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Introduction: 

A differential equation is an equation that involves one or more derivatives, or 
differentials. Differential equations are classified as: 
 

a) Type (ordinary or partial), 
b) Order (which is the highest order derivative that occurs in the equation),  
c) Degree (the exponent of the highest power of the highest order derivative, after 

the equation has been cleared of fractions and radicals in the dependent variable 
and its derivatives). 

 

For Example: 
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is an ordinary differential equation, of order three and degree two. 
Only "ordinary" derivatives occur when the dependent variable y is a function of 

a single independent variable x. On the other hand, if the dependent variable y is a 
function of two or more independent variables, like 
 

),,( txfy =  
 

where x and t are independent variables, then partial derivatives of y may occur. For 
example, 

2

2
2

2

2

x
ya

t
y

¶
¶

=
¶
¶  

 
is a partial differential equation, of order two and degree one, (It is one-dimensional 
"wave equation").  

Many physical problems, when formulated in mathematical terms, lead to 
differential equations. For example, 
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describes the motion of a projectile (neglecting air resistance). 

 
Indeed, one of the chief sources of differential equation is Newton's second law: 

 
)(mv

dt
dF = , 

 
where F is the resultant of the forces acting on a body of mass m and v is its velocity. 
 
 



Chapter 1                                                                           Ordinary Differential Equations 
___________________________________________________________________________  

 3 

 
 
 
Solutions of Differential Equations (D.E): 
 
A function        

)(xfy =  
 

is said to be a solution of a D.E if the latter is satisfied when y and its derivatives are 
replaced by f(x) and its corresponding derivatives. For example, if C1 and C2 are any 
constants, then 
 

xCxCy sincos 21 +=                                                                                        (1a)  
 
 is a solution of the D.E 
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                                                                                                   (1b) 
 

 A physical problem that translates into a D.E usually involves additional 
conditions not expressed by the D.E itself. In mechanics, for example, the initial 
position and velocity of the moving body are usually prescribed, as well as the forces. 
The D.E, or equations, of motion will usually have solutions in which certain arbitrary 
constants occur, as shown in (Eq. 1a) above. Specific values are then assigned to these 
arbitrary constants to meet the prescribed initial conditions.  

A D.E of order n will generally have a solution involving n arbitrary constants. 
This solution is called the general solution. Once the general solution is known, it is 
only a matter of algebra to determine specific values of the constants if initial 
conditions are also prescribed. 
 

The following topics will be considered for ordinary differential equations 
solution. 
 

1. First order. 
a) Variable separable.                                  c) Homogeneous. 
b) Exact differentials.                                   d) Linear.  

 

2. Special types of second order. 
 

3. Linear equations with constant coefficients. 
a) Homogeneous. 
b) Inhomogeneous. 
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1.1 First Order Ordinary Differential Equations 
 
1.1.1 Variable Separable Differential Equations: 
 
Any D.E that can be written in the form 
 

 
 
Is a separable equation, (because the dependent and independent variables are 
separated). We can obtain an implicit by integrating with respect to x. 
 

cdx
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Example: Consider the D.E 2' xyy = . We separate the dependent and independent 
variables and integrate to find the solution. 
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Example: The equation 2' yyy -=  is separable. 
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We expand in partial fraction and integrate. 
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We have an implicit function for y(x). Now we solve for y(x).  
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Example: Consider the D.E 0)()( 22 =+++ dyyyxdxxxy .We separate the dependant and 
independent variables and integrate to find the solution. 
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Example: Solve the following D.E ? 
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Multiply by 2 and Integrate 
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(1.1.2) Exact differential equations: 
 

Any first order ordinary D.E's of the first degree can be written as the total D.E, 
 

0).,().,( =+ dyyxQdxyxP . 
 
If this equation can be integrated directly, that is if there is a primitive, u(x,y), such 
that, 
 

dyQdxPdu .. += , 
 
then this equation is called exact. The (implicit) solution of the D.E is 
 

cyxu =),( , 
 
where c is an arbitrary constant. Since the differential of a function, u(x,y), is  
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P and Q are the partial derivatives of u: 
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In an alternative notation, the D.E 
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The solution of the D.E is u(x,y) = c. 
 
