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Solve first order differential equations by exact method

DEFINITION 2.4.1 Exact Equation

A differential expression M(x, y) dx + N(x, v) dy is an exact differential in a
region R of the xy plane if it corresponds to the differential of some function
f(x, y) defined in R. A first order differential equation of the form

M(x,v)dx + NMx, y)dy =0

is said to be an exact equation if the expression on the left hand side is an
exact differential.

THEOREM 2.4.1 Criterion for an Exact Differential

Let Mix, y) and N(x, y) be continuous and have continuous first partial
derivatives in a rectangular region R defined by @ <x < b, ¢ <y <d Thena
necessary and sufficient condition that M(x, y) dx + N(x, y) dy be an exact
differential is
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Summary: Exact Equations

M(x.y) + Nx,y)y' =0

Where there exists a function w(x,)») such that
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»-.y =M(x,¥) and ,-.y =N(x,y)
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1. Verification of exactness: it is an exact equation if and only 1f

oM oN

oy Ox

2. The general solution 1s simply
IJU (.I'_,J") — (_‘
Where the function y(x,y) can be found by combining the result ¢

two integrals (write down each distinct term only once, even 1f it
appears in both integrals):

w(x. )= [ M(x,3)dx | ang

w(x, ) = [ N(x,»)dy .
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Example: Solve the equation

("' =2) + 4w’y =0

First identify that M(x,) ="' — 2, and N(x») = 4x)".

Then make sure that it is indeed an exact equation:

oM ; ON .
=4y and — =4
0y ox

Finally find y(x,y) using partial integrations. First, we integrate M
with respect to x. Then mtegrate N with respect to y.

p(x,y)= J‘iM(x, y)dx = J‘(J:’4 ~dx=xy"' =2x+C,(»)

w(x,y)= J.N(x, y)dy = .[41‘),-*3' dy =xy* +C,(x)

Combining the result, we see that y(x,)) must have 2 non-constant
terms: Xy and —2x. That is, the (implicit) general solution is:

4 o
xy —2x=C.

Now suppose there 1s the initial condition y(—1)=2. To find the
(implicit) particular solution, all we need to do 1s to substitute x = —1
and y = 2 into the general solution. We then get C = —14.

) : L 4 o
Therefore, the particular solutionis xy" —2x = —14.
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Example: Solve the initial value problem

(vcos(xy)+ X 2x)dx +(xcos(xy)+Inx+e’)dy =0 (1) = (
X o

V
First, we see that M (x,)) = ycos(xy) + T +2x  and

N(x,y)=xcos(xy)+Inx+e" .

Veritying:
oM . 1 ©&N : |
=—xysin(xy) +cos(xy) + — =— = —xysin(xy) +cos(xy) +—
oy x Ox X

Integrate to find the general solution:
% . 2 —~
w(x,y) = I{ yecos(xy) + T +2x ] dx =sin(xy)+yvlnx+x~+C, ()

as well,

w(x,v) = J.(xcos(x._v) +Inx+ e’ )d1 =sin(xy)+ vinx+e’ +C,(x)

1 ! 2 —y
HCI]C'G.. S1n _}CJ) —+ J; ln X -+ e ] + X = ( '

Apply the initial condition: x= 1 and y = O:

C=sin0+0ln()+e’+1=2

. . . ; ' 2
The particular solution is then sinxy +ylnx+e’ +x~ =2,
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Exercises

|-9. Determine if the equation is exact, and if it is exact, find the general solution.

L (V2 42t)+ 20y =0
2oy=t+(t+2y)y' =0
3.2 =y (t+ )y =0
b v 200y 432 =0

5. By =5t)+2yy' =1y =0

6. 2y + (22 + 3y =0, y(1) = |
1.2y +28 4+ (= )y =0

8. P —y—1y' =0

9. (P =1)y =y




