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Chapter 1 Ordinary Differential Equations

Introduction:
A differential equation is an equation that involves one or more derivatives, or
differentials. Differential equations are classified as:

a) Type (ordinary or partial),

b) Order (which is the highest order derivative that occurs in the equation),

c) Degree (the exponent of the highest power of the highest order derivative, after
the equation has been cleared of fractions and radicals in the dependent variable
and its derivatives).

For Example:

3 2 2 5
d’y + dy + 2y =e"
dx’ dx’ x°+1
is an ordinary differential equation, of order three and degree two.
Only "ordinary" derivatives occur when the dependent variable y is a function of

a single independent variable x. On the other hand, if the dependent variable y is a
function of two or more independent variables, like

y=f(x0),

where x and ¢ are independent variables, then partial derivatives of y may occur. For
example,

is a partial differential equation, of order two and degree one, (It is one-dimensional
"wave equation").
Many physical problems, when formulated in mathematical terms, lead to
differential equations. For example,
2
m d’x =0, m
dt’ dt

describes the motion of a projectile (neglecting air resistance).

Indeed, one of the chief sources of differential equation is Newton's second law:

d
F=""(mv),
= (mv)

where F'is the resultant of the forces acting on a body of mass m and v is its velocity.
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Solutions of Differential Equations (D.E):

A function

y=fx

is said to be a solution of a D.E if the latter is satisfied when y and its derivatives are
replaced by f{x) and its corresponding derivatives. For example, if C: and C: are any
constants, then

y=C, cosx+C,sinx (1a)

1s a solution of the D.E

2

d
dx2y+y=o (1b)

A physical problem that translates into a D.E usually involves additional
conditions not expressed by the D.E itself. In mechanics, for example, the initial
position and velocity of the moving body are usually prescribed, as well as the forces.
The D.E, or equations, of motion will usually have solutions in which certain arbitrary
constants occur, as shown in (Eq. 1a) above. Specific values are then assigned to these
arbitrary constants to meet the prescribed initial conditions.

A D.E of order n will generally have a solution involving » arbitrary constants.
This solution is called the general solution. Once the general solution is known, it is
only a matter of algebra to determine specific values of the constants if initial
conditions are also prescribed.

The following topics will be considered for ordinary differential equations
solution.

1. First order.
a) Variable separable. ¢) Homogeneous.
b) Exact differentials. d) Linear.

2. Special types of second order.

3. Linear equations with constant coefficients.
a) Homogeneous.
b) Inhomogeneous.
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1.1 First Order Ordinary Differential Equations

1.1.1 Variable Separable Differential Equations:

Any D.E that can be written in the form

P(x)+0(»)y'=0

Is a separable equation, (because the dependent and independent variables are
separated). We can obtain an implicit by integrating with respect to x.

jp(x).dx + JQ(y).il—j;.dx =c

J P+ [O)dy =c

Example: Consider the D.E y'=xy>. We separate the dependent and independent
variables and integrate to find the solution.

dy 2
- =X
s Yy

Example: The equation y'= y - y? is separable.

yl
=1
(y—y2 J

We expand in partial fraction and integrate.

(1 1 j ,
- y'=1
y y-1

1n|y|—ln|y—l|:x+c
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We have an implicit function for y(x). Now we solve for y(x).

In

P ox+e
y—l‘

Example: Consider the D.E (xp® +x)dx + (3x” + y)dy = 0.We separate the dependant and
independent variables and integrate to find the solution.

x(y* +1)dx+ y.(x> +Ddy =0

x.dx y.dy .
——=—— Multiply by 2 and Integrate
x°+1 vy +1

In(x* +1)+In(y* +1) =c
In(x* +1).0> +)=c=> x> +1).(p° +)=e° =C

Example: Solve the following D.E ?

(4y - cosy).d—y —-3x* =0
dx

(4y - cosy).d—y =3x’
dx

(4y —cos y).dy =3x".dx
J.(4y —cosy)dy = I3x2.dx

2 3 3

4 .
Y —smy:%+c

2
2y’ —siny=x"+c
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(1.1.2) Exact differential equations:
Any first order ordinary D.E's of the first degree can be written as the total D.E,
P(x,y).dx+0(x,y)dy =0.

