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PROBLEMS

2/10: A ball is thrown vertically up with a velocity of 80 ft/sec at the edge of a
200 ft cliff. Calculate the height h to which the ball rises and the total time t after
release for the ball to reach the bottom of the cliff. Neglect air resistance and take

the downward acceleration to be 32.2 ft/see.
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2/19: Small steel balls falls from through the opening at A at the steady rate of
two per second. Find the vertical separation h of two consecutive balls when the

lower one has dropped 3 meters. Neglect air resistance.
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2/25: A girl rolls a ball up an incline and allows it to return to her. For the angle 6
and ball involved, the acceleration of the ball along the incline is constant at
0.25¢g, directed down the incline. If the ball is released with a speed of 4 m/s,
determine the distance s it moves up the incline before reversing its direction and
the total time t required for the ball to return to the child's hand.
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2/47: A test projectile is fired horizontally into a viscous liquid with a velocity of
Vo. The retarding force is proportional to the square of the velocity, so that the
acceleration becomes a = -kv2. Derive expressions for the distance D traveled in
the liquid and the corresponding time t required to reduce the velocity to vy/2.

Neglect any vertical motion.

Problem 2/47
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1. Plane Curvilinear Motion
As mentioned previously, the vast majority of the motions of points or particles
encountered in engineering practice can be represented as plane motion. What
follows in this article constitutes one of the most basic concepts in dynamics,

namely, the time derivative of a vector.

For a short time during take-off and landing,
planes generally follow plane curvilinear motion

Consider now the continuous motion of a particle along a plane curve as
represented in Fig. below. At time t the particle is at position A, which is located
by the position vector r measured from some convenient fixed origin O. If both
the magnitude and direction of r are known at time t, then the position of the
particle is completely specified. At time t + At, the particle is at A", located by the
position vector r + Ar. We note, of course, that this combination is vector addition
and not scalar addition. The displacement of the particle during time At is the
vector Ar which represents the vector change of position and is clearly
independent of the choice of origin. if an origin were chosen at some different
location, the position vector r would be changed, but Ar would be unchanged.
The distance actually traveled by the particle as it moves along the path from A
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to A' is the scalar length As measured along the path. Thus, we distinguish

between the vector displacement Ar and the scalar distance As.

—— . ——

e Velocity
During the time At, the average velocity of the particle is

-

Vae = 5y

The instantaneous velocity is determined from this equation by letting At — 0,
and consequently the direction of Ar approaches the tangent to the curve. Hence,

_ o Ar
=B

We observe that the direction of Ar approaches that the tangent to the path as At

approaches zero and, thus, the velocity v is always a vector tangent to the path:

The vector is itself a vector having both a magnitude and a direction. The

magnitude of v is called the speed and is the scalar.
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e Acceleration
The average acceleration of the particle between A and A' is defined as Av/At,
which is a vector whose direction is that of Av. The magnitude of this average

acceleration is the magnitude of Av divided by At.

The instantaneous acceleration a of the particle is defined as the limiting value of

the average acceleration as the time interval approaches zero. Thus,

By definition of the derivative, then, we write

&8

2. Rectangular coordinates

Occasionally the motion of a particle can Path
best be described along a path
that can be expressed in terms of its X, Y, z

coordinates.

r=xi+y |
v =i =i + jj
kn=\'r=i-=:'ii+ij_

As we differentiate with respect to time, we observe that the time deriv-
atives of the unit vectors are zero because their magnitudes and direc-
tions remain constant. The scalar values of the components of v and a
are merely v, = %,v, = y and @, = U, = X, @, = U, = . (As drawn in
Fig. a, is in the negative x-direction, so that ¥ would be a negative
number.)
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As observed previously, the direction of the velocity is always tan-
gent to the path, and from the figure it is clear that

vi=v2+v? v=yw?2+v? tand=

- PN 2 = Jod 2
a"=a, +a, a=jJa  +a,

Important Points

® Curvilinear motion can cause changes in borth the magnitude and
direction of the position, velocity, and acceleration vectors

v

-
v!

* The velocity vector is always directed tangent to the path.

®* In general, the acceleration vector is not tangent to the path, but
rather, itis tangent to the hodograph.

® If the motion is described using rectangular coordinates, then the
components along each of the axes do not change direction, only
their magnitude and sense (algebraic sign) will change.

* By considering the component motions, the change in magnitude
and direction of the particle’s position and velocity are
automatically taken into account.
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CExawplelize

At any instant the horizontal position of the weather balloon in
Fig. 12-18a is defined by x = (8¢) ft, where ¢ is in seconds. If the
cquation of the path & y = x?/10, determine the magnitude and
direction of the vdodty andthe acceleration whent = 2s

SOLUTION
Velocity. The velodty componentin the x direction is

v,=5¢=%[8r)=8ft/s—~

To find the relationship between the velodty components we will use
the chain rule of calculus. (See Appendix A fora full explanation.)

v =j= %(xz/l()) = 2xk/10 = 2(16)(8)/10 = 256 ft/s T
When ¢ =2 5 the magnitude of velodty is therefore
v=\/@#/s) + (256 f/5) = 268 fi/s Ans.
The direction is tangent to the path, Fig 12-18b, where
el . 256

1=— = 726° Ans.
Uy 8

6, = tan

Accederation. The relationship between the acceleration components (b}
is determined using the chain rule. (See Appendix C) We have

2= b= 5(8) =0
a,=b,= %(2\’.’(;’10) = 2(x)x/10 + 2x(X)/10

= 2(8)%10 + 2(16)(0)/10 = 128ft/s* |

T a= 284
a =41/(0)* + (128)* = 128ft/s" Ans. B = X°
8

The direction of a, as shown in Fig. 12-18c, is
128

‘=ml'l-'T—m° Ans. H'le

NOTE: It is also passible to obtain v, and a, by first expressing
y = f(£) = (&)*/10= 6.42 and then taking successive time derivatives.
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