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Second-Urder Linear ifterential Equations

A second-order Iinear differential equation has the form
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where P, 0. R, and G are continuous functions. We saw in Section 7.1 that equations of
lhlxnpelrmr.mestu\,\ of the motion of a spring, In Addifional Topics: Applications f
Second-Orier Diferential Equations we will futher pursug this JPP]ILJ'IO[‘ a5 well as the
application to electric ciroults,

In this setion we study the case where Gx) = 0, for all . in Equation . Such equé-
tions are called homogeneous linear equations, Thus, the form of a second-onder linar
homogeneods differential equation i
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If Gix) # 0 for some x, Equation | is nonhomogeneous and is discussed in Addiro

tli'f'fl.“'.‘ ‘\' ".)rl IMORERCONS Z.n'ﬂl.i.” {llf'tl:“'”f'
Two basic facts enable usto solve homogeneous linear equations, The first of these says
that if we know two solutions ; and v, of such an equation, then the linear combination

V=0 1 6% 65 also 4 solution,
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[4] Theorem If w1 and w are linearly independent solutions of Equation 2, and P(x)
is never 0, then the general solution is given by

vix) = cilx) + czyaix)

where ¢ and ¢ are arbitrary constants.

Theorem 4 is very useful because it says that if we know fweo particular linearly inde-
pendent solutions, then we know every solution.

In general, it is not easy to discover particular solutions to a second-order linear equa-
ticn. But it is always possible to do so if the coefficient functions P, O, and K are constant
functions, that is, if the differential equation has the form

ayv” + by’ + oy =0

where a. b, and ¢ are constants and « == 0.
It’s not hard to think of some likely candidates for particular solutions of Equation 5 if

we state the equation verbally. We are looking for a function v such that a constant times
its second derivative ¥ plus another constant times ¥* plus a third constant times v is equal

to 0. We know that the exponential function ¥ = ™ (where r is a constant) has the prop-
erty that its derivative is a constant multiple of itself: ¥* = re™. Furthermore, ¥" = re™
If we substitute these expressions into Equation 5, we see that v = 7™ is a solution if
arle™ + bre™ + ce™ =0
2
or (ar- + br + cle™ =0
But ™ is never (. Thus, ¥ = ™ is a solution of Equation 5 if » is a root of the equation
a
[&] ar- + br +c =0

Equation 6 is called the auxiliary equation (or characteristic equation) of the differen-
tial equation ay” + by’ + oy = 0. Notice that it is an algebraic equation that is obtained
from the differential egquation by replacing »" by r~, %" by r. and ¥ by 1.

Sometimes the roots m and rz of the auxiliary equation can be found by factoring. In
other cases they are found by using the quadratic fornmula:

—_— —_—
—b + B — dac —b — B — dac
| P - pp— -
ey - Py v
We distinguish three cases according to the sign of the discriminant 5 — dac.
3 .

CASE | B — dac = 0

In this case the roots m and rz of the auxiliary equation are real and distinct, so vy = 77
and vz = 77 are two linearly independent solutions of Equation 5. (Note that ™7 is not a

constant multiple of &™) Theretore, by Theorem 4. we have the following fact.

[&] If the roots ry and rz of the auxiliary equation ar® + br + ¢ = 0 are real and
unequal. then the general solution of ay” + bv' + cv = 0 1=

W = C'LI‘:"“I —+ l‘_":-L"'r:'T
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EXAMPLE 1 Solve the equation ¥ + v — 6y = 0.
SOLUTION The auxiliary equation is

>

rf+r—6B=(r— 2)r+ 3 =20

whose roots are r = 2, —3. Therefore, by (8) the general solution of the given differen-
tial equation is
V= c1e-" + e

We could verify that this 1s indeed a solution by differentiating and substituting into the

differential equation. e
d? dv
EXAMPLE 2 Solve 3— % + ZX — y — ¢
x dx ’
SOLUTION To solve the auxiliary equation 37~ + r — 1 = 0 we use the quadratic

formula:

Since the roots are real and distinct. the general solution is

v = CH,-Z—Jh,-ﬁju,-ﬁ —+ LHEI'—l—-.:‘E'I:.-'G re
-]
CASE 11 s — dac = 0
In this case ry = ra1 that is, the roots of the auxiliary equation are real and equal. Let’s

denote by rthe common value of 7 and rz. Then, from Equations 7, we have

b
EX re=—-— so0 Zar+ b =10
2a
We know that vy = ¢™ is one solution of Equation 5. We now wverify that v = xe" is also
a solution:
. ’ a
ayd’ + bvi + oy: = a@lZre™ + rrxe™) + Ble™ + rxe™) + cxe™

= (Zar + ble™ + (ar® + br + clxe™
= De™) + Mxe™) = 0O
The first term 15 O by Equations 9: the second term is O because r is a root of the auxiliary

equation. Since yv1 = ™ and v2: = xe™ are linearly independent solutions, Theorem 4 pro-
vides us with the general solution.