If this equation can be integrated directly, that is if there is a primitive, u(x,y), such
that,

du=Pdx+Qdy,
then this equation is called exact. The (implicit) solution of the D.E is
u(x,y)=c,

where c is an arbitrary constant. Since the differential of a function, u(x,y), is

P and Q are the partial derivatives of u:

ou ou
P s = > X, =
(x, ) . O(x, ) 3
In an alternative notation, the D.E
du Ou Ou Oy dy
—=_—+t_. = P s + s .
= o o (x, »)+O(x, ) o

The solution of the D.E is u(x,y) = c.

Example:
dy
+y.—=0
XTYy dx

1s an exact D.E since

%(%(xz +y2)j = x+y.%
The solution of the D.E 1s
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SOyt =c

Example: Let f(x) and g(x) be known functions.
g(x).y'+g'(x).y = f(x)

is an exact D.E since

i(g(X)-y(X)) =gy+eg'y .

dx

The solution of D.E is

2(0).y(x) = [ f(x).de+c

c

1
P(x) = prons j F(x)dx + prony

A necessary condition for exactness. The solution of the Exact equation P+Q.y'=0

1s u=c where u is the primitive of the equation Z—u =P+Q.y'. At present the only
X

method we have for determining the primitive is guessing. This is fine for simple
equations, but for more difficult cases we would like a method more concrete than
inspiration. As a first step toward this goal we determine a criterion for
determining if an equation is exact.

Consider the exact equation,
P+Q.y'=0,

with primitive u, where we assume that the function P and Q are continuously
differentiable. Since the mixed partial derivatives of u are equal,

0u B 0’u
8x.8y 8y6x ’ ap B a—Q

a necessary condition for exactness is = :
oy Ox

Example: Prove that the following D.E is exact?
Y dx+2xydy =0

P=y’ 0 =2xy
oy ox
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..OP _ 00
"oy ox

D.E is exact

Example: Prove that the following D.E is exact and find the general solution?

Gx*y+2xy)dx+ (x> + x> +2y)dy =0

P=3x"y+2xy O=x"+x"+2y
a_P:3x2+2x 8—Q=3)62+2)C

oy ox

8_P:@ .. DE is exact

oy Ox

a—u=P=3xzy+2xy ........................... Q)
ox

ou 3 2

— =0=X" X" +2Y i (2)
o

by integrating eq. (1) with respect to x we get

u=xy+x’y+c

U=XYHFXYHOV) i 3)
by deriving eq. (3) with respect to y we get

Oou

— =X X HB(Y) (4)
oy

and by equalizing eq. (4) with eq. (2) we get

AT+ () =x"+x>+2y
P'(y)=2y

[#()=2y

p(y) =y’ +c

and by substituting ¢(y)in eq. (3) we get the General solution as,

u(x,y)=x"y+x’y+y’ +c

Example: Prove that the following D.E is exact and find the general solution?
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(cosx + ysin x).dx = cosx.dy
(cosx + ysinx).dx —cosx.dy =0

P =cosx+ ysinx Q =-cosx
a_stinx a_Qz—(—SinX):Sinx
oy 0x
6_P:@ .. DE is exact
oy Ox
a—u:chosx+ysinx ........................... )]
0x
a—u:Qz—cosx ........................... (2)
oy

by integrating eq. (1)

U=8SINX—YCOSX+P(V) eririiiiiiiiiianinnanns 3)
by deriving eq. (3) partially to y
a—uz—cosx+¢5'(y) ........................... 4)
oy

by equalizing eq. (4) to eq. (2) we get
—cosx+¢@'(y)=—-cosx = ¢'()=0 = @) =c

by substituting ¢(y) in eq. (3)
u=sinx—ycosx+c general solution

Example: Prove that the following D.E is exact and find the general solution?

