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Chapter Four
Kinematics of rigid bodies

Rigid-Body Assumption:

A rigid body as a system of particles for which the distances between the
particles remain unchanged

All solid materials change shape to some extent when forces are applied to them.
Nevertheless, if the movements associated with the changes in shape are very
small compared with the movements of the body as a whole, then the assumption
of rigidity is usually acceptable. The displacements due to the flutter of an
aircraft wing, for instance, do not affect the description of the flight path of the
aircraft as a whole, and thus the rigid-body assumption is clearly acceptable. On
the other hand, if the problem is one of describing, as a function of time, the
internal wing stress due to wing flutter, then the relative motions of portions of
the wing cannot be neglected, and the wing may not be considered a rigid body.
In this and the next two chapters, almost all of the material is based on the

assumption of rigidity.

Plane Motion

A rigid body executes plane motion when all parts of the body move in parallel
planes. For convenience, we generally consider the plane of motion to be the
plane which contains the mass center, and we treat the body as a thin slab whose
motion is confined to the plane of the slab. This idealization adequately describes

a very large category of rigid-body motions encountered in engineering. The
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plane motion of a rigid body may be divided into several categories,

represented in Fig.

as

(!
Rectilinear
translation

(b)
Curvilinear
translation

(e}
Fixed-axis
rotation

(d)
General
plane motion

Connecting rod in a
reciprocating engine

Rotation

The rotation of a rigid body is described by its angular motion.
Figure 5/2 shows a rigid body which is rotating as it undergoes plane
motion in the plane of the figure. The angular positions of any two
lines 1 and 2 attached to the body are specified by #; and #, measured
from any convenient fixed reference direction. Because the angle B is
invariant, the relation #; = #, + B upon differentiation with respect
to time gives 6 g = (;1 and (;2 =6 1 or, during a finite interval, Ag, = A#,.
Thus, all lines on a rigid body in its plane of motion have the same an-
gular displacement, the same angular velocity, and the same angular
acceleration.

102



University of Anbar Dynamics (DWE2304)
College of Engineering Dr. Ahmed T. Noaman
Department of Dams & Water Resources Eng. Dr. Ghassan S. Jamil

Phase: 2

Semester | (2019-2020)

Figure 5/2

Angular-Motion Relations
The angular velocity @ and angular acceleration « of a rigid body in

plane rotation are, respectively, the first and second time derivatives of

the angular position coordinate # of any line in the plane of motion of

the body. These definitions give

- ; N
w=£=0
a=‘%=¢b or a=‘%=é (5/1)
| wdw=adf or édé=i)’d9)

For rotation with constant angular acceleration, the integrals of

Eqs. 5/1 becomes
w = wy + af
2 = wy? + 2a(0 — 6,)

1 .
0 = 8y + wot + Fat?
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Here 6, and w are the values of the angular position coordinate and an-
gular velocity, respectively, at ¢ = 0, and ¢ is the duration of the motion
considered. You should be able to carry out these integrations easily, as
they are completely analogous to the corresponding equations for recti-
linear motion with constant acceleration covered in Art. 2/2.

Rotation about fixed axis:

When a rigid body rotates about a fixed axis, all t

points other than those on the axis move in '
concentric circles about the fixed axis. Thus, for
tho rigid body in Fig. 5/3 rotating about a fixed
axis normal to tho plane of the figure through O,

any point such as A moves in a circle of radius r.

Figure 5/3
U= rw
a, = rw? = vir = vo (5/2)
a, = ra

104



University of Anbar Dynamics (DWE2304)

College of Engineering Dr. Ahmed T. Noaman
Department of Dams & Water Resources Eng. Dr. Ghassan S. Jamil
Phase: 2

Semester | (2019-2020)

The acceleration of point A is obtained by differentiating the cross-
product expression for v, which gives

a=v=ewXr+teXr

wX(wXr) +wXr

wXV+taXr i

Here @ = @ stands for the angular acceleration of the body. Thus, the
vector equivalents to Egs. 5/2 are

V= XTr
a, =wX(@Xr) (5/3)
a=aXxr

and are shown in Fig. 5/4b.

For three-dimensional motion of a rigid body, the angular-veloeity
vector w may change direction as well as magnitude, and in this case,
the angular acceleration, which is the time derivative of angular veloc-
ity, @ = @, will no longer be in the same direction as .

(a) i (b)

Figure 5/4
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Article 5/2 Rotation 337

Sample Problem 5/1

A fiywheel rotating freely at 1800 rev/min clockwise is subjected to u vari-
uble counterclockwise torque which is first applied at time ¢ « 0. The torque pro-
duces u counterclockwise angular soceleration o = 4 rad/s®, where ¢ is the time
in seconds during which the torgue is applied. Determine (a) the time required
for the fiywheel to reduce its clockwise angular speed to 800 rev/min, (6) the time
required for the flywheel to reverse its direction of rotation, and (¢) the total
number of revolutions, clockwise plus counterclockwise, turned by the flywheel
during the first 14 seconds of torque application.

