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e Projectile motion
An important application of two-dimensional kinematic theory is the problem of
projectile motion. For a first treatment of the subject, we neglect aerodynamic
drag and the curvature and rotation of the earth, and we assume that the altitude
change is small enough so that the acceleration due to gravity can be considered
constant. With these assumptions, rectangular coordinates are useful for the

trajectory analysis. For the axes shown in Fig. , the acceleration components are

a, =0 a8, =—#&

-~ x ~ lfx
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(z4)g = vgcos B8

Integration of these accelerations follows the results obtained previously for

constant acceleration and yields

Uy = (vx)O vy = (Uy)o — &t

U_},2 = (Uy)oz - Zg(‘y — yo)
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In all these expressions, the subscript zero denotes initial conditions.

Procedure for Analysis

Coordinate System.

* Establish the fixed x, y coordinate axes and sketch the trajectory
of the particle. Between any two points on the path specify the
given problem data and identify the three unknowns. In all cases
the acceleration of gravity acts downward and equals 9.81 m/s?
or 32.2 ft/s%. The particle’s initial and final velocities should be
represented in terms of their x and y components.

* Remember that positive and negative position, velocity, and
acceleration components always act in accordance with their
associated coordinate directions

Kinematic Equations.

¢ Dependingupon the known data and whatis to be determined, a
choice should be made as to which three of the following four
equations should be applied between the two points on the path
to obtain the most direct solution to the problem.

Horizontal Motion.
¢ The velocity in the horizontal or x direction is constam, i.e.,
%= (”0):" and

x=xp+ (“))x’

Vertical Motion.

¢ In the vertical or y direction only two of the following three
equations can be used for solution.

Uy = (”o)y + ad
y=X»t (W)y""%at‘z
v} = (w)} + 2a(y — »)

For example, if the particle’s final velocity v, is not needed, then
the first and third of these equations will not be useful.
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Sample Problem 2/5

The curvilinear motion of a particle is defined by v, = 50 — 16t and y =
100 ~ 4¢%, where v, is in meters per second, y is in meters, and ¢ is in seconds.
It is also known that x = 0 when £ = 0, Plot the puth of the particle and deter-
mine its velocity and accelerntion when the position y = 0 is reached,

1 t=0
1 T~
Solution. The x-coordinate is obtained by integrating the expression for v,
and the x-component of the acceleration is obtained by differentiating v, Thus, 50 1
* 1] £ 60 3
Ud“fv,dl] fdxsfwo-m)d: x =50t — 8 m .
0 0 >
410 id
. 0 /
la, = i,] c,t‘-’-‘(m—l&) a, = —16 m/s* D] — ! / :
L . 3-53/
The y-components of velocity and acceleration are % 20 40 4 60 80
4 x,m
lv, = ¥] u,-muoo-u') v, = —8t mfs
d Path Path
[a, = l:l,] ay, .- d;('ﬁl) a, - -8 m/s* ,’ /
’ ’
We now caleulate corresponding values of x and y for various values of 7 and v, =-30mfs / a, =-16 mfa? /
plot x against y to obtain the path as shown. “Ressrt !

A A
Wheny = 0, 0 = 100 — 4¢%, s0 t = 5 5. For this value of the time, we have /[
. Yoy =8 mMs?

v, = 50 — 16(5) = —30 m/s a = 17.89 m/s?

v, = —8(6) = —40m/s

v, = =40 m/s

e TR e 1 "
a = J(—168)* = (-8 = 17.89 m/s Helpful Hint

The velocity and acceleration components and their resultants are shown on the  We observe that the velocity vector lies
separate diagrams for point A, where y = 0. Thus, for this condition we may ulong the tangent to the path as it

write should, but that the acceleration vector
is not tangent to the path. Note espe-

v =—30i — 40 m/s Ans.  cually that the accelerntion vector has a

a=—161 -8 N Anii component that points toward the in-

wide of the curved path. We concluded
from our disgram in Fig. 2/5 that it
imponszhie for the accoleration to have a
compomwnt that peints toward the out-
gide of the curve.
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Sample Problem 2/6