(xycosxy +sinxy).dx + (x” cosxy +e”).dy =0

P = xycosxy + sin xy O =x’cosxy +e”
oP : oQ .
— =—X.).X.8In Xy + X.COS X} + X.COS Xy —= =-x".y.sinxy + 2x.cosxy
oy Oy
6_P:8_Q S DE is exact
oy 0x
ou .
P=—=Xxycosxy+SiNXy ..c..cceeviviiiiiiininnnn.. @D
0x
ou 5
O=—=x"cosxy+e’ i (2)
oy
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by integrating eq. (2) with respect to y

u=x.smxy+e’ +P(x) i, 3)

drive eq. (3) paritially with respect to x

2—” =X.).COSXY +SINXY +@'(X) cvvviiriiiinininns 4)
X

by equalizing eq. (4) with eq. (1) we get
X.y.cosxy +sinxy +¢'(x) =xycosxy +sinxy = ¢'(x)=0 = ¢d(x)=c

u=x.sinxy+e’ +c which is the general solution.

(1.1.3) Homogeneous differential equations:

Homogeneous coefficient, first order D.E's form another class of soluble eqs. We
will find that a change in dependant variable will make such eqs. separable or we can
determine an integrating factor that will make such eqs. exact. First we define
homogeneous functions.

dy _ z)
dx f(x

Example: Solve the homogeneous D.E?

10
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Example: Solve the homogeneous D.E?

X4y’
xX.y
2 2
dy _x"
dx xy xy
dy_x_ »
dx y x
Let v=2
X
d
—y:v+x.ﬂ
dx dx

Vtx—=—+
dx v

dv 1 X

P >

dx v dx

dx

— = |vdv
—=]

Inx =~ =2(Inx+c,) =V’

2
2(nx+c)= (Zj = 2lnx +2¢,
x

M)

2

Y

2
X

2
Inx>+C=2- = 3> =x*(lnx*+C)
X

Example: Solve the homogeneous D.E?
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2xyy'-y +x> =0
2

2xy dy y' %

2 2 2
x° dx x° x

2
Z—y.d—y—(lj 120 oo (1)
x dx X

Let v=Z = ﬂ=v+x.ﬂ = 2 v+x.ﬂ v +1=0
X dx dx dx

2.2 +2.x.v.ﬂ—v2 +1=0 = 2.)c.v.ﬂ+v2 +1=0
dx dx

_ 2
2o - 0P+l == O +1)
dx dx 2v.dv
dx 2v.dv dx 2v.dv
e :.[ a
x -+ x v+l

~Inx+c=In(*+1) = Inx"'+c=In(*+1)

1

= " e

c 2
—:[zj +1
X X

-1 2 2
e(lnx +c) — eln(v +1) c :eln(v +1)

xte=vi+l =

2
Y
—+1
X2

x
(1.1.3.1) Equations reducible to homogeneous form:
Certain equations of the form

dy ax+by+c
dx Ax+By+C

can be reduced to the homogeneous form by substitution of

dy dY
dx  dX
dY a(X+h)+b(Y+k)+c  aX+bY+ah+Dbk+c
dX_A(X+h)+B(Y+k)+C_AX+BY+Ah+Bk+C

x=X+h yv=Y+k, then

where,

ah+bk+c=0
Ah+Bk+C=0

Example: Solve the following D.E?

12



Chapter 1 Ordinary Differential Equations

dy x+2y-3

E_2x+y—3

assume x=X+h yv=Y+k

dY X+h+2(Y+k)-3 X+2Y+h+2k-3
dX 2AX+h)+Y+k-3 2X+V+2h+k-3

h+2k=3=0

2h+k-3=0

3k-6+3-3=0 = k=1 = h=1
v _x+2r

dX 2X+Y

AV X+20X 142V
dX 2X+VX 24V

2
wdv 1w 1y

V+X

E_2+V _2+V
(2+v3dV _g§_:3 2+V A . B AQ+V)+B(1-V)
1-V? X 1-V? 1=V 1+V 1-V*

2+V =A0+V)+B(1-V)
2+V =V(A-B)+A+B

A-B=1
A+B=2
24=3 = A:E , le
2 2
3dV ldV
9 9 _dX 3dV av dX

1=y ey x T 2=y 2041 X
3av 4y _2ax

-y (+V) X
3n(-V)+In(1+V)=2In X

In(1-7V)> +In(1+V)-InX*=C

ln(1+V)3 X’=C = 1In 21+V -
In(1-7) X (1-7)
1+£ X+Y
X (1-7) 2 Y , (X =Y) (X-7)
X (1-—) x>t
X X
x=X+h=X+1 = X=x-1 = Y=y-1
x—=1+y+1 x+y—-2

> = 3 =C
[x=1-(y-D)] (x-)

13
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(1.1.4) The First Order, Linear Differential Equations:

(1.1.4.1) Homogeneous Equations:

The first order, linear, homogeneous D.E has the form

d
L4 p(x).y=0
dx

We can solve any equation of this type because it is separable.