Solution. The counterclockwise direetion will be taken arbitrarily as positive.

fa) Since « is a known function of the time, we may intograte it to obtain angular Helpful Hints

We must bo very careful to be consis-
tent with our wgebrwie signs. The

[dos = a dit] I 3 = I’“ dr @=—60r= 2 fower Limdt 3o the negutive (clockwise)
e [ vitlue of the initial angular velooity

Also we must convert revolutions (o

Substituting the clockwise angular speed of 900 rev/min or w = ~ 9002160 = rndinne since o i in vadian units
307 rad/s gives
— 307 = — 60 + 204 =15z t= 6868 Ans.
Angular
; . 4 e p velocity
{b) The flywheel changes direction when its angular velocity is momentarily w, radM
zoro. Thus, cew
0w ~6le + 22 2w 30w t=971s Ans.
0 i
fc) The total number of revolutions through which the flywheel turns during 14 b 2 4 6 85/1012 14
{s is the number of cloch turns N, during the first 9.71 seconds, plus o, Timet, s

the of terclockwise turns N, during the romuinder of the interval, 302
Integrating the expression for w in terms of ¢ gives us the angular displacement
in radians. Thus, for the first interval

[ an
[0 = w dt] I i = j (—60x + 20%) dt
" 0
y = | =60t 4 §t:‘|:‘“ w ~1220 rad (2) Aguin note that the minus sign wig-
nifien clockwine i th problem

or Ny = 1220/2% = 194.2 revolutions clockwise.
For the second interval

» "
I dn-f (—60m + 2% dt
L] N

#y = |—60mt + gf"l:.‘.” = 410 rad {2) Wo could have convarted the orig-
nol expression for o inte the units
or Ny = 41027 = 656.3 revolutions counterclockwise. Thus, the total number of of roviw®, in which csse our inte-

revolutions turned during the 14 seconds is grals would have come out directly

i revolutions

N =N, + Ny= 1942 4 65.3 = 259 rev Ans.

We have plotted w versus ! and we see that 0, is represented by the negative
nrea and #y by the positive area. If we had integrated over the entire interval in
one step, we would have obtained [y — |61

106



University of Anbar

College of Engineering

Department of Dams & Water Resources Eng.
Phase: 2

Semester | (2019-2020)

338 Chapter 5 Plane Kinematics of Rigid Bodies

Dynamics (DWE2304)
Dr. Ahmed T. Noaman
Dr. Ghassan S. Jamil

Sample Problem 5/2

The pinion A of the hoist motor drives gear B, which is attuched to the
hoisting drum. The load L is lifted from its rest position and acquires an upward
velocity of 3 ft/sec in a vertical rise of 4 1t with congtant accelerntion. As the load
passes this position, compute {a) the acceloration of point C on the cable in con-
tact with the drum and (b} the angular velocity and angular acceleration of the
pinion A

Solution. (a) If the cable does not slip on the drum, the vertical velocity and
acceleration of the load L are, of necessity, the same as the tangential velocity v
and tangential accelerstion a, of point C. For the rectilinear motion of L with
canstant acceleration, the n- and t-components of the scceleration of C become

[ = 2as] a = a; = 22 = 3H204)] = 1.125 f/sect
1) [a, = v¥r] a, = 3324/12) « 4.5 fLsec”
le = Jo,f+af ap = J45)¥ + (112561 « 4.64 fisec! Ana.

(b) The angular motion of gear A is determined fram the ungular motion of gear
B by the velocity vy and tangentinl acceleration ¢, of their common point of con-
tact, First, the angular motion of gear # is determined from the motion of point
' on the attached drum, Thus,

&= rm] wy = pir = 3/124/12) = 1,6 rad/sec
(e, = ra] ap = a,lr = L126/(24/12) = (.562 rad/sec’

Then from vy = rpe, = rpwgand o, = rya, = rgag, we have

T 1812

= — = = r
wy '_Aulg &1215 4.5 rod/sec OW Ans.
i = By = 1—8'-180582=1888rad}aec"cw Ans.
A 612

Helpful Hint

(I',' Rocogmae that a point om the cahle
changes the direction of ita velocity
after it cantacta the drom and seguires
i normal component of aceeloration

o, = 1,125 M/sec*
3 o
"’3/ / a,, =4 5 fi/sect

a,{ 1
J

PO P LT ."v‘?o=1.l%hfsec’

Sample Problem 5/3

The right-angle bar rotates clockwise with an angular velocity which 15 de-
creasing at the rate of 4 rad/s®, Write the vector expressions for the velocity and
acceleration of point A when w =~ 2 rad’s.

Solution. Using the right-hand rule gives
@ = —2kroad’s and a = +4k rad/s?
The velocity and accelerntion of A become

Iv=wxr] v=—2k x (0.41 + 0.3)) = 0.60 — 0.8 m's Ans.
8, ~wX@xr] a « -2k x (060 08 « - 16 - 1.2) ms*

(&, ~ axr| a ~ dk x (041 4 0.3)) » ~1.2i + 1.6) m/s*

[a=a +a] A~ —28i + 0.4f m/s? Ans.
The magnitudes of v and & are

ve 068408 e 1mis and o= (2874 047 - 283 mist
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