y
A rocket has expended all its fuel when it reaches position A, where it has a 5_
velocity of u at an angle ¢ with respect to the horizontal It then begins unpow- |
ered flight and attains a muximum added height k at position B after traveling a ! ./—"‘-
horizontal distance 5 from A, Determine the expressions for h and s, the time ¢ of |
flight from A to B, and the equation of the path, For the interval concerned, as- !
sume a flat earth with a constant gravitational acceleration g and neglect any at- :
I

mospheric resistance, u
A

Solution. Since all motion components are directly expressible in terms of

horizontal and vertical coordinates, a rectangular set of axes x-y will be em-
(1) ployed. With the neglect of atmospheric resistance, a, = 0and a, = —g, and the
resulting motion is a direct superposition of two rectilinear motions with con- Helpful Hints

stant acceleration. Thus,
(D) Note that this problem s simply the
1
description of projectile motion ne
[de = o, dt] e fo e cos 8 de X cond glecting atmospheric resistance

®, !
[dv, = a, df] I du_v-L(-g)dx v, = usin - gt
-

win &

'
[dy = v, df] y-L(udno—gt)dl y-uldnv—;at’

Position B is reached when v, = 0, which occurs for 0 = u sin 6 ~ gf or

t = (u sin 0)ig Ans.
Substitution of this value for the time into the expression for y gives the maxi-
mum added altitude
= in g\2 2 gind
K ('LE!!LQ) =1 (@.939_.9) § = W'sin® o Al
8 28\ g 2%
The horizontal distance is seen to be
u sin 0 u® gin 20
@ gwu|*""")cos8 s=" 2% Ans.  (2) We see that the total range and time
& of flight for & projectile lired shove a
which is clearly a maximum when # = 45°, The equation of the path is obtained :’:;:’_::‘: ;:::::;w:: l;' ::(: “;”:“‘::
by eliminating ¢ from the expressions for x and y, which gives <\
x?
y=xtand — EY secto Ans.
2t
(3) This equation describes a vertical parabola as indicated in the figure, @ If atmospheric resistance were to be

secounted for, the dependency of the
necelorntion components on the ve-
locity would have to be established
before an integration of the equa-
tions could be carried out. This be-
comes a much more diffseult problem
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PROBLEMS

2/72: With what minimum horizontal

velocity u can a boy throw a rock at A __ %
and have it just clear the obstruction at
B?

26

Problem 2/72

2/74: Water issues from the nozzle at A, which is 5 ft above the ground.
Determine the coordinates of the point of impact of the stream if the initial water
speed is (a) v, = 45 ft/sec and (b) v,= 60 ft/see.

- 30 — 20" —

Problem 2/74
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2/85: A projectile is launched with an initial speed of 200 m/s at an angle of 60°

with respect to the horizontal. Compute the range R as measured up the incline.

Problem 2/85
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1. Normal and Tangential coordinates
The n- and t-coordinates are considered to
move along the path with the particle, as seen
in next Fig. where the particle advances from A‘\ ) e
A to B to C. The positive direction for n at R e
any position is always taken toward the
center of curvature of the path. As seen from Fig., the positive n-direction will
shift from one side of the curve to the other side if the curvature changes

direction.

e Velocity and Acceleration:
We now use the coordinates n and t to describe the velocity v and acceleration a
which were introduced previously for the curvilinear motion of a particle. For
this purpose, we introduce unit vectors e, in the n-direction and e; in the t-
direction, as shown in Fig. below for the position of the particle at point A on its
path.
ds = p dB, where 8 is in radians.
v = ds/dt
v =ds/dt = pdp/dt

(V: ve, = PBO‘J
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a=‘cii—‘;=d(:;:‘) = vy + ey
de;
led dB = dB ®
e;
8
de, = e, df .
dp
de,
dp 5

where a,

Il
|5
Il
©
W
N
|
=
gos

e Circular Motion:
Circular motion is movement of an object along the circumference of a circle , or
rotation along a circular path. It is a motion with constant acceleration in angular

direction.
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Examples of circular motion:

4 an artificial satellite orbiting the Earth at a constant height, a fan's blades

rotating around a hub, a stone which is tied to a rope and is being swung
in circles, a car turning through a curve in a race track, an electron
moving perpendicular to a uniform magnetic field, and a gear turning
inside a mechanism.