'

Y

—=-p(x)dx
y
ln|y| = —I p(x)dx+c
y= ie*jp(x).derc
y= ce 1P
Example: Consider the equation
dy 1
—+—-y=0
dx x 4
WLPS
y=ce Pt = y(x)y=ce * , for x#0
) =ce™

ﬂm=f = =S
)C| X

(1.1.4.2) Inhomogeneous Equations:

The first order, linear, inhomogeneous D.E has the form

dy B
R p(x).y = f(x)

14
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There are two ways for linear inhomogeneous D.E.

d
D Z+p(0).y = F()
the solution of this D.E is:

I(x) = ef P(¥)ax
[().y=[I1x)f(x)dx +c
2) % +p().x=f()

the solution of this D.E is:

I(y) — efp(y)dy

I).x=[IWf)dy +c

Examplel: consider the D.E

. r _.2
I(x)= exp(jidxj =™ = x Solution to y' + y/x =x

' 1 2
y+—y:x , X>oO.
X

First find the integrating factor.

then, multiply by the integrating factor and integrate.

I(x).y=j1(x)f(x)dx+c
1
x.y=jx.xzdx+c=jx3dx+c=zx4+c
1 c

= — 3-|-—
y 4x X

Note that the general solution to the D.E is a one-parameter family of functions. The
general solution is plotted in the figure above for various values of c.

Example2: Solve the following linear D.E?

15
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d—y+2y:c0sx
dx

px)=2 f(x)=cosx

[(X) — ejp(x).dx — eIZ.dx — er
1(x).y = [1(2).f (x)dx +c
ez".y:J‘ez".cosx.dx+c ............................ 1)

Iezx.cosx.dxzu.v—jv.du integration by part

Let u=e* = du=2e".dx

dv=cosx.dx = v=jcosx.dx=sinx
Iezx.cosx.dx:ezx.smx—ZIezx.smx.dx

Also J.ezx.sinx.dxzu.v—J.v.du integration by part

Let u=e* = du=2e".dx

dv=sinx.dx = v:_[sinx.dx:—cosx
Iezx.smx.dx = —ezx.cosx—J.—cosxlez".dx

e**.sinx.dx = —e**.cosx + 2I— cosx.e’.dx

e**.cosx.dx = e**.sin x — 2[— e .cosx + 2Iezx.cosx.dx]

2x

Iezx.cosx.dx =e*.sinx+2e**.cosx — 4Iezx.cosx.dx
Ie .cosx.dx + 4Ie2x.cosx.dx =e*.sinx +2e**.cosx
5

Iez".cosx.dx =e*.sinx+2e**.cosx

> .sinx+2e* .cosx

jezx.cosx.dx:

5
substitute in eq. (1)
. e’ .sinx +2e**.cosx
ey= +c

5
Example3: Solve the following linear D.E?

dy

Loy =%
dx+ y=e
Sol/

p(x) =2 fx)=e™™

I(x) = e/ Pdx — pf2dx — g2x

16
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1),y = jl(x).f(x)dx+c
e?* y = jezx.e‘xdx = jexdx =e*+c

e?*.y=e*+c

Example4: Solve the following linear D.E?

dy
2 L _y= x/2
dx y=e

Sol/

d_y_l =1ex/2

dx 2 2

1 1
= — — = — x/2
pe)=-3 ) =ge

](x) — efp(x)dx — ef—l/Z dx — e—x/z
[(x).y = jl(x).f(x)dx +c

e ¥/2 y = je‘x/z.%ex/z = §+c

X
e‘x/z.y=5+c

Example5: Solve the following linear D.E?

xdy+ydx =sinxdx

Sol/
xdy+ydx—sinxdx =0
xdy+ (y—sinx)dx \x.dx
p >
_y_l_y smx=0
gx X
sin x
dy y sinx_

dx x X
dy+1 _sinx
dx xy_ X

= fG)=

sin x

X

I(x) — efp(x)dx — ef—l/x dx — pln(x) = 4

I(x).y = jl(x).f(x)dx p

sinx _
xy=|[]x dx = | sinx dx = —cosx + ¢
by

17
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X.y=—cosx+¢c¢
Example6: Solve the following linear D.E?