Example:  
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cyx =+ )(
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Example: Let f(x) and g(x) be known functions. 
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is an exact D.E since 
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The solution of D.E is  
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Consider the exact equation, 

P + Q . y' = 0 , 
 
with primitive u, where we assume that the function P and Q are continuously 
differentiable. Since the mixed partial derivatives of u are equal, 
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a necessary condition for exactness is 
 

Example: Prove that the following D.E is exact? 
022 =+ dyyxdxy   
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A necessary condition for exactness. The solution of the Exact equation P+Q.y'=0 
is u=c where u is the primitive of the equation . At present the only 

method we have for determining the primitive is guessing. This is fine for simple 
equations, but for more difficult cases we would like a method more concrete than 
inspiration. As a first step toward this goal we determine      a criterion for 
determining if an equation is exact.  

 



Chapter 1                                                                           Ordinary Differential Equations 
___________________________________________________________________________  

 8 

exactisED
x
Q

y
P .\

¶
¶

=
¶
¶

!   

 
 
Example: Prove that the following D.E is exact and find the general solution? 
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by integrating eq. (1) with respect to x we get 
 

)3()(23

23

!!!!!!!!!yyxyxu
cyxyxu
f++=

++=  

 
 by deriving eq. (3) with respect to y we get 
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and by substituting )(yf in eq. (3) we get the General solution as, 
 cyyxyxyxu +++= 223),(  
 
Example: Prove that the following D.E is exact and find the general solution? 
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Example: Prove that the following D.E is exact and find the general solution? 
 

)2(cos

)1(sincos

.

cos.2sin..cos.cos.sin...

cossincos
0).cos().sincos(

2

2

2

2

!!!!!!!!!

!!!!!!!!!

"

y

y

y

exyx
y
uQ

xyxyyx
x
uP

exactisED
x
Q

y
P

xyxxyyx
y
Qxyxxyxxyxyx

y
P

exyxQxyxyyxP
dyexyxdxxyxyyx

+=
¶
¶

=

+=
¶
¶

=

\
¶
¶

=
¶
¶

+-=
¶
¶

++-=
¶
¶

+=+=

=+++

 

 



Chapter 1                                                                           Ordinary Differential Equations 
___________________________________________________________________________  

 10 

.sin.
)(0)('sincos)('sincos..

)1(.)4(.

)4()('sincos..

)3(.
)3()(sin.

)2(.int

solutiongeneraltheiswhichcexyxu
cxxxyxyyxxxyxyyx

getweeqwitheqequalizingby

xxyxyyx
x
u

xtorespectwithparitiallyeqdrive
xexyxu

ytorespectwitheqegratingby

y

y

++=\

=Þ=Þ+=++

++=
¶
¶

++=

fff

f

f

!!!!!!!

!!!!!!!!!

 

 
 
 
(1.1.3) Homogeneous differential equations: 
 

Homogeneous coefficient, first order D.E's form another class of soluble eqs. We 
will find that a change in dependant variable will make such eqs. separable  or we can 
determine an integrating factor that will make such eqs. exact. First we define 
homogeneous functions. 

 
 
 
Example: Solve the homogeneous D.E? 
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Example: Solve the homogeneous D.E? 
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Example: Solve the homogeneous D.E? 
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(1.1.3.1) Equations reducible to homogeneous form: 
 
Certain equations of the form 
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Example: Solve the following D.E? 
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(1.1.4) The First Order, Linear Differential Equations: 
 
 
(1.1.4.1) Homogeneous Equations: 
 

The first order, linear, homogeneous D.E has the form 
 

 
 
 

We can solve any equation of this type because it is separable. 
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Example: Consider the equation 
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(1.1.4.2) Inhomogeneous Equations: 
 

The first order, linear, inhomogeneous D.E has the form 
 

𝑑𝑦
𝑑𝑥 + 𝑝 𝑥 . 𝑦 = 𝑓(𝑥) 
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There are two ways for linear inhomogeneous D.E. 