If the auxiliary equation ar~ + br + ¢ = 0 has only one real root r, then the
general solution of ay” + by + cy = 0 is

¥ =™ + came™
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CASEN © B2 — dac < O
In this case the roots m and r2 of the auxiliary equation are complex numbers. (See Appen-
dix I for information about complex numbers.) We can write

ro=uw + i3 ra = — i3
where o and B are real numbers. [In fact, & = —bf(2a). B = +/dac — b%/(2a).] Then,
using Euler’s equation
e® = cos @+ isin @

from Appendix I, we write the solution of the differential equation as

v = Cr1e™ 4+ (he™ = L-_-Jfra--l-.i‘rﬂ-r 4+ C'EEI'&—I;I'{I.T
= Cre*¥cos Bx + isin Bx) + Cae™ {cos Gx — i sin Gx)
= ™' [(C1 + C2) cos Bx + i(C1 — Cz2) sin Bx]
= "¢ cos Gx + czsin Sx)
where ¢y = C + Ca, c2 = {1 — C2). This gives all solutions (real or complex) of the dif-

ferential equation. The solutions are real when the constants ¢ and ¢2 are real. We sum-
marize the discussion as follows.

- - S . -

[TT] If the roots of the auxiliary equation ar= + br + ¢ = 0 are the complex num-
bers rp = o + i, r: = @ — i3, then the general solution of ay” + byv' + cy =0
i

v = ¢*%(c)cos Bx + ¢y sin Bx)

EXAMPLE 4 Solve the equation ¥" — 6y" + 13y = 0.

SOLUTION The auxiliary equation is r* — 6r + 13 = 0. By the quadratic formula, the
roots are

6+ /36 — 52 6+ —16
I"= i

-~
s

b |

By (11} the general solution of the differential equation is

y = eMey cos 2x + c35in 2x) Ll i
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.: Initial-Yalue and Boundary-Yalue Problems

An initial-value problem for the second-order Equation 1 or 2 consists of finding a solu-
tion v of the differential equation that also satisfies initial conditions of the form

vixa) = yo Vixo) =w

EXAMPLE 5 Solve the initial-value problem
¥+ —ey=210 wioy =1 ¥y =an0

SOLUTION From Example | we know that the general solution of the differential equa-
tion is

vix) = c1e® + cae™™
Drifferentiating this solution. we get

¥i(x) = 2ere™ — Acae™™
T satisfy the initial conditions we require that

¥ y(0) =c1 + 2 = 1
3

YD) =2y — JFez =10

) -
From (13 we have ¢z = 3¢ and so { 12) gives
2 ] 2
c1 + 10 =1 1=z cp =3
Thus, the required solution of the initial-value problem is
¥ =%EZJ+_§E_,—3: ]
EXAMPLE & Solwve the initial-value problem
V' =10 wil)y = 2 V(0 = 3
SOLUTION The auxiliary equation is ¥~ + 1 = 0, or ¥~ = — 1, whose roots are *i. Thus
o = 0, @ = 1. and since e™ = 1, the general solution is
vix) = cpcos x + o3 8inx
Since ¥vix) = —cpsinx + cacos x
the initial conditions become
vy = o = 2 YI0) =2 = 3

Therefore, the solution of the initial-value problem is

yix) = Zcos x + 3sin x L
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Exercise

I=13 ™ Solve the differential equation.

Ly —6y' + 8y=10 2y —4v' + By =10
vV + 8y +4ly =10 4. 2" — ¥ —y =10
¥V —2v+vy=0 b. 3v" = 5v
. 4"+ v=10 B. 167" + 24y + 9v =10
9. "+ v =10 10, 9% + 4y =10
d*y dy d*y ay
. — —2— —y=0 12. — — 66—+ 4y =10
at dt ' dr- at '
dy  dy
13. —F+——+vy=40
di* o odr -

17-14 m Solve the initial-value problem.

I7. 2v" + 5¥" + 3y =0, w0} =3 ¥i0)=—4
18. v' + 3v=0. v(0) =1, »(0)=3

19. 4v" — 4y + y=0. w0)=1, ¥i0)= —1.5
0. 2y" + 5y — 3y =0, w0 =1 yi0)=4
2. v + lev =0, viw/4) = =3, viz/4) =4
2.V —2¥ +5y=0, v(im)=0, ¥i(m =2
23. v+ 2¥" + 2y =0, ¥0) =2, ¥i0) =1

M. v+ 12v" + 3ev=0. ¥l)=0, ¥il)=1