(x—2y)dy+ydx=0

Sol/
(x—2y)dy+ydx=0 /(x-2y)dx
dy y

- =0
dx+x—2y

dy ___ Y

dx x—2y

dx  x—2y

dy y

dx  x—2y

o x 2

X X X

—— == _y=__+2
dy —y Yy y
dx+1

—_— —X =

dy 'y .

p(y)=—; fly) =2

[(y) = e/ P08y = oJ1/ydy = gn () = y
1().x = j 1) FO)dy + ¢

y.x=jy.2dy+c=y2+c
y.x =y%*+c¢

(1.1.4.3) Equation reducible to liner form (Bernoulli's equation):

The Eq. of the form z—y+P. y=0.y" can be reduced to linear form by dividing by y”
X

and substituting z = y'™" .

d n
Y iPy=0y
dx
y".y'+P.y1”: ,
dz
7 = 1-n Z_=n.v"
n (I-n).y
y‘”.y':—1 % b %+Pz:Q
1-n dx -n

18
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Examplel: solve the following D.E?

d
y_3.y':—l.@ = —l.%—x.z=—e‘)62 *-2
2 dx 2 dx
dz

= 42xz=2e" which is alinear eq.
dx

Solve and re-substitute in the first eq.

Example2: solve the following D.E?

2 Z—i —% = —y3cosx +y> Bernoulli equation
dy 1
2 -3 7 -2 — _
YT 2y cos x
let 7=yl =yl=3 = =2
% — _y_3 dy
dy dx
dz 1
————2z=—cosx x-—1
dy x
dz

1 )
— + =z = cosx linear D.E
dy X

1
p(x) = o f(x) = cosx
I(x) — efp(x)dx — efl/x dx — pln(x) — 4

B tu=x du=d
I(x).z = j I(x) f(x)dx dyvzi‘lt)sl(lx)X V=sliln(x);

X.Z = jx.cosxdx

X.Z = x.sinx—jsinxdx

19
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xX.Z=x.sinx +cosx + ¢
x.y~? =x.sinx +cosx +c

Applications of Firs Order

Ordinary Differential Equations

20
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Example: A cylindrical tank of radius R and height H initially filled with water. At the
bottom of the tank there is a hole of radius r , through which water drains under the
influence of gravity. Find the depth of water at any time ¢, and determine how long it

takes the tank to drain off completely?

Solution: dV = —T1.R>.dy

v(velocity)=,2gh =,2gy
C;—It/=Q=A><v = Q0=0r2gy

dv =T1r* |2 g y.dt
[r°2gy.dt =-TLR>.dy
2gy.dt=—R’.dy

,/2gy_ R? v2gy R*’

2

_1 r
-(2gvy) A.dy :F.dt

2g A B r?
gj.—(2gy) Z.dy—J.F.dt
1
Qen
%x2g R’

28y _r?

=—.1+C
g

RZ
2y

t+c

2

Y

r .o .
+ .= =——.t+c initial conditions, y=H at t=0
R

g

/ZH /2H
=0+¢c = c¢=
/Zy /ZH

To find the required time for the tank to drain completely (¢, ), we substitute  y =20,

21
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2y _ 7 2H
g R* g
r? 2H
O:—?.lo —
g
_|2H R?
o g 1”2

Example: A spherical (half ball) tank of radius R initially filled with water. At the
bottom of the tank there is a hole of radius r, through which water drains under the
influence of gravity. Find the depth of water at any time ¢, and determine how long it
takes the tank to drain off completely?

