Chapter 2

Second Order Ordinary Differential
Equations



2. Linear Second Order Differential Equations with constant coefficients.

The General formula of a linear D.Es is:

n n—1 n-2
LR Yen Y

where P;, P, ....... P, , f(x) are functions of (x)

n n—1 n-2
A
dx dx

If f(x) = 0 then the equation is Homogeneous.
If f(x) # 0 then the equation is Nonhomogeneous.

Examples:
d’y ., dy
: +33+5y =X = Nonhomogene
2
% + 3% +5y=0 = Homogeneous
Using Operator:
4 _ operater =p - —p
—— = _ — =
d)zc perater Ix y
d*y dy
—+5—+6y=0
dx? ax Y
(D*+5D+6)y=0
if y=sin(x)
if y=sinx
dy
— = COoSX
2
TxZ = —sinx



2.1 Solution of Homogeneous Linear D.Es with constant coefficients:

Example:
d? d
d_szl_*'ald_ic/*'azy =0 = D*+a;D+a)y=0

General solution for second-order homogeneous linear D.Es:
Case 1: If m; and m; are real and distinct m; + m,

(D*+a,D+a,)y=0

(D-m)(D—-m,)y=0

let u=(D-m,)y = (D-m)u=0

Du=mu :>d—u:m1u = d—uzjmldx+c
u

dx

my x+c my x

lnu=mx+c = u=e =ce
u=D-my))y = (D-my)y=ce™”*

dy

—-my,y=ce"" <& linear D.E

dx

dy m
—+Py=0 = P=-m, O=ce"
dx

](.X) — J‘ep(x)dx — J'efmz dx — efmzx
I(x)y =j1(x).Q.dx+c2
e y= je‘mzx.cl e .dx +c,

e™y= Icl e ") dx +c,

. 1 .
e™y= .Icl e ") dx + ¢,

my —m,
(my=my).x
_ c e
e ! +c,
my,—m,
(my—my).x my X—my X+ny X
C e C e
y=- et +cemt = y=-1 +c,.e™”
my—m, my —m,

y = Cie™* 4+ C,e™* where my; #m,



Case2: If m;=m;,

(D-m)>y=0
(D-m)y(D-m)y=0
Letz=(D-m)y = (D-m)z=0
%—mz:o = %=mz = é=malx = Inz=mx+¢
dx dx z
z=e""e"=C "
mx dy mx .
D-my=z = (D-my=C e = E—myzCle < linear
P=-m 0o=C "
I(x) — '[ep(,v)dx — J‘e—mdx — e—mx
I(x)y = [1(x).0.dx +c,
e"y= J‘e””x.Cl e"".dx+c,

e y=(Cx+c,) =

y = (Cix +C,).e™ where my = m,

Case3:If mj=p+qi and m;=p—qi the characteristic equation has a
complex roots.

Let the general homogeneous Linear D.E form be :
V'Hp y+p,y=0

_—nFAn -4

m , :_%iiq

Digyx Dtigyx
y=ce ? +c,e ?
_Py . )
y=e ? [c1 e’ +c, e””]
X —iX X —IX
sinx = ;—‘e and cosx = % Euler's formula
i i

e =cosx+i.sinx

e ™ =cosx—1isinx



[c1 (cosgx—i.singx)+c,(cosqgx+i. sinqx)]

y=e ? ' [(c, +¢,) cosqgx+ (¢, —¢,)sing x]

Ly= e 2 (A cosgx+ Bsingx)

y = eP*(Acosqx + Bcosqx) where my, =p+qi
Examplel: Find the general solution of the equation: '"+7y'+12y=07?

Solution: y"+7y'+12y=0 = m’+7m+12=0
73048
2

m,, m, =—4 m, =-3

my x 3x

_ myx __ —4x -
y=Ce"" +c,e”" =Ce " +c,.e

2
Example2: Solve the equation: % — Sj—y +6y=07?
X X

Solution: m* -5m+6=0 = (m-3)(m-2)=0 = m=3 m,=2

my x

_ m x _ 3x 2x
y=Ce"" +c,.e™" =Ce" +c,.e

d2y

2
X

Example3: Solve the equation: 4 + 4Z—y +y=07?
X

Solution:

