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Double Integrals Over General Regions

ln the previous section we looked at double integrals over rectangular regions. The problem with
this is that most of the regions are not rectangular so we need to now look at the following double
integral,

lJ r$'Y)at
l)

where D is any region.

J'here are two tvoes of ree.ions that we need to look at. Here is a sketch of both of them.

Case I I Case 2

uD

Case I

D = {(r..r.)l ,, < .* < h. g,(r) < y < g, (.r)}

' Case 2.

D = {(",y) | 40) 3 x 3 h,(y\,, < y < dl

InCase I where D={(r,y)la<x<a, gi(") 3!3gz(x)} tfreintegral isdefinedtobe,

rr ( h nu,l*l
JJ f t'. y)dA = 

J ,, J, ,;,'f 
( x.y)dy dx

..,.,
ln Case 2 where D = {(r, y)l 4 0) < x < 14 (y)," < y < d\ the integral is defined to be,

I! t e, y) aa = I', ili';,' t tx, y) dx dy

roDert es

r [[ t (r, t) + s (x. y) d,a = II t (x, y) dA + [l s (x, fl d'e

z. l[ cf (x, y7 al = r[! t (x, y) a.t, where c is any constant.
t\ l)

3. If the region D can be split into two separate regions D 1 and D2 then the integral can be written
AS

II t (,, y)ae = ll t (*,4adn l[ t (*,y)dA
t)qDz

y=cr(x)
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Example / Evaluate each of the following integrals over the given region D.
.. !

@, 
JJeY 

dA, o={(*,r)ll<y< 2, y3*<y'lr
t)

Ol !! +xy - yt dA , D is the region bounded by y =rF anO ! = x3 .

D

O llOx'z - 40y dA, D is the triangle with vertices (0,3), (l,l), anO (5,3).

Solution
rr I

@t JJ 
d' dA, o ={(*,t)l r <y< 2, y s *< y'}

D-

.: Okay, this first one is set up to just use the formula above so let's do that.

rr ! (2 rv' t f' !1"

ll", a,e= | l' ", 
aray= | y_l dyti JrrY J, - 

l'

= [,' !"t' - ye' dy

o1 ll+xy - y' dA ,
'v

=(l "r' - 
I.yr",)l'=l.o 

-2e4.
\ 2 2" )1, 

'_ 
{t'- t:t,

D is the region bounded by y = Jx and | = x3 .

rti ",::i

't'$.

,l

i:.4".
{.r:l

2</ z

1.

0.8

0.6

0.4

0.2

Y =,fx,

Projection fo (dx dy)

'y=f

0_2 0.4 0.6 0.8 t.

, .;;ij..' ;,.:, .+"
So, from the sketg!1"--.l$,'odn see that that two inequalities are,

'i-,,,* o<x<l x3 <y<J;

We can now do the integral,
?r . fleG
llary - y' dA = | | -, 4ry- y' dydx

t ^rA

=l',("'-i'")' "
nla

= I !r'-2x' +!x" dx
J o4 4

(7 , r8 , ,,)l' =ss= 
[ O 

t- --x- +-x 
/, - t56

tcl lJ Oxt - 40y dA, D is the triangte with verrices (0, 3) , (1, l) , ano (5,3) .

l)
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T

Projection for (dy dx)
(Two)

' O,={(",y)10<r<1, - 2x+3</<3}
(

Dr=]@,y)ll<x<s, *"**=. 
I

t '2 2 "3J
To avoid this we could turn things around and solve the two equations for x to get,

l=-2x+3 ->

tl
y =-x+- =)'22

l3x---v+-2" 2'"
x=2y-l

(' D=i(",y)f -ly*l=" <2y-t, tsy<3|r2-2)
Sdutiqr l ,, .:

tto*' - +oy a = ff ox' - 40y dA+ !!a*' - 4ay &4 ^-::'
Dl\l)r.;

= f ' ['- .6x2 -40ydy&* f'[1,6x2 -40ydydx./6J-2r+it .JrJrr*i

= ['^1of , - 20 y' [,_u* * f' (or' y - 20 y')l',,*, dx
,,r0' ..t'!x+J Jl 2 2, ' ;:;" .