1)  +,
+-
+ 𝑝 𝑥 . 𝑦 = 𝑓(𝑥) 

the solution of this D.E is: 

           𝐼 𝑥 = 𝑒 0 - +- 

          𝐼 𝑥 . 𝑦 = 𝐼 𝑥 𝑓(𝑥) 𝑑𝑥 + 𝑐 

2) +-
+,
+ 𝑝 𝑦 . 𝑥 = 𝑓(𝑦) 

the solution of this D.E is: 

           𝐼 𝑦 = 𝑒 0 , +, 

          𝐼 𝑦 . 𝑥 = 𝐼 𝑦 𝑓(𝑦) 𝑑𝑦 + 𝑐 
 
Example1: consider the D.E 
 

 .,1' 2 oxxy
x

y !=+     

 
First find the integrating factor. 
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then, multiply by the integrating factor and integrate. 

𝐼 𝑥 . 𝑦 = 𝐼 𝑥 𝑓 𝑥 𝑑𝑥 + 𝑐 

𝑥. 𝑦 = 𝑥. 𝑥2 𝑑𝑥 + 𝑐 = 𝑥3𝑑𝑥 + 𝑐 =
1
4 𝑥

6 + 𝑐 

𝑦 =
1
4 𝑥

3 +
𝑐
𝑥 

 
Note that the general solution to the D.E is a one-parameter family of functions. The 
general solution is plotted in the figure above for various values of c. 
 
Example2: Solve the following linear D.E? 
 

Solution to y' + y/x =x2 
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Example3: Solve the following linear D.E? 
 

𝑑𝑦
𝑑𝑥 + 2𝑦 = 𝑒8- 

Sol/ 
𝑝 𝑥 = 2													𝑓 𝑥 = 𝑒8- 
 
𝐼 𝑥 = 𝑒 0(-)+- = 𝑒 2	+- = 𝑒2- 
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𝐼 𝑥 . 𝑦 = 𝐼 𝑥 . 𝑓 𝑥 𝑑𝑥 + 𝑐 

𝑒2-. 𝑦 = 𝑒2-. 𝑒8-𝑑𝑥 = 𝑒-𝑑𝑥 = 𝑒- + 𝑐 

𝑒2-. 𝑦 = 𝑒- + 𝑐 
 
Example4: Solve the following linear D.E? 
 

2	
𝑑𝑦
𝑑𝑥 − 𝑦 = 𝑒- 2 

Sol/ 
𝑑𝑦
𝑑𝑥 −

1
2𝑦 =

1
2 𝑒

- 2 
 

𝑝 𝑥 = −
1
2 													𝑓 𝑥 =

1
2 𝑒

- 2 

𝐼 𝑥 = 𝑒 0(-)+- = 𝑒 8; 2	+- = 𝑒8- 2 

𝐼 𝑥 . 𝑦 = 𝐼 𝑥 . 𝑓 𝑥 𝑑𝑥 + 𝑐 

𝑒8- 2. 𝑦 = 𝑒8- 2.
1
2 𝑒

- 2 =
𝑥
2 + 𝑐 

𝑒8- 2. 𝑦 =
𝑥
2 + 𝑐 

 
Example5: Solve the following linear D.E? 

𝑥	𝑑𝑦 + 𝑦	𝑑𝑥 = sin 𝑥	𝑑𝑥 
 
Sol/ 
𝑥	𝑑𝑦 + 𝑦	𝑑𝑥 − sin 𝑥	𝑑𝑥 = 0 
𝑥	𝑑𝑦 + (𝑦 − sin 𝑥)	𝑑𝑥     \ x.dx 
𝑑𝑦
𝑑𝑥 +

𝑦 − sin 𝑥
𝑥 = 0 

𝑑𝑦
𝑑𝑥 +

𝑦
𝑥 −

sin 𝑥
𝑥 = 0 

𝑑𝑦
𝑑𝑥 +

1
𝑥 𝑦 =

sin 𝑥
𝑥  

𝑝 𝑥 = −
1
𝑥 													𝑓 𝑥 =

sin 𝑥
𝑥  

 
𝐼 𝑥 = 𝑒 0(-)+- = 𝑒 8; -	+- = 𝑒@A	(-) = 𝑥 
 

𝐼 𝑥 . 𝑦 = 𝐼 𝑥 . 𝑓 𝑥 𝑑𝑥 + 𝑐 

𝑥. 𝑦 = 𝑥
sin 𝑥
𝑥 𝑑𝑥 = sin 𝑥 	𝑑𝑥 = − cos 𝑥 + 𝑐 
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𝑥. 𝑦 = − cos 𝑥 + 𝑐 
 
Example6: Solve the following linear D.E? 
 