Solution: dV =-T1x’* dy water loose
dv =\2gy.T1r* dt water outlet

N2gy. TIridt =-T1x* dy
J2gy. ridt=—x"dy
J2gy. ridt=(y° -2Ry)dy

J2g. rdi= (»* —2Ry)dy

Jy
[V2g. rdt =f(y% ~2Ry)dy

2g. rz.t:%y%—2Ry%><z+C 2 _ 2 2
3 3 R =x"+(R-y)
i 7 :Ry/ 2g. r’t+c ¥ =R - (R-y)°
2=R*—(R*-2Ry+y?
initial condition:at t=0 y=R x2 ( ) yer
x"=2Ry-y
2075 8RR —04e
5 3
(———)R/=c
15
i % ij/ V2g. r’ t+15R/

22
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Example: a body falls in a medium with resistance proportional to speed at any instant.
If the limiting speed is 50 f#/sec and the speed of the body decreases to half (25 fi/sec)

after (1 sec), what was the initial velocity?
Solution:

Force = mass X acceleration
dv

F = m s Newton's second law
t

mg—kv=mj;

@Jr&v:g = linear differential equation
dt m

k
ng H P=—

m

k k
[ pa [—dt —.t
I=e = [I=e™” = [I=e™

Ly= jI.Q.dr = Lv= _[I.Q.dt

51 —.t
e v=|e” .g.dt+c
k, k k

e .v:g~%-e;t +c and dividing by en’

Initial conditions :

att=0 = v=50 ft/sec
0_8&m ¢

50=8", ?

em

att=1 = v=25 ft/sec

25=8", ¢ 5 &M, C
k L g.m g.m
em 57() eSO.m

23

= 50= +— = k==

Falling body
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Structural Applications:

s
Y=0 Y=0 Y=0 Y=0
Y'#£0 Y'#£0 Y'#£0 Y'=0
M#£0 M=0 M=0 M#£0
V#0 V#0 V#0 V#0
VYVYVVVVVVVVYVYVYY El y = Deflection
Ely' = Rotation
Ely" = Moment
z,ioo ¥,= 00 EI y'"' =Shear
= v _
V=0 V£0

24
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Example: Find the equation of the deflection curve of the beam shown below?

. w
Solution:
EIyW:w.; Load equation
sz
Ely"'= + ¢,
Lo
Ely"= ol +c¢ x+c,
. owx? x’
Ely'= Yy +017+02x+c3
w.x5 x3 x°
E1y=1201+c1?+027+c3x+c4
Initial Conditions:
at x=10 y=20
0 0
0=20,60, 60 0)ire, = ¢,=0
120/ 6 2
at x=10 y'"=0
0=w+cl(0)+c2 = ¢, =0
6!/
at x=1 y=20
5 3 2 4 3
o=@ ad) ou e, 0)+0 = Y e e 120 (1)
120/ 6 2 120
at x=1 y'=0
w(l*) ¢ (1) wil® I?
OZTI+IT+(O)I+C3 = o FC—FC=0 s (2)

Solve equation (1) and (2) to find c; and c;

25
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3 2
%+cl%+c3: ............................... (') dividing eq (1) by [
wi’ 12
2 +c, 5 +03=0 (2)

Another way to solve the previous example is by starting with the moment equation:

Ely'=-M

Ely”?[(“‘%wxz_z(%x)ﬂ 4 lllmS

3

EIy'=—Rx+> @
61 3" 3

R R | 3
Ely'=—R—+ +¢ \ %
2 241
x3 5 X
Ely=—-R—+ +¢ x+c
I o 0TTe
at x=10 y=20

0=0+0+0+c, = ¢,=0

at x=1 y=20
3 5 3 4

0=—ﬂ wi +¢l+0 = —£+Wl +C1=0 )
6 120/ 6 120

at x=1 y'=o0
2 4 2 3

0=—- Z—+—+cl = —Rl—+ﬂ+ =00 2)
2 [ 2

Solve Equation (1) and (2) to find c; and substitute in the deflection equation.
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Example: For the cantilever beam shown below find the deflection curve?

Solution: w
Ely"= _Wx(gj VVVVVVVVVVVVVVY
sz L
Ely'=- >
y ) .
n_ W)C2 Y" =0 Y =0
2E] Y" =0 Y'=0
_ wx3
YT TRl
4 w
y=- Yy Ax+B
24E1
VVYVVVVV/VVVVVVVY
at x=1 y=20 x T
2 2
I il
w
=— +AI+B 1
24EI % *

— =
6FE]1 6E1

Substitute in eq. (1)

wi wl3 wi* wi* 3 wl4
0=- H+B =
24E1 6E1 T24EI 6EI 24 EI
3 4
y=- wx' WI (x )—i wi complete solution

24EI 6E1 24 EI

27



