8
(1-2x)* (1-2x)3

p_ —8%3(1-2x)°*(=2) 48
- (1-2x)° T (1-2x)*