4t 1dm+1=0 = miimii=0 = 2m+1)’=0 = mlzmzz—%

1

y=(C/x+c).e"" = y=(¢x+c,))e 2

2
Example4: Solve the equation: 2 4y + 3% +4y=07?

2
X

Solution:

2m* +3m+4=0

=33 9-(4x2x4 3323 3
2x2 4 47 4
: J23 V23

y= e_ZX (ACOSTX+ BSII’ITX)

1,2



2.2 Initial Value and Boundary Value Problems

2

Example: Find the special solution of the equation: 43 L+ 16Zx_y +17y=0

2
X

Ify=1atx=0and y=0atx=mxm ?
Solution:

o l6malT =0 — ml’2:—16$\/§56—272:—1618«/—16:—1681412_21%1,

y=e (4 cosg + Bsin%) < the general solution

atx=0 y=1 = 1=¢e"(4cos0+Bsin0) = A=1
atx=nr y=0 = 0= (Ix0+Bx1) = B=0

oy X
SLy=e coS—
y ( 2)

2.3 Solutions of Nonhomogeneous Linear D.E with constant coefficients:

d” dnfl d
dxi/_'_al dx,,j;"i'az y+ .................. +a, y:f(x)

The general solution to the linear nonhomogeneous differential equation is,

y =y, +y, wWhere y, denotes the particular solution and y, associates the
homogeneous solution.

Two methods can be used for solving Second-order linear nonhomogeneous
differential equations with constant coefficient.

2.3.1 The Method of Undetermined Coefficients:
The method is initiated by assuming a particular solution of the form:
Y,(x)=4y,(x)+ 4,p,(X) +.....+ 4,,(x)
where A4, A, ..., 4, denote arbitrary multiplicative constants. These constants are

then evaluated by substituting the proposed solution into the given differential
equation and equating the coefficients of like terms.



Use the following table to find y,(x):

fx) Vp(%)
a A
ax” AX"+A X"+ ..+ Ax+ A
ae’ Ae””
acos fx y
. cos fx + Bsin
asin fx P P
ae’" cos fx N ,
_ Ae”" (B, cos fx + B, sin fx)
ae’" sin fx
ax"e™ cos fx o - ,
_ Ae” (Ax" + A,x"" +.....4 A,) (B, cos fx + B, sin fx)
ax"e” sin fx

Example: Using the table to write y, ?

) f(x)=2x = yp=Ax3+Bx2+Cx+D

2) f(x):3e“ = yp:C'ezx

3) f(x):%sin2x = y,=Acos2x+ Bsin2x

4) f(x)=sin(x)+cos(x) = y,=dAcosx+Bsinx




Example-1: solve the following D.E? "4y =8x"
Solution: y=y, +y,

to find y,
Let y"-4y=0 = homogeneous

m —-4=0 = m=-2 m,=2

y, =Ce " +Ce’”

to find y, < since f(x)=8x"

Y, = Ax* +Bx+C

y',=24x+B

y',=24

Substitute in the original equation

24-4A4x" —4Bx—4C =8x’

—4A4x* —4Bx —(4C —2A4)=8x"

and by equalizing the cons tants of the two sides of the equation
—-44=8 = A=-2

-4B=0 = B=0

—4C+24=0 = —-4C+(2x(-2)=0 = C=-1
LY, = —2x* -1

y=y,+y, = y=Ce?"+Ce’ -2x* -1

Example-2: solve the following D.E? y"-y'-6y=2¢""
Solution: y=y, +y,

to find y,
Let y"-y'-6y=0 = homogeneous
m —4m-6=0 =

~151+24

mm:f = m=-3 m,=2

Y, = Cle’3’C + Czezx
to find y,

y,= Ce™
y,==2Ce™



= 4Ce™

substitute in original equation
4Ce™ -2Ce ™ —6Ce ™ =2
—4Ce =2

-4C=2 = C:—%

1 -2x

y=yh+yp

1
y :C1 e—3x + C2 eZA _ Ee—ZX

Example-3: solve the following D.E? y'"—)'23=10cosx
Solution: y=y, +y,

to find y,
Let y"-y'-2y=0 = homogeneous

m -m-2=0 = (m+)(m-2)=0 = m=—1 m,=2
y,=Ce ™" +Ce™

to find y,

Y, =Acosx+ Bsinx

y',=—Asinx+ Bcosx

»',=—Acosx— Bsinx

substitute in the original equation

— Acosx—Bsinx+ Asinx — Bcosx—2Acosx—2Bsinx =10cosx
(-34—-B)cosx+(A—-3B)sinx=10cosx

