20/2/27,:,3/,;

Double Integrals Over General Regions

In the previous section we looked at double integrals over rectangular regions. The problem with
this is that most of the regions are not rectangular so we need to now look at the following double

integral,
[[ 7 (x.)a4
D
where D is any region.
There are two types of regions that we need to look at. Here is a sketch of both of them.
Case | y Case 2
at

Y=g, (R)

&)

a 5
Case |

D={(v)las v<b g (v)2 = e ()
" Case 2.
D={(x,y)|h1(y)SxShz(y),cSySd}
In Case | where D = {(x,y)| asx<b, gi(x)<y<g, (x)} the integral is defined to be,
[[xr)aa- [ 1 ey avas
In Case 2 where D ={(x,y)| i (y)<x<h (y),c<y<d} the integral is defined to be,

1 rGenaa=[ [0 s (e )aeas

ropert es

1. ”f(x,y)+g(x,y)dA :”f(x,y)dA +Hg(x,y)dA

2. ”cf(x,y)dA = c”f(x,y)dA , where ¢ is any constant.
D D

3. If the region D can be split into two separate regions D, and D then the integral can be written
as

”f(x,y)dA :”f(x,y)dAJrﬂf(x,y)dA

D,
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Example 1 Evaluate each of the following integrals over the given region D.
(a) ffe-"dA, Dz{(x,y)|l£y£2, nySy3}
D
(b) J-J’élxy—y3 dA, D is the region bounded by y = Jx and y=x.
D

(¢) ”6}(2 —-40ydA, D is the triangle with vertices (0,3), (1, l) , and (5,3).
12l

Solution
(a) ffe"’dA, D:{(x,y)|]£y32, y£x$y3}
D

Okay, this first one is set up to just use the formula above so let’s do that.
2 3

ﬂe? a’A:J f e drdy=| ye'| dy
1 ! 4 | ¥
:J‘lzye’2 ~ye'dy
2€/2 :(leyz_lyzelj-:lezt_zel
2 2 .

(b) ”4)())—)/“ dA, D is the region bounded by y = Jx and P,
2 ¥ Projection for (dy dx)
1

08} y=ufx

06|
04l / Projection fo (dx dy)
=7
“r /
- L 1 1 1 1 b
0.2 0.4 06 08 1.
So, from the sketch we can see that that two inequalities are,
0<x<l X <ys<ix

We can now do the integral,

J J dxy-y' dA= J IJ.\\\ dxy -y’ dydx
N i

1 Jx
1
= 2 2____ 4
'JO( xy 4y j

dx

X

!

[7 vl g~ Bj 55
Sle=x ==X k= =—
12 4 53 , 156

(¢) J.J. s 40ydA, D is the triangle with vertices (0,3), (1, l) , and (5,3) .
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Projection for (dy dx)

(Two)
¥
2 = A - -
/ Projection fo (dx dy)
oL \ “ (one)
P y=ixty
y=-2x+3" \/ ‘
1 i |
L | | | 1 x
1 2 3 . ?

D ={(x.y)|0<x<l, -2x+3<y<3}
-

Di=iilx, |<x<5, — —<y<3

3 {(xy)\ x 2x+2 y }

To avoid this we could turn things around and solve the two equations for x to get,

] 3
e, = et
@ 7773
| 1
y=—x+— = x=2y-1
- 2

D:{(x,y)l —%y+%£x$2y—l, lSySB}
Sdution 1
[[6x* ~40yda = [[6x* 40y da + [[ 6x* — 40y du
&} D, D,

|

Fios iy 5
:f J.’w ‘6x2~40ydydx+f J', L 6x° =40y dydx
0 L XS 3 I 2.\+2

2 3
:fol(6xzy—20y2)‘;x+3dx+J (6x2y—20y2)'l“_,dx

1 22

= [ 1207 <180 +20(3 - 2x)" d + [ -3x" +152* ~180+20(4x +4)" dr
0 ! N
| S5
= (3x'- lsox‘—%(s—zx)"){ +(-3x" +50° - 180x+ 2(4x+4))| -
i 0 |
=933
3