𝑥 − 2𝑦 	𝑑𝑦 + 𝑦	𝑑𝑥 = 0 
Sol/ 
𝑥 − 2𝑦 	𝑑𝑦 + 𝑦	𝑑𝑥 = 0    / (x-2y) dx 
𝑑𝑦
𝑑𝑥 +

𝑦
𝑥 − 2𝑦 = 0 

𝑑𝑦
𝑑𝑥 = −

𝑦
𝑥 − 2𝑦 

 
𝑑𝑥
𝑑𝑦 = −

𝑥 − 2𝑦
𝑦  

𝑑𝑥
𝑑𝑦 = −

𝑥 − 2𝑦
𝑦  

𝑑𝑥
𝑑𝑦 = −

𝑥
𝑦 +

2𝑦
𝑦 = −

𝑥
𝑦 + 2 

𝑑𝑥
𝑑𝑦 +

1
𝑦 𝑥 = 2 

𝑝 𝑦 = −
1
𝑦 													𝑓 𝑦 = 2 

𝐼 𝑦 = 𝑒 0(,)+, = 𝑒 ; ,	+, = 𝑒@A	(,) = 𝑦 

𝐼 𝑦 . 𝑥 = 𝐼 𝑦 . 𝑓 𝑦 𝑑𝑦 + 𝑐 

𝑦. 𝑥 = 𝑦. 2	𝑑𝑦 + 𝑐 = 𝑦2 + 𝑐 

𝑦. 𝑥 = 𝑦2 + 𝑐 
 
 
(1.1.4.3) Equation reducible to liner form (Bernoulli's equation): 
 
The Eq. of the form nyQyP

dx
dy .. =+  can be reduced to linear form by dividing by ny  

and substituting nyz -= 1  . 
 

QzP
dx
dz

ndx
dz

n
yy

dx
dyyn

dx
dzyz

QyPyy

yQyP
dx
dy

n

nn

nn

n

=+
-

Þ
-

=

-=\=

=+

=+

-

--

--

..
1
1.

1
1'.

.).1(

,.'.

..

1

1

!
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Example1: solve the following D.E? 
 

.2.2

..
2
1.

2
1'.

'.2

.'.

..

2

2

2

2

3

32

23

3

eqlinearaiswhichezx
dx
dz

ezx
dx
dz

dx
dzyy

yy
dx
dzyz

eyxyy

eyyx
dx
dy

x

x

x

x

-

--

--

---

-

=+

-=--Þ-=

-=Þ=

-=-

-=-

 

 
Solve and re-substitute in the first eq. 
 
Example2: solve the following D.E? 
 

2	 +,
+-
− ,

-
= −𝑦3 cos 𝑥      ÷ 𝑦3  Bernoulli equation 

 

2𝑦83
𝑑𝑦
𝑑𝑥 −	

1
𝑥 𝑦

82 = − cos 𝑥 
 
𝑙𝑒𝑡			𝑧 = 𝑦;8H = 𝑦;83 = 𝑦82 
 
𝑑𝑧
𝑑𝑦 = −	𝑦83

𝑑𝑦
𝑑𝑥 

 

−
𝑑𝑧
𝑑𝑦 −

1
𝑥 	𝑧 = − cos 𝑥					 ∗ −1 

 
+J
+,
+ ;

-
	𝑧 = cos 𝑥	 linear D.E 

 

𝑝 𝑥 =
1
𝑥 											𝑓 𝑥 = cos 𝑥 

 
𝐼 𝑥 = 𝑒 0(-)+- = 𝑒 ; -	+- = 	 𝑒@A	(-) = 𝑥	 
 

𝐼 𝑥 . 𝑧 = 𝐼 𝑥 𝑓(𝑥)𝑑𝑥 

𝑥. 𝑧 = 𝑥 . cos 𝑥 𝑑𝑥 

𝑥. 𝑧 = 𝑥. sin 𝑥 − sin 𝑥 𝑑𝑥 

*-2 

By part u=x    du=dx 
dv=cos(x)  v=sin(x) 



Chapter 1                                                                           Ordinary Differential Equations 
___________________________________________________________________________  

 20 

 
𝑥. 𝑧 = 𝑥. sin 𝑥 + cos 𝑥 + 𝑐 
𝑥. 𝑦82 = 𝑥. sin 𝑥 + cos 𝑥 + 𝑐 
 
 
 
 

 
 

 

 

 

Applications of Firs Order  

Ordinary Differential Equations 
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Example: A cylindrical tank of radius R and height H initially filled with water. At the 
bottom of the tank there is a hole of radius r , through which water drains under the 
influence of gravity. Find the depth of water at any time t , and determine how long it 
takes the tank to drain off completely? 
 