—34-B=10 .ot )

A=3B=0 e (2) multiply by 3 and add from 1
-34-B=10

34-9B=0

—10B=10 = B=-1 substitute in eq.(1)
-34+1=10 = A4=-3
Y, =-3cosx—sinx

y=Ce ™ +C,e* —3cosx—sinx



Example-4: solve the following D.E? "-3y'+2y=¢"

Solution: y=y, +y,

to find y,
Let y"-3y'+2y=0 = homogeneous

m —3m+2=0 = m-D)(m-2)=0 = m=1 m,=2

y, =Ce" +Ce™

to find y,

v, =Ce" ® but there is aterm in the eq. of y, which is also Ce" so we multiply y, by x
y,=Cxe

y',=Cxe"+Ce" =C(e" +xe")

y',=Cxe" +Ce"+Ce" =C(2e" +xe")

substitute in the original equation

CR2+x)e" =3C(+x)e"+2Cxe" =¢"
2Ce"+Cxe*-3Ce*-3Cxe"+2Cxe" =¢"
—Ce'=¢" => (C=-1

y,=—xe =>y=Ce +C(, e —xe

10



2.3.2 Method of Variation of Parameters:

In general, if f(x) is not one of the types of functions considered in the
(undetermined coefficients method), or if the differential equation does not have
constant coefficient, then this method is preferred.

Variation of parameters is another method for finding a particular solution of the
second-order linear differential equation. It can be applied to all linear D.E's. It is
therefore more powerful than the undetermined coefficients which is restricted to
linear D.E's with constant coefficients and particular forms of f{x).

The general form of the second-order linear D.E is

ay" + by’ +cy = f(x) (1)

The solution as we know is y=y, +y, where y, is the general solution of the
corresponding homogeneous equation f{x)=0 which is expressed as:
ay”" +by'+cy=0

and y, 1s the particular solution, which can be expressed in this case as:

Yp = V1Y1 T V)2

The general method for finding a particular solution of the nonhomogeneous
equation (1) above, once the general solution of the associated homogeneous
equation is known. The method consists of replacing the constants ¢, and c, in the
complementary solution by functions v,_v,(x) and v,_v,(x) and requiring that the

vy +vy, =0
Then we have,
v’y + vy = f(x)

Now, for the unknown functions v'; and v',, The usual procedure for solving this
simple system is to use the method of determinants (also known as Cramer Rule)

W— yl yz _ x /_ X !
vy, Y1iXY2 — Y2XV1
0 Y2
w; = | =0xy, — vy, Xf(x
1 ‘f(x) )’2 y2 yZ f( )
yl O ‘ !
w, = , =y, Xf(x)—0X
2 yl f(x) yl f( ) yl
then,

11



w w
v,'== and v, =2
w w

after that,

vi(x) = jvl’dx

v,(x) = jvz’dx
finally,
Yp = V1Y1 T V)2

and the general solution is:

Y=Yt

Example-1: Find the general solution to the equation

y" +y=tanx
Solution: The solution of the homogeneous equation

y'+y=0

yp = Acosx + Bsinx

Since y;(x) = cosx and y,(x) = sinx then,

vy + vy, =0 = v, cosx + v, sinx =0
v,”" + v, = f(x) = —v,'sinx+ v, cosx = tanx
then,
| Yr Y2y , ,
W= | = Y1XY2 = Y2XY1
yi Y2

CoS X sin x

= ) |=cosxXCosx+sinx><sinx=coszx+sin2x
—sinx cosx

0 sin x :
wy = = —sinx Xtanx
tanx cosx
COS X 0
w, = ) = cosx Xtanx
—sinx tanx
then,
. w; —sinxxtanx —sin®x
171 = — = > — e
w Cos“ x + sin“ x coS X
. oWy cosx X tanx _
vy, =— = = sinx

w cos? x + sin? x

12



after that,

—sin? x
v(x) = jvl’dx = j—dx= —j(secx—cosx)dx

Cos X
v;(x) = —In(secx + tanx) + sinx
v,(x) = jvz’dx = jsinxdx = —COoSX
Finally,

Yp = 11Y1 + vy, = [~ In(secx + tanx) + sinx] cos x + (— cosx) sinx
yp = (—cosx) In(secx + tan x)

y =yn+ Y, = Acosx + Bsinx — (cos x) In(secx + tan x)

