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Laplace Transform

Definition (Laplace Transform)

Let f be a function on [0,00). The Laplace transform of f is the
function F' defined by the integral,

The domain of F(s) is the set of all values of s for which this integral
converges. The Laplace transform of f is denoted by both F' and
L.

Convention uses s as the independent variable and capital letters for

the transtormed functions:
Llf]=F Ly =Y Llz]=X
Llf)s)=F(s)  Llylis)=Y(s)  Llz[(s) = X(s)
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Example 1: Let f(t) = 1, > 0. The Laplace transform satisfies:

A , e—sA 1) 1
= — lim —— | =—.

A—oo g

- > — st . E_St
L[1] = e “'dt = — lim
0

0 A—roo s 5

Example 2: Let f(t) = e?*, ¢t = 0. The Laplace transform satisfies:

= o] o0 -
, 1
Le"] = f e te"tdt = f e~ T dL = \ s > a.
0 0

5 —a

Example 3: Let f(t) = elt?)t ¢ > 0. The Laplace transform

satisfies:
. . oo . oo . 1
ﬁ[el;fe—kbaj.lf] _ E,—sfe{a—kb?;lfdt _ E—I;S—fe—bi:.l!‘.d?. - -
0 0 s —a—bi
s > a 1

Examples: Laplace Transform

Example 4: Let f(t) =sin(at),t = 0. But

) 1 : _
.‘:‘ln(at‘) — 2_ (eéfef . E—aexi‘) ,
7

By linearity, the Laplace transform satisfies:

Llsin(at)] = % (Ll ] — Lle™"™]) = ! ( LON ) ___¢

2i \s—ia s+ ia 82 4+ a2
s = 0.

Example 5: Let f(t) =2+ 5e~2" — 3sin(4t),t > 0. By linearity, the
Laplace transform satisfies:

L[2+ 5e~2 —3sin(4t)] = 2L[1] + 5L[e "] — 3L[sin(4t)]
2, 5 12 0
- = — . s = 0.
s s+2 52416
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Laplace Transform - e f(t)

Laplace Transform - ¢ f(t): Previously found Laplace
transforms of several basic functions

Theorem (Exponential Shift Theorem)

If F(s) = L[f(t)] exists for s > a, and if ¢ is a constant, then

Le“f(t)] = F(s —e¢), s>a+e.

Example: Consider the function

From our previous theorem, the Laplace transform of g(t) satisfies:

y . _ s+ 2
G(s)=L[e™*'f(t)] = F(s+2) = 512240 § > —2.
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Laplace Transform of Derivatives

Theorem (La.place Transform of Derivatives)

Suppose that f is continuous and f' is piecewise continuous on any
interval 0 <t < A. Suppose that f and f' are of exponential order
with | £ (t)| < Ke®| for some constants K and a and i = 0,1. Then
L[f'(t)] exists for s > a, and moreover

LIf(t)] = sLf ()] = £(0).

For our 2" order differential equations we will commonly use

Clf"(t)] = s*L[f(t)] — sf(0) — £'(0).

Laplace Transform of Derivatives - Example

Example: Consider

g(t) = e " sin(4t) with g'(t) = —2e =% sin(4t) 4 de =" cos(4t)

If f(t) = sin(4t), then

4 . y 4
F{S} = — -‘!-j\'?lt'l]. (7(3) — {S+2}2+ 16

s +16°
using the exponential theorem of Laplace transforms

Our derivative theorem gives
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Multiplication by ¢
let f be a signal and define
g(t) = tf(t)

then we hawve
Glis) = —F'(s)

to verify formula, just differentiate both sides of

-
Fis) = f e St F(t) dt
]

with respect to s to get

FJII::H ) = / lj:—:!‘.]:'-_"‘";_flj:f.] At
]

examples
o f(t) =e™" g(t) = te™’
Ltl:"t!__._f :I _ {w!il J. — : J_ l
" ' ds s 4+ 1 (s 4+ 1)2
o f(t)=te ", g(t)=1te""
L(t2e™) d = =
AT e = — - r — = v
) : ds (s + 1)< s + 133
e in general, ) _
r I'ff"t"f*_f ) — ':E-Ii' — 1 ]!

(s + 1)k+1