Solution: dyRdV .. 2P-=  
 

g
Ht

R
r

g
y

g
Hcc

g
H

tatHyconditionsinitialct
R
r

g
y

ct
R
r

g
yg

ct
R
r

g
yg

dt
R
rdyyg

g
g

dt
R
rdyyg

dt
R
r

yg
dydt

R
r

yg
dy

dyRdtygr

dyRdtygr

dtygrdV

ygrQvAQ
dt
dV

yghgvelocityv

2.2

202

0,.2

.
2

.
22

1
)2(

..)2(
2
2

..)2(

.
2

.
2

..2

...2

.2

2

22)(

2

2

2

2

2

2

2

22
1

2

2
2
1

2

2
2
1

2

2

2

2

22

22

2

2

+-=

=Þ+=

==+-=+

+=-

+=
´

-

=-

=-

=-Þ-=

-=

P-=P

P=

P=Þ´==

==

òò
-

-

 

 
To find the required time for the tank to drain completely ( ot ), we substitute       y = 0, 
 
 

     r 

H 

R 

dy 

Y 
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2

2

2

2

2

2

.2

2.0

2.2

r
R

g
Ht

g
Ht

R
r

g
Ht

R
r

g
y

o

o

o

=

+-=

+-=

 

Example: A spherical (half ball) tank of radius R initially filled with water. At the 
bottom of the tank there is a hole of radius r, through which water drains under the 
influence of gravity. Find the depth of water at any time t, and determine how long it 
takes the tank to drain off completely? 
 
Solution: dyxdV 2P-=  water loose 

dtrygdV 2.2 P=  water outlet 
 

cRRy

Rytatconditioninitial

ctrgyRy

cyRytrg

dyyRydtrg

y
dyyRydtrg

dyyRydtryg

dyxdtryg

dyxdtryg

+=-

==

+=-

+´-=

-=

-
=

-=

-=

P-=P

òò

0
3
4

5
2

0:

..2
3
4

5
2

3
22

3
2..2

)2(.2

)2(.2

)2(.2

.2

.2

3
2

2
5

23
2

2
5

2
3

2
52

2
1

2
32

2
2

22

22

22

 

2
522

3
2
5

2
5

2
5

15
14..2

3
4

5
2

15
14

)
3
4

5
2(

RtrgyRy

cRc

cR

+=-

=-=

=-

 

 
 
 
 
 
 
 
 

 

r 

y 

dy R-y x 
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Example: a body falls in a medium with resistance proportional to speed at any instant. 
If the limiting speed is 50 ft/sec and the speed of the body decreases to half (25 ft/sec) 
after (1 sec), what was the initial velocity? 
 
Solution:  
 
Force = mass × acceleration 

dt
dvmF = ,    Newton's second law 

 

t
m
k

t
m
kt

m
kt

m
k

t
m
kt

m
k

t
m
kdt

m
k

dtp

e

c
k
mgv

ebydividingandce
k
mgve

cdtgeve

dtQIvIdtQIyI

eIeIeI

m
kPgQ

equationaldifferentilineargv
m
k

dt
dv

dt
dvmvkgm

.

...

..

.

.

...

...

......

,

+=

+=

+=

=Þ=

=Þ=Þ=

==

Þ=+

=-

ò

òò

òò

  

50

.50
.1.

.

