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e Section D: Special Applications

IMPACT

The principles of impulse and momentum have important use in describing the
behavior of colliding bodies. Impact refers to the collision between two bodies
and Is characterized by the generation of relatively large contact forces which act
over a very short interval of time. It is important to realize that an impact is a
very complex event involving material deformation and recovery and the
generation of heat and sound. Small changes in the impact conditions may cause
large changes in the impact process and thus in the conditions immediately
following the impact.

Following initial contact, a short period of increasing deformation takes place
until the contact area between the spheres ceases to increase. At this instant, both
spheres, Figure below, are moving with the same velocity v,. During the
remainder of contact, a period of restoration occurs during which the contact area
decreases to zero. In the final condition shown in part ¢ of the figure, the spheres
now have new velocities v;' and v,', where v;' must be less than v,'. All velocities
are arbitrarily assumed positive to the right, so that with this scalar notation a

velocity to the left would early a negative sign.
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Because the contact forces are equal and opposite during impact, the linear
momentum of the system remains unchanged, as discussed previously. Thus, we

apply the law of conservation of linear momentum and write

mvy + Mol = myvy” + Mgy’ (3/35)

Coefficient of Restitution

For given masses and initial conditions, the momentum equation contains two
unknowns, of and v,'. Clearly, we need an additional rela- to find the final
velocities. This relationship must reflect the capacity of the contacting bodies to
recover from the impact and can be expressed by the ratio e of the magnitude of
the restoration impulse to the magnitude of the deformation impulse. This ratio is

called the coefficient of restitution.

For example: The quality of a manufactured tennis ball is measured by the height of its bounce,
which can be related to its coefficient of restitution. Using the mechanics of oblique impact,
engineers can design a separation device to remove substandard tennis balls from a production

line.
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Let F, and F,; represent the magnitudes of the contact forces dur-
ing the restoration and deformation periods, respectively, as shown in
Fig. 3/18. For particle 1 the definition of e together with the impulse-
momentum equation give us

4 1 {'2
Deformation
period T F,

) Uy
Restoration
period F,
Figure 3/18
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We are careful in these equations to express the change of momentum
(and therefore Av} in the same direction as the impulse (and thus the
force). The time for the deformation is taken as #; and the total time of
contact is £. Eliminating v; between the two expressions for e gives us

uy' —vy' |relative velocity of separation|

(3/36)

E =
vy — Uy |relative velocity of approach |

Oblique Central Impact

We now extend the relationships developed for direct central impact to the case

where the initial and final velocities are not parallel, Fig. 3/20. Here spherical

particles of mass m; and m, have initial velocities v, and v, in the same plane and

approach each other on a collision course, as shown in part a of the figure. The

directions of the velocity vectors are measured from the direction tangent to the

contacting surfaces, Fig. 3/20b. Thus, the initial velocity components along the t-

and n-axes are :
(vy), = —v, sin 8,, (vy), = vy cos 8y, (Vy), = vy sin 6,

and (vy); = vy co8 b5,

Time, ¢
(a) 1Y ol d) {e)

Figure 3/20
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Pool balls about to undergo impact.

(1) Momentum of the system is conserved in the n-direction. This
gives

m'l(ul. )n + mz(vz )n o ml[vl')n oF mz(vﬂ')n

(2) and (3) The momentum for each particle is conserved in the
t-direction gince there is no impulge on either particle in the ¢-direction.
Thus,

m,(v, ), = m,y(v,"),

M2(Uz )‘ = mz(vz’),
(4) The coefficient of restitution, as in the case of direct central im-
pact, is the positive ratio of the recovery impulse to the deformation im-

pulse. Equation 3/36 applies, then, to the velocity components in the
n-direction. For the notation adopted with Fig. 3/20, we have

= (vzl)n = (vl')n
(Ul)n e (vz)u

Once the four final velocity components are found, the angles 6,’
and 8y’ of Fig. 3/20 may be eagily determined.
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Sample Problem 3/28

The ram of a pile driver has a mass of 800 kg and is released from rest 2 m
above the top of the 2400-kg pile. If the ram rebounds to a height of 0.1 m after
impact with the pile, calculate (a) the veloaty v,' of the pile immedintely after
impact, (6) the coefficient of restitution ¢, and {c) the percentage loss of encrgy
due to the impact.

Solutfen. Conservation of energy during free fall glves the initial and final ve-
locitles of the ram from v = gk, Thus,

u, = J2(9.81)(2) = 6.26 mfs
(1) (@) Canservation of momentum (G, = Gy) for the syatem of the ram and pile gives

v = J2(9.81)(0.1) = 1.401 m/s

800(6.26) + 0 = 800(~1401) + 24000, v, =266mis  Ans.
(®) The coefficient of restitution yields
¢ w IreL vel. soparation| 265+ 1401 _ oo O

|rel. vel. approsch] 6.26 + 0

() The kinctic energy of the system just before impact is the same as the poten-
tinl energy of the ram above the pile and is

T =V, = mgh = 800(9.81}(2} = 15700J
The kinetlc energy T" just after impact is
T = }(800)( 1401} + }(2400W2.66)* = 8620
The percentage loes of energy is, therefore,

Helpful Hint

(D) The impulses of the weights of the
ram and pile are very small com-
pared with the impulses of the im-
pact forces and thus wre neglected
during the impact.