An example of circular motion is this car moving with constant speed around a skid pad, which is a

circular roadway with a diameter of about 60 m.

The velocity and acceleration components for the circular .

motion of the particle P becomes: N
/" - -~ a‘
"’ N
/\ P
(" = N\ / r . ” \‘
§ n
v=rb ' \/} |
| ]
2 ! v
‘is) 2 = - = - \
a,=vir=r@*=1v6 : J
. g e o
a=uv=rb i
. 7
Note:

o If the path is expressed as y = f(x), the radius of curvature p at
any point on the path is determined from the equation

1 + (dy/dx)?
o |dyjax]
The derivation of this result is given in any standard calculus text
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Sample Problem 2/7

gom €
m
To anticipate the dip and hump in the road, the driver of a car applies her — » )
brakes to produce a uniform deceleration. Her speed is 100 km/h at the bottom A of A B 150 m
the dip and 50 km/h at the top C of the hump, which is 120 m along the road from l
A. If the passengers experience a total acceloration of 3 mvs® at A and if the radius of
curvature of the hump at C is 150 m, calculate (a) the radius of curvature p at A, (b)
the acceleration at the inflaction point B, and (¢) the total acceleration at C.
Solution. The dimensions of the car are small compared with those of the Wialphel Wint
(1) path, 50 we will treat the car as a particle. The velocities are (D Actually, the radius of curvature to
2 the road differs by nbout | m from
1h m 2 . : X 2
v, =| 100" ..X =35 )(ww ,) =278 mis that to the path followed by the con
. ( h /\3600 5 km ter of mussd of the pussengers, but we
1000 have neglocted this relatively small
ve = 50 genp = 13.89 mia difference

We find the constant deceleration along the path from

Uudu-fa,d.J Il:rvdu-a,ﬂds "

a=3mis® |
> - a, = 1.785 m/s*
1 (13.89)* - (27.8)
a, = ;(l.'cz ~up) - — s " ~2.41 m/s? -3 [ 7 S
a,=-241 mis*
(a) Condition at A. With the total acceleration given and a, determined, we
can easily compute @, and hence p from
, - B _ ==
la* =a,* +a] at=3" - (241 =319 a, = L.785 m/s* _;/ e
la, = v¥ip] p=v¥a, = (278)%1.785 = 432 m Ans. a=a,=-241 m/s*
(b) Condition at B. Since the radius of curvature is infinite at the inflaction a,=-241 mfet C
= 2.
point, a, = 0 and — SRR
a=a, = -241 m/s® Ans. a, = 1.286 m/s?
a,=2.73 mis* |

|
+n

(c) Condition at €. 'T'he normal acceleration becomes

la, = v¥ip) a, = {13.89)*/150 = 1.286 m/s*
With unit vectors €, and €, in the n- and t-directions, the acceleration may be
written
a = 1.286e, — 2416, m/s*
where the magnitude of a is
la = Ja,* + a,%] a = J(1.286)" + (—2.41 = 2.73 m/s* Ans.

The acceleration vectors representing the conditions at each of the three
points are shown for clarification.
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Sample Problem 2/8

A certain rocket maintaing s horizantal attitude of its axis during the pow-
ered phase of its flight at high altitude. The thrust imparts a horizontal compo-
nent of acceloration of 20 f/sec’, and the downward acceleration component is
the acceleration due to gravity at that altitude, which is g = 30 ft/sec®. At the in-
stant represented, the velocity of the mass center G of the rocket along the 15°
direction of its trajectory is 12,000 mi/hr. For this position determine (a) the ra-
dius of curvature of the flight , (b) the rate at which the speed v is in-
croasing, (c) the angular rate 8 of the radial line from G to the center of
curvature C, and (d) the vector expression for the total acceleration & of the

rocket,

Solution. We observe that the radius of curvature appears in the expression
for the normal component of acceleration, so we use n- and f-coordinates to de- Helpful Hints
scribe the motion of G. The n- and f-components of the total acceleration are ob-
(1) tained by resolving the given horizontal and vertical accelerations into their n- (1) Alternatively, we could find the re-
and t-components and then combining. From the figure we get sultant acceleration and then re-
solve it into n- and f-companents,
a, = 30 cos 15* — 20 sin 15" = 23.8 ffsec’