25

50
.
.25.25

sec/251

50
..50.50

sec/50

:

g

m
mg

m
k

m
k

ec

e

c
mg
mg

e

c
k
mg

ftvtat

mgkc
k
mg

e

c
k
mg

ftvtat

conditionsInitial

´-=

+=Þ+=

=Þ=

=Þ
¥

+=Þ+=

=Þ¥=

¥

 

 

 

+ 
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Structural Applications: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

   
Y = 0 
Y' ≠ 0 
M ≠ 0 
V ≠ 0 

Y = 0 
Y' ≠ 0 
M = 0 
V ≠ 0 

 

 

Y = 0 
Y' ≠ 0 
M = 0 
V ≠ 0 

Y = 0 
Y' = 0 
M ≠ 0 
V ≠ 0 

 

Y = 0 
Y' = 0 
M ≠ 0 
V ≠ 0 

Y ≠ 0 
Y' ≠ 0 
M = 0 
V = 0 

EI y    = Deflection 
EI y'   = Rotation 
EI y''   = Moment 
EI y'''  =Shear 
EI yIV   = Load 
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Example: Find the equation of the deflection curve of the beam shown below? 
 
 
Solution: 
 

43

2

21

32

2

1

4

21

3

1

2

26
3

120
5.

224
.'

6
.''

2
.'''

.

cxcxcxc
l
xwyIE

cxcxc
l
xwyIE

cxc
l
xwyIE

c
l
xwyIE

equationLoad
l
xwyIE IV

++++=

+++=

++=

+=

=

 

 
Initial Conditions: 
 
at   x = 0                 y = 0 

0)0(
2
)0(

6
)0(

120
)0(0 443

21 =Þ++++= ccccc
l

w  

 
at   x = 0                 y'' = 0 

0)0(
6
)0(0 221 =Þ++= ccc
l

w  

 
at   x = l                 y = 0 

)1(...............................0
6120

0)(
2
)(0

6
)(

120
)(0 3

3

1

4

3

23
1

5

=++Þ++++= lclclwlcllc
l
lw  

 
at   x = l                 y' = 0 

)2(...............................0
224

)0(
2
)(

24
)(0 3

2

1

3

3

2
1

4

=++Þ+++= clclwcllc
l
lw  

 
 
Solve equation (1) and (2) to find c1 and c3 
 

 

 W 
 

l 

x 
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)2(...............................0
2
2

24

)1()'1(...............................0
6120

31

3

3

2

1

3

=++

=++

clclw

lbyeqdividingclclw

 

 
 
Another way to solve the previous example is by starting with the moment equation: 
 
 

21

53

1

42

3

2

1206

242
'

6
''

)
3
1(

2
1''

''

cxc
l
xwxRyIE

c
l
xwxRyIE

l
xwxRyIE

x
l
xwxRyIE

MyIE

+++-=

++-=

+-=

ú
û

ù
ê
ë

é
÷÷
ø

ö
çç
è

æ
--=

-=

 

 
at     x = 0             y = 0 
 

00000 22 =Þ+++= cc  
 
at     x = l              y = 0 
 

)1(.................................0
1206

0
1206

0 1

43

1

53

=++-Þ+++-= lclwlRlc
l
lwlR  

 
at     x = l                y' = o 
 

)2........(..............................0
242242

0 1

32

1

42

=++-Þ++-= clwlRc
l
lwlR  

 
 
Solve Equation (1) and (2) to find c1 and substitute in the deflection equation. 
 
 
 
 
 
 
 
 

R 
 

  

x 

  

 

F 
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Example: For the cantilever beam shown below find the deflection curve? 
 
Solution: 
 

BxA
IE

xwy

A
IE
xwy

IE
xwy

xwyIE

xxwyIE

++-=

+-=

-=

-=

÷
ø
ö

ç
è
æ-=

24

6
'

2
''

2
''

2
''

4

3

2

2

  

 
at   x = l       y = 0 
 

)1(.........................
24

0
4

BlA
IE
lw

++-=  

 
at   x = l       y' = 0 
 

IE
lwAA

IE
lw

66
0

33

=Þ+-=
 

Substitute in eq. (1) 
 

solutioncomplete
IE
lwx

IE
lw

IE
xwy

IE
lw

IE
lw

IE
lwBBl

IE
lw

IE
lw

434

44434

.
24
3)(

624

.
24
3

624
)(

624
0

-+-=\

=-=Þ++-=
 

 
 
 
 

 

Y''  = 0 
Y''' = 0 

Y  = 0 
Y' = 0 

l 

x 

w 

  

x 
F 

  

w 