Example2: y" + y'- 2y = xe*

Solution:
m>+m—-2=0

yn = ce” ¥ + c,e*

Since y;(x) = e™?* and y,(x) = e* then,
vy, + vy, =0 = vi'e ™ +v,'e* =0
vy, + vy, = f(x) =  —2v'e " +v,’e¥ = xe*
then,
[ Yr Y2 Y XYL — Yy XY,
- ! Iy — -
v v, 1XY2 2XV1
—2X X
w=| ¢ —2x ex =3e™”
—2e e
0 ex| 2x
wy; = = —xe
L7 Ixex e
—2x
Wy = | ¢ —2x Ox| =xe™”
2e xe
then,
2x
, _Wwp  —xe _—1 3
vy =— = — = xe
w 3e 3
., ow, xe™* «x
’[)2 = —_— = = —
w 3e™ 3
after that,

13



()_j ' g _j_l S gy o 1 (xe3* je3xd
v () = | v'dx = [ wxeMdx = —o(— 5 dx

1
vi(x) = ﬁ(l — 3x)e3x

X2
6

X
v,(x) = jvz’dx = jgdx =
Finally,

(1-3x)e**]| x?
Yp = V1)1 T VY, = 57 e”F+|—]e*

6

1 1 1
X - —xeX +—x?e*

T 327¢ 79 6

1 1
Ly =yYnty, =ce” et — §xex + gxzex

where the term (1/27)e*in y, has been absorbed into the term C,e" in the
complementary solution.

14



Applications of Second Order Linear Differential Equations with constant

coefficients:

Free Oscillation:

Static Case:

2. fy=0

mg_kso:O .’W

Dynamic Case:

d’y
Unloaded

F=m—:;
dt spring

mg—k(s,+y)=my" @
butmg=ks, =
—ky=my" =

my'"+ky=0

d2y

t2

d’y
dt’

L3

m
.k \/?
W =— or w=,—
m m

2

2

+o’ y=0where

+—y=0 =

+w° =0

2
=—-0

§ 3§ 8

=Fwi

y=Acoswt+ Bsinwt

Loaded spring
in equilibrium

®)

15

So V! ]
5 7 -
So +y | l J
+
Spring stretched Spring compressed
during vibration during vibration

1G]




Case I (General case):

A
y(O) =y, P yv(O) =0 + downward
A=y, B=0 = Yo
y =y, cosmt cosine wave / \ /
T 2n
f I . f l > 1
for a complete cycle 0= % \/ ‘
2r B
ot=2r = t=—o
@ |
T
.‘.T=2—7r cycle period
10,
cosgp=cos(¢p+27) = coswt=cos(wt+2rx)
Complete Cycle
Case 11:
y(0)=0 < »y(0)=v _
0=4+0 = 4=0 sine wave 2
dy w
—=wBcoswt = = | I !
dt -0 0 n 2n
dy 0= |
—| =wB=v
dt|._,

Vo
y=—smwt
Q]

16



T=2_ﬂ- = Tocl
I0) @
Case I1I:
W)=y, y(©O)=v iy
y,=A+0 = A=y, —_— =
dy .
— =—wAsinwt + wBcoswt
0 Yo T 2T
v=0+wB - = ; I | >
B=2
w

v .
Y=y, coswt+—sinwt

@ t=0

Tacoma Narrows bridge oscillaftag in the - : %}
winds of a mild gale on July 13940. After a couple of hqurs the bridge collapsed

17



Example: A weight of (7 N) is suspended from a spring of modulus (k=36/35
N/cm). At t = 0, while the weight in static equilibrium it is given suddenly an
initial velocity of (48 em/sec) in downward.

Find the vertical displacement as a function of z.

What are the period and frequency of motion?

Through what amplitude does the weight moves?

At what time does the load reach its extreme displacement above and below
its equilibrium position?

