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Inverse Problem

# The main difficulty in using the Laplace transform method is
determining the function y = ¢(7) such that LZ {#7)} = ¥(s).

# This 1s an inverse problem. in which we try to find ¢ such

that () = L1{¥(s)}.

Linearity of the Inverse Transform

Frequently a Laplace transform F(s) can be expressed as
F(s)=F(s)+ F,(s)+---+F _(s5)
Let
@)=L H{F(s)).... () =LF, (s)}
Then the function
SO =L@+ L)+ + ()
has the Laplace transform F(s), since . 1s linear.

Bv the uniqueness result of the previous slide, no other
continuous function f has the same transtform F(s).

Thus Z-! is a linear operator with
@ =LF ()= L F () )+--+ LF, ()]

Example 2

K

Find the inverse Laplace Transform of the given function.
2

Y(s)==

s
To find v(7) such that y(r) = L 1{¥(s)}. we first rewrite ¥(s):

A

Y(s) = 3 = 2{1 \

I-S I'\.\- IS‘ -_,n'

Using Table 6.2.1.

K

. 'S - S A
Thus
vir)=2
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Find the immverse Laplace Transform of the given function.
3
s—35
To find v(7) such that v(7) = L1 {¥Y(s)}. we first rewrite Y(s):

Y (s5) =

g _3171 |
s 5 \ .S S )

Using Table 6.2.1,

[ B S

[ B
l_.s—ﬁ,’ ) L& —

L {¥Y(s)}= L

h

Thus

v(r) = 3e”

Find the inverse Laplace Transform of the given function.

. 6
To find v(7) such that v(7) = L1 {¥(s)}. we first rewrite ¥(s):
6 3!
Y 5 = — =
( ) st 54

Using Table 6.2.1

LYY (s)}= L7 %4'
| s

34

Thus
v =7

Find the inverse Laplace Transform of the given function.
ds+1
Yis)= "~
(=) 5T +9
To find v(7) such that v(7) = L1 {¥(s)}. we first rewrite ¥{(s):

Yisy—5*Fl 4 s | 1) 3
5249 | s?e9 3| s2+9 |

Using Table 6.2.1.

L r(s))mart] 5
)] s +9

- —
Il
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o
u'\
93]
"‘1"
+
| =
0
=
=
H
5]
"‘1"

Thus

1 .
yv(t) = 4cos3f+—sin 3¢
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For the function ¥(s) below, we find v(r) = L1 {¥(s)} by using
a partial fraction expansion, as follows.

Y(s) = j3.5'+1 _ 35 +1 _ A N B

sc+s5—12 (s+4)Ns—3) s+4 s5s-—3

3s+1=A(s—-3)+ B(s+4)

3s+1=(A+B)s+(4B—-34)

A+B=3 4B-34-=1

A=11/7. B=10/7

Y{.s-}:£ ! _+1(} ! ‘:}1*(?):1—_1{?_4"4—1033’
Tls+4)! 7|s—3] ' 7

For the function ¥(s) below, we find v(7) = L1 {¥(s)} by
completing the square in the denominator and rearranging the
numerator, as follows.

Ao L Ae_12 22
F(sy— 4510 4510  45—12+2

s?—65+10 (s°—65+9)+1 (s—3) +1

4{3—3)+?_4{ s—3 __p__ 1 }

C (s—3)P+ (s—3P+1] | (s=3)+1

Using Table 6.1, we obtain

v(£) =4e* cosr+2e” sint
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Partial fraction method

Use partial fractions to simplity,

) s —9 a N b
Wil — —— - =
LV s —685+5 s —1 s—5

s —9 B a(s —5) i b(s —1)
$% — 65 +5 (s—1(s—5) (s—5)(s—1

s—9=a(s—5)+b(s—DH=(a+bH)s+(—5a—5)

Equating the corresponding coefficients:

l=a+5b a=2
—9=-5a—-5b b=-—1
Hence,
o s=9 2 B 1
L5 sT—6s+5 s—1 s-5°

The last expression corresponds to the Laplace transform of
2e¢" — e”'. Therefore, it must be that

V(1) = 2e’ — e,