Sdution 2
This solution will be a lot less work since we are only going to do a single integral.

ffox -aoya- | T or -snyares

3
|

:J (2x"‘ —4()xy)‘j_‘I s dy
5 2 g 3 3%
= ["100y-100y* +2(2y -1y -2(-4y+3) dy
= (505" - 2" 41 (2p-1)' +(~4y+3)")
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Example 2 Evaluate the following integrals by first reversing the order of integration.

3 49 s, 3
(a) f I x'e’ dydx
5

8 .o
(b) J J‘( Vx' +ldxdy
0 )
Solution

Gl =T - >
(a) f J-)x"e-‘ dy dx
0~ %=

0<x<3 that mean x=0, x=3
from this value we draw the graph as shown

¥’ < y <9 that mean y=9, y=x2

¥
10

8k

so the limits for dxdy

0<x<\y

0<y<9

The integral, with the order reversed, is now,

3.9 A 2 \/T Aty
f sz’e" dydx=f I xe" dxdy
09Yx 0v0

3 3 - 9 ) 3
f ng x’e” dydx:j J.\/)—x3e-” dx dy
09X 00
9

»J\ l | \/?
=] —x'¢
0 4

j g

(b) JSJ.\/T \EC;TI dx dy

3 LX< =3 =
\/; Sa SR ’ AR MR 1 - S so the graph will be

0<y<8 That mean y=0, y=8
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0
0.

So, if we reverse the order of integration we get the following limits.

O<x<2

0<y<x’
J-:J‘;‘_\/)ﬁ+Idxdy:JOhj:}\/x4+ldydx
:j_y\/x“rl‘v dx
0 0
= [ e = [17’—1]

The integral is then,

The Volume of Solid

The volume of the solid that lies below the surface given by z = f(x,y) and above the region D
in the xy-plane is given by,

V:_Uf(x,y)dA

Example 3 Find the volume of the solid that lies below the surface given by z = 16xy +200
and lies above the region in the xy-plang bounded by y = x* and y=8-x?.

Solution
Here is the graph of the surface and we’ve tried to show the region in the xy-plane below the
surface.

Here is a sketch of the region in the xy-plane by itself.
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projection for (dydx)
)

¥
[ m: 2
Y =R=x
=
4t projection for (dxdy)
(not possible)
2t
y=r
b=l | L — 1 1 x
7 =i 1 2

By setting the two bounding equations equal we can see that they will intersect at x = 2 and
x =-2. So, the inequalities that will define the region D in the xy-plane are,
—2 &p< D
x’<y<8-x’
The volume is then given by,

v = [[16xy+200d4
D
= f : Ij:Aj 16xy +200dy dx

- j 2 (8xy2 - 2()0y)’i:x: dx
= fz—lzsx-‘ 400X +512x +1600 dx

400

= (—32x4 —Tx3 4256x + l600x} e

=2

Example 4 Find the volume of the solid enclosed by the planes 4x+2y+z =10, y =3x,
z=0,0x=0.

Solution

The first plane, 4x+2y+z=10, §o 2z=10-4x-2y

. The second plane, y =3x
z
10

dx+2y+z =10

¥
0+4x+2y=10 = Zehpery = - y=-2x+5
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0, here is a sketch the region D,




Al b foudien 4 S

3k

2k

N W=ox

0 k = %
0 05 1

O=<x=<1

3x<y<-2x+5

v =[[10-4x-2yd4
/)

= IOI Lf:'\-*s 10-4x-2ydydx

=2x+5

:IOI(IOy—4xy—y2)l dx

3

= jo'zsx2 —50x+25dx

= (?}ﬁ ~25xF 4 25xj

25

0
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