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Solving initial value problems using the method of
Laplace transforms

ve a linear differential equation using Laplace transforms. there are

To sol

only 3 basic steps:
1. Take the Laplace transforms of both sides of an equation.
2. Simplify algebraically the result to solve for £y} = ¥(s) in terms
of s.

3. Find the inverse transform of }(s). (Or, rather, find a function y(¢)
whose Laplace transform matches the expression of ¥(s).) This
inverse transform, (7). 1s the solution of the given differential

equation.
Foxcrrprle: Vi Gy - 5h 0. A (O) 1, »CO)
[Step 1] Transtform both sides
Ly [ R e L0}
82 L1} s 3(0) VI(O)) — 6(s L) v(O)Y) + 5.2 (8]
[Step 2] Simplifty to find Y7(s) L1}
(57 L2} s (—3)) — 6(s L 1) + 5.2{v} =0
(s~ 6. s + 5).20v} s + O O
(s> 65 + 5) L{v s 5]
s — 9
3} 52 —6s5s +5
[Step 3] Nind the inverse transtorm V(7)
Ulse partial fractions to simplify,
s — 9 cr Vel
<A} sT —6Gs+5 - s — 1 +.S'—5
s — 9 ca(s —5) OH(s —1)
8§ — 68 + S (s—D(s—5) (s—5)Cs—1)
& e D ey (5 = 5) 4 DH(s 1) == (cz 4 P)s 4 (—~5Sct — )
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Equating the corresponding coefficients:
|l =g+ 5 a=?2
—9 = —Sa — b H — —1
Hence,
; s — 9 2 1
’é).:--“} — —— —

ST —65s+5 s-—1 s —5

The last expression corresponds to the Laplace transform of

D¢’ — 7. Therefore. it must be that
; 5
() = 2e’ @
Fxanple: o S ey Vo e ", »v(O) 3.

[Step 1] Transtform both sides

- >
Ly + 2yvy = Llare "}

5 il
~ N 7 -l
(s LV y(O)) + 2.L8{v} LAr e } (s + 2)2
[Step 2] Simplify to find Y (s) LKLy}
=4 = 4
(s L4} (—3)) + 2.8{v} - (s + 2)2
> RN 4
(e 72 Ayr +3 =2
Cs ) LV} 3 (s + 2)2
> ) e 3
s ' 2 _l s b = ‘—A_‘,:" L
(s ) L4V (s + 2)~
-+ 3 4—3(s+2)? —35—125—8
Ly g PRI O N IR . AN . v =233
i (s + 2) S (s +2) (s +2)
[Step 3] Find the inverse transform v(7)
By partial fractions,
— 35?2 —12s5s —8 cr 5 c
Ly - - o -+

(s +2)° (s +2)* (.*\'--t-z)2 s+ 2°
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— 357 —125 —8 c H(s +2)  co(s + 2)°
(s +2)° (s +2)  (s+2) (s +2)°
 a+bs +25+ cs” + des + de o cs® + (b + Ac)s + (a + 25 + 4e)
(s + 2)° (s + 2)°
3 Vs, 1 £
12 P+ de 5 O
= a + 25 + d¢ c 3
— 357 — 125 —8 4 3
v _ .
LAV (s +2)° (s +2) s+2°

This expression corresponds to the Laplace transform of
2 e 3¢ . Therefore,

. > ) .
A (r) 2rre ~F 3e .
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Example: P =3y 2p =le”, »O)=1, »(0)=0

[Step 1] Transform both sides

(s> Ly} —s3(0) = y(0)) = 3(s. L} — ¥(0)) + 2.L0} = L™}

[Step 2] Simplify to find Y(s) = £y}
(" Ly} —s—0)— 3Ly} — 1) +2L0y}=1/(s— 3)

~

(s"=3s +2).LYy}—s+3=1/(s—3)

1 (s=3)+1
s=3 s=3

2

§7—6s+10 _ s*—6s+10
(s> =3s+2)(s=3) (s—=D(s=2)s—-3)

| -
Ly}

[Step 3] Find the inverse transform y(7)
By partial fractions,

s —6s+10 5
Ly} = = Zi——h

(s =D(s=2)(s—=3)

1
. o A el 2t S 37
Therefore, V() = 76- —-2e” +—e’

-—
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Example 11: Initial Value Problem (1 of2)

Comnsider the imitial value problem
' —83y'+25vy=0. »(0)=0. y'(0)=6

Taking the Laplace transform of the differential equation, and
assuming the conditions of Corollary 6.2.2 are met, we have

[s>L{3} — s3(0) — 3'(0)|—8[sL{1} — 3(0)]+ 25L{3} =0
Letting ¥(s) = L {v}. we have
(52 —85+25)¥(s) — (s —8)1(0) — v'(0) =0
Substirutin g in the_ initial conditions. we obtain
(52 —8s+25)¥(s)—6=0
Thus 6

Livi=Y(5)=—
w3 ) =3 55125

Completing the square, we obtain

Y(s)=— 6 = 6
s? —8s+25 (s>—85+16)+9

Thus
[ 3 i

Y(s)=2 :
=2 a9

Using Table 6.2.1. we have

LY (s)}=2e" sin 3¢
Therefore our solution to the initial value problem 1s
v(f)=2e" sin 37