/o o

Solution:

a.

wJE [36/35 _,,
m 980

y=-Acos12t+ Bsin 12¢

y(0)=4+0 = A4=0

y=Bsin 12¢

y'=12 Bcos 12¢

y|_=12B = 48=12B = B=4

y=4sin12t

2 2 &
=—= =— sec/cycle

T — =7
12 6

f=

@
6 cycle/sec (Hertz)
T

y=4sinl2¢ —1<sin12¢<1
ymaX:4 ymiﬂ:_4
Amplitude=4+|— 4|=8

d.
sin12 ¢t =71
12t:(2n+1)§ o t:(“ﬁ”jﬂ n=0,1,2, Multiplicationof%

18



Damped Oscilation:

Damping o Z—y =cy'
t

@Jszy:My"
wok(s, +y)=cy'=My" 7 T
ky+M y"+cy'=0

M y"+cy'+ky =0 | Arithmetic Model

Mm* +cm+k=0  Characteristic Equation
Dashpot

Critical Damping Coefficient:

The Critical Damping Coefficient is the value of ¢ which makes:

Je—4Mk =0

19



Casel: ¢c~C, ie ’-4Mk~=0 = Over Damping < o« and B arereal

—(a=p)t —(a+p)t

y(t)=ce +c,e

Case2: c=C,

y(@)=(c,+¢, 1) e

t— o0
y(t)—>0

Case 3: ¢<C, < Under Damping

—C 1 2
m,=——F——+Jc —4Mk
Y VAEYY,

:—aiﬂ

a=— gt [ _amk
2M
=ﬁ1/4Mk—c2 X1

*

=wi
m,=—aFoi
y(t)=e""(Acosgt + Bsingt)

y=e“(Acosw t+ Bsinw 1)

[

v

ie m=m,=—a = Ciritical Damping

t

y
t— o0
y(t)—>0

t
Yo t— o0
y(t)—>0
Vo

20




Example: A (1.84 N) body is suspended by a spring which is stretched (15.3
cm) when it is loaded. If the body is drawn down (10 ¢m) from the position of
equilibrium; find the position of the spring as a function of time (2) if:
I. c=15
2. ¢=3.75
3. ¢c=3
Solution:
M y"+cy'+ky =0

M= 186188 ke
9.8

k=—=—""_=12—"

g
w 1.84 N N
S 0.153 m

1) forc=1.5

0.188y"+1.5y'+12y =0

V'+8y'+64y=0

m* +8m+64=0

m122—8$\/64—4><64
’ 2

y(t) = e_4’(Acos4\/§t + Bsin4\/§t)

Initial Conditions :

Dashpot

= —434J3i < Under Damping

at t=0 = y'=0 =y=0.1m
y(0)=4+0=0.1 = A4=0.1

Y= [4\/_As1n4\/_t+4\/—Bcos4\/—t] [Acos4\/_t+Bsm4\/—t]( 4e7*)

V(0)=43 B-4A4=4/3 B—4x0.1=0 = B=—1_

1043
sm 4\/_1‘)

e (0. lcos4\/—t+

2) for ¢ =3.75

3)forc=3

21



Column Buckling:

>f,=0 = F =0

M=-Fy

d’y M

dx* EI

Y=y yH—y=0
El 1

m2+il—0 2o F
EI El
_|F

2 =+ El

y:Aaszix+Byn-jlx

El El
at x=0 =0

0=A+Bx0 = A=0

/F
S.y=Bsin |[— x
Y EI

at x=1L y=o0 also
but this means that B =0 which results in zero equation. However,

If the load F have just the right value to make :

/ F
=7 L=nm then the last equation will be satisfied without B being 0 and

the equilibrium is possible in a deflected position defined by :

F _nz n=1,2,3, o = y=Bsin? >
EI L
F ’ ’
N7 Fo_[n2) o p o[ %) Ey
EI L El L

7’ El

For values of F below the lowest critical load, the column will remain 1n its
undeflected vertical position, or if displaced slightly from it, will return to it as
an equilibrium configuration. For values of F above the lowest critical load and
different from the higher critical loads, the column can theoretically remain in a
vertical position, but the equilibrium is unstable, and if the column is deflected
slightly, it will not return to a vertical position but will continue to deflect until it
collapses. Thus, only the lowest critical load is of much practical significance.
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