= f' t 2x"l; l qo +zo (l - z*)' dr + l' -lx' + 1 5 x2 - t 80 + z0 (| x * +)' d*J0 ..,,* \

,ts
= (:"' - tsox -g( 3-2x)i)1, . (-+"' + 5x3 - t80x+f (*x.+)')l
__ 935

J
Sdutim2
This solution will be a lot less work since we are only going to do a single integral.

tl- t .. ('r2Y-l

JJ 
6x2 -40yd,t= | l_i,.r6*'-alydxdyrt ,/l Z" 2

f3,
= I (zr'-+o*y)1",-',dy' /l-: v+'- '' rt 2'2

= J' toor - tlly'z +2(2y - t)' - z(- ) y + |)' dy

= (ror'-Sr' *i(2y-r)o *(-iy.'f 
)1,

q35
multiple Integral-'-

-"v=1**1

Y= -2x+3
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Example 2 Evaluate the following integrals by first reversing the order of integration.
f 3 19

(r) 
J" [',x'e" $,dx

?8 .t
(b) I l-Vro +l dxdy

J o JVI

Solution
f I o9 - r

(u) 
J. l,rx'e' dldx

0<x<3 tnatmean x=0,x=3

x' a y< 9 that ffie?n y=$, y=xz from this value we draw the graph as shown

y=9

y=x2

so the limits for dxdy

^t-,=rrrly
o<y<9

The integral. with the order reversed, is now,

I',[) x'e" dv dxt,f;j,t"'" v' dx dy

J,t;,'?l'{! J;Ji"'." dxdv

or J,f,u '[7 *t arav

= f 
'f 

"0. 
'''

) o4 'l, o'

= J'o|"u" 
a'

I ,,, l'_-e, 
I12 lo

= j{t"'-t)

4ly<x<2 lThatmeanx=lli ,x=2 l--| "'v, 
Isothegraphwiltbe0<y<$ lThatmeanY=0,Y=8 I

,l.:.;

.,:.

t0

8
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6

4

a

y=l

*= iF

0t
0. 0.5 l. 1.J 2

So, if we reverse the order of integration we get the following limits.

The integral is then,

The Volume of Solid

03x<2
0.y.rt

f8"t 

- 

f2.,1

J. JnVxo +l dxdv =J, J; v"' +t dvdx

7 2 

-r.rr
= 

) oil 'o 
*tl, d'

'/ r \
l r'Jr'+ldx=llnt-llJ0 6[ )

The volume of the solid that lies below the surface given by z = .f (x,y) and above the region D

in the xy-plane is given by,

v = l[t(,.ia
l)

Example-l Find the volume of the solid that lies below the surface given by z =l6xy +200
and f ies above the region in thexy-plang bounded by y = x2 and / =8- x2 .

Solution
Here is the graph of the surface and we've tried to show the region in the xy-plane below the
surface.

Here is a sketch of the region in thexy-plane by itself.
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projection for (dydx)

By setting the two bounding equations equal we can see that they will intersect at x = 2 and
x = -2. So, the inequalities that will define the region D in the xy-plane are,

-2<x<2
x'3y<8-xt

The volume is then given by,

, = fft6xy +ZO0 dA

f 2 n8- x2=l l, t6xy+200dydx
, .JX-

f2, . 't8-r:= J ,(8"y' +z00tt)1,. dx
J_:

-)
= J_; -t Z8x3 - 400x2 + 5t2x + t600 dl

( ^^ o 4oo \12 l2goo
= 

[-32x4 
-f x' +256,x2 * l6oo',Jl_, = ?

Example4 Find the volume ofthe solid enclosed by the planes 4x +2y * z = 10, y =3x,
z=0, x=0,

z =10-4x-2y

x0.

projection for (dxdy)
(not possible)

10

8

o

4

The flrst plane, 4x + 2y + z = l0 , SO

The second plane, y =Jy

0+4x+2Y=lQ
multiple Integral

o, here is a sketch the region D.

2x+y=5 =13 of 39

45

!=-2x+5

4x+ 2y +e = 10

0
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T'

r' "ir 
':t;:::::.,..,

,:: :1'
,* +,r,;li.J1+

4o,1 r.', r'
:

0.5

0<.r<l
3x<y<-2x+5

, =il10-4x-2ydA
l)
r I a-2x+5

= Jo Jr, l0 - 4.r -2y dy dx

= l'(' oy - 4xy - ,,)l:,. *
= l'25x' -Sox+z5dx

=(Er, -25x2*zs")l' =4\ 3 )lo 3.o..

ihtj'
I 

fiiv
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