@, = 30 sin 15° + 20 cos 15° = 27,1 fi/sec’

{a) We may now compute the radius of carvature from

2
@ la, =v%p) ,-";_’.-[‘i‘%‘?fs_ SO _ 1301009 e Ans. (D To convert from mifhr to e, multh

Ply by 0 sechr 30 mihr "R
is easily remembered, as 30 mi/hr is
{B) The rate at which v is increasing is simply the t-component of acceleration, the same as 44 ft/sec.
[¢ =a] 0 = 27.1 f/sec? Ans.

fe) The angular rate § of line GC depends on v and p and is given by

12,000(4430)

25010109 = 13.53(10"%) rad/sec Ans.

[v=pBl B=vp=

fd) With unit vectors e, and €, for the n- and t-directions, respectively, the total
acceleration becomes

a = 23.8e, + 27.1e, fi/sec? Ans.
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PROBLEMS
2/104: The car passes through a dip in the road at A with a constant speed which

gives its mass center G an acceleration equal to 0.5g. If the radius of curvature of
the road at A is 100 m, and if the distance from the road to the mass center G of

the car is 0.6 m, determine the speed v of the car.

™
~Q A
06m
Problem 2/104
So lwhu
O e it
a» 9n = v L/f
o 3’ * mc ﬁ)
(19e-v-©]
Ve fq -
= 2.6 = 39S ¥
22 .03 M /e = &2.28F h
P i
2/110: Consider the polar axis of the earth to be N

fixed in space and compute the magnitude of the
acceleration a of a point P on the earth's surface at
latitude 40° north. The mean diameter of the earth is
12 742 km and its angular velocity is 0.729(10)

rad/s.

Problem 2/110
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Cbeciic 2z res ¥ 6
ARz A gl e ’ ¢ - MLF“‘/L
lajﬁ_f'__——(i) Cog H° ,,p(o.;] ws©
2- L )
=0.025 9 mt;a" .‘: 5 P
4o

2/116: A car travels along the level curved road with a speed which is decreasing
at the constant rate of 0.6 m/s each second. The speed of the car as it passes point
A is 16 m/s. Calculate the magnitude of the total acceleration of the car as it
passes point B which is 120 m along the road from A. The radius of curvature of
the road at B is 60 m.

Problem 2/116

SQL-A"'! ) .
4 ™ v Co Né\w" < C()»'C“Sh"“
R g 120
N2, Vpr s 2apS= 16T-TTOS
5%

s,
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Ve . lo.sg ™/
r
O 2 ,\)32/€ IQ S s is S(q m/j

lalc - Q. l 1363 °

\' c\6 \ M“LL

2/128: At a certain point in the reentry of the space shuttle into the earth's
atmosphere, the total acceleration of the shuttle may be represented by two
components. One component is the gravitational acceleration g = 9.66 m/s” at this
altitude. The second component equals 12.90 m/s* due to atmospheric resistance
and is directed opposite to the velocity. The shuttle is at an altitude of* 48.2 km
and has reduced its orbital velocity of 28 300 km/h to 15 450 km/h in the
direction 6=1.50°. For this instant, calculate the radius of curvature p of the path

and the rate v at which the speed is changing.

12.90 m|s

j= .66 m|s*
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VYU=a4= 966 sin 1.50°= 12,90 = - 12.65 m[s2

Qn = g Cos® = qebcos 1L5° = 9.657 m|s>

L. AR _ v* _ (5450 /3.6)%*
E A T.657

f= 1907 km
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