15 700 — 8620 -
15 700 (100) = 45.1%

Sample Problem 3/29

|

1@

v ol

A ball is projected onto the heavy plate with a velocity of 50 ft/sec at the 30° 7« “5\/1'
angle shown. If the effective coefficiant of restitution is 0.5, compute the rebound 0 W - e
velocity v’ and ita angle &', #—l——t
Solution. Let the ball be denoted body 1 and the plate body 2. The mass of the We< F.
heavy plate may be considered infinite and its corresponding velocity zero after impact
impact. The coefficient of restitution is applied to the velocity components nor-
mal to the plate in the direction of the impact force and gives

0 Sl U I Lo S T
RS oy THaadi—0 ik Abia

Helpful Hint

Momentum of the ball in the ¢-direction is unchanged since, with assumed (D We obeerve heve that for infinite

amooth surfaces, there is no force acting on the ball in that direction. Thus,
mlwy ), = min,"), '), = (vy), = 50 cos 30" = 43.3 ft/sec
The rebound velocity v’ and its angle #” are then

o' = Jloy 0,2 + ()2 = Y1257 + 43.92 = 45.1 fifsec Ans.
{2,") 11&)
=tan- 22| = tan-3[==2] =
#’ = tan ((v,,)’) tan (43.3 16.10° Ans.

mags there ia no way of spplying the
principle of « vation of m

tum for the system in the n.diree.
tion. From the free-body dingram of
the ball during impact, we note that
the impulse of the weight W is ne-
glected since W is very small com-
pared with the impact force.
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226 Chapter 3 Kinetics of Particles

Spherical particle 1 has a velocity v, = 6 m/s in the direction shown and col-
lides with spherical particle 2 of equal mass and diameter and initislly at rest. If
the coefficient of restitution for theye conditions is ¢ = 0.6, determine the result-
ing motion of ench particle following impact, Also calculate the percentuge loss of

Sample Problem 3/30
o
I
energy due to the impact. 1

Solution. The geometry at impact indicates that the normal 2 to the contact- \
ing surfaces makes un angle § = 30° with the direction of v;, as indicated in the 2r
(1) figure. Thus, the initial velocity components are (vy), = v; cos 30° = 6 cos 30" = ]
5.20 m/s, (vy), = vy 5in 30" = 6 sin 30" = 3 m/s, and (uy), = (wg), = 0.
Momentum conservation for the two-particle system in the n-direction gives v

my (), + malvg), = my; "), +mylvy),

or, with my = mg, X oo
vy 7
520+ 0 = (v,"), + (vg), (@) @ v, oy -t
The coefficient-of-restitution relationship is @’
-
— (vy'ly — ("ll)u = (”!l‘)u = '), 3
k=0 M "“mm-0 @ -
(@ Simultaneous solution of Eqe. a and b yields vy 3(;'\
\
fvy"), = L0399 m/s (Uy'), = 4.16 mfs
Conservation of momentum for esch particle holds in the (-direction because,
with assumed smooth surfaces, there is no force in the f-direction. Thus for par-
ticles 1 and 2, weo have
myluy )y =mylvy’)y, (') =), =3mls
@ malvg)y = maleg’hy vl = vy, =0
The final speeds of the particles are
vy’ = Jloy'), + )2 = J(1.039)* + 32 = 317 mys Ans.  Helpful Hints
vy' = J0y),2 + ()2 = J(4.16)* + 0 = 4.16 m/s Ans. () Be sure to set up n- and t-coordinates
which are, regpectively, normal to
The angle 8' which v,’ makes with the ¢-direction is and tangent to the dontacting sur-
" foces. Calculation of the 30° angle is
# = tan"! ((—'—)-) = tan~! (1—?4’) =19.11° Ans,  critical to all that follows,
Uy e

- (@) Note that, even though there are
The kinetic energies just before and just afler impact, with m = m, = m,, are R T 3

the standard pr 1l of oblique cen-
tral impact, only ane pair of the
T =mw,? + Imawy® = Im@.177 + I mi4.16)* = 13.68m equations is coupled.

T-%m,v,’+ }m,u{-}m(&’*-o- 18m

The percentage energy loss is then (@) We note that particle 2 has no initial
or final velocity companent in the
[AE|

t-direction, Hence, its final velocity
E v,' is restricted to the n-direction.

e 18m — 13.68m o0
(100) = == (100) = SR (100) = 24.0%  Ans.
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Tutorial

3/251 As a check of the basketball before the start of a
game, the referee releases the ball from the over-
head position shown, and the ball rebounds to
about waist level. Determine the coefficient of resti-
tution e and the percentage n of the original energy
lost during the impact.

Ans.e = 0.724, n = 47.6%

Problem 3/251
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-32-5] '*U-_- h '.._. zhf

| / _{ioo
c U 2100 O. 724_

_ mhqh - mgh _ 2106- 1\ao
Nn= m&h (|00"]u) = = 160 (Iﬂﬂo?a

= 47.6%

3/255 Car B is initially stationary and is struck by car A,
which is moving with speed v. The mass of car B is
pm, where m is the mass of car A and p is a positive
constant. If the coefficient of restitution ise = 0.1,
express the speeds v’ and vg’ of the two cars at the
end of the impact in terms of p and v. Evaluate
your expressions for p = 0.5.

y_(1-01p . U
Ans. Uy = (T;-)U, Ugp = 1 +p

Forp = 0.5: v, = 0.633v, v’ = 0.733v

Problem 3/255
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3/255 Systerm | inesr momentum .

I} )
MaVg T MgNg = Mg Vg + MgV, —

V"\) +0 = \r/\'\l“ 4 «pv]hj | ' '(i)

; = '\)I'-S -'“l\ . = ‘“_8_:.3&_
Restitutin 1 e= " Ol —— (D
Sove () §(® v obtam
o I—O.IP | _ I
Yo = Cge Y Ve = Trep VY

f
For P = li_ : ‘\}ﬁ': 0.633 v '\!B = 0, 7133w
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