
Double Integral in Polar Coordinates

a general region in terms of polar coordinates and see what we can do with that

. Here is a sketch of some region using polar coordinates.

So, our general region will be defined by inequalities,
a<e<p

4@)<,<k(e)

Now, to find dAlet's redo the figure uUou. a3 fotlo*r,

ro A0

rrL,0

L\T

r = hr(0)

r = hr{0)

dA=rdrd0

.r-rcos0 !=rsin9 rt=x'+y'

Example 1 Evaluate the following integrals by converting them into polar coordinates.

Ol tl2x y de, D is the portion of the region between the circles of radius 2

and radius 5 centered at the origin that lies in the frrst quadrant.

))
(b) ll e' *v dA, D is the unit circle centered at the origin..;

Solution
PF

(a) ll2x ydA, D is the portion of the region befween the circles of radius 2 and radius 5

centered at the origin that lies in the first quadrant.

First fet's get D in terms of polar coordinates. The circle of radius 2 is given by r = 2 and the

circle of radius 5 is given by r = 5 . We want the region between them so we will have the
following inequality for r

z <76< s
Also since we only want the portion that is in the first quadrant we get the following range of
0's.
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0<e <L
2

Now that we've got these we can do the integral.
,l

FF 
' 

. 
')ll2x ydA= I' l 2(rcos0)(rsin0')rdrd0ti ' Jo12

Don't forget to do the conversions and to add in the extra r. Now, let's simplifu and make use of
the double angle formula for sine to make the integral a little easier.

rF rlrs ^

ll2xydA= I' l r'sin(2?ldrd0ti " J o Jz ---- \-- '-" 
-'-

, ,l ir;;.l

fIt 15

= | lro sin (2e)l do '* 
'

Jn4 '1,

= |"iQr, nee\de-Jo 4 ' '

=-$*r1zef '{i,1'1'*'

8 "lo
609=T

?? -2 . ..2
(b) 

JJ 
e" -' dA, D is the unit circle centered at the origin.:.i:. ., ",'

,'ri. E'*I':".': '"

In this case we canot do this integral in terms of CartwiEtuo&dinutrr. We will however be able
to do it in polar coordinates. First, the region D is ddhfi?d'by,

0<0 <2n
0<r<l

In terms of polar coordinates the integral is then,

[[u"'i,' dA= (" l'^r"" drde
'i Jo ro

Notice that the additionof'the r gives us an integral that we can now do. Here is the work for this
integral.

f 2tt .l ,

lJe*'.r, on= 
Jl" [,r", arae

l)

f 2r . rlI I rl
= l :e''l d0

Jo 2 I'
tl

f 2tt 
1- | :k-t\do

Jo 2' r

=zr(e-l)
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Emmple2 Determinetheareaoftheregionthatliesinside r=3+2sin0 andoutside r=2.

Solution
Here is a sketch of the region , D, thal we want to determine the area of'

by setting the two equations and solving.

3+2sin0 =2
IsinO=-- +
2

Here is a sketch of the figure with these angles added.

-4

a=4
So, here are the ranges that will define the region.

-Lre rlL66
2<r<3+2sin0

a=$an

r 7nl6 p7+2srn0

= J-,,o l, r drdo

f '1tt 16 1 ;3+2sin0

= I lr,l 
-'""'" 

de = f "'o 2*6sin 0 +2sin2 0 d0
) -otuZ lz J -,rc 2

= l"'u 1*6sing -cos(zl)do
J -nto 2

^ 7n llru--.-6'6..
. ^:tt 

'" 
't:-'i'

-.,j:t'\+'
r = 3+ 2sinO

,I TI'I
T''-6-

r=3+2stnd
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(t | .\l'J=l;e - 6cos0 -;sin (2e) 
ll\z z )l_!'6

- I lv3 *l4tr =24.18723
Exomple -? 

'Determine the volume of the region that lies under the sphere x' + y' + z2 =9,
above the plane z = 0 and inside the cylinder x' + y' - 5 .

Solution
We know that the formula for finding the volume of a region is,

Here is the function,

As we know lt;.atz=-f (x, y)

0<0 <Ztt

0<r1rE
7

V

= ! ,' lf 'J;-'' o' ot

f" r :16
= | -;(o-"1,1 de

)n r' 
1,,

ft'lg .^-l -daJ, 3

_38n
1

" I 0 -1-F3Z - H

=llJn - x'- yt dA
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Example 4 Find the volume of the region that lies inside z = x2 + y2 and below the plane

z =16.

Solution
Let's start this example off with a quick sketch of the region.

;'-l

x

2 0.2:
l8

16

14

12

l0

8

6

4

I

I

l
i

I

I
I

I

--^**l

0

v = t! fG.t)a,t = !! r t $,y)l - -r(,,i1 r aet) t' uoJ", ao*",
SO

z=16-r2

, =l!:16) -1x2 +y2,11dA

0(r<4

,=lllr6-(r,+y,)a,n
l)

f 2o n4
= | l-r(ro _rrjdrde

J o Jo \ ./

v2n t , 'r4| (^, I o''-t t6r---r llae
Jo\ 4 )lo

e 2tt- I 64d0
Jr)

= l28x

Evaluate the following integral by first converting to polar coordinates.

(t 'r=I l] ' cos(x'+y'ldxdy
JoJo /

0<r.,<l
r--------0<x<,ll-y'

0 <0 <2n

me is then.

Example 5

Solution
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0<0<L
2

0<r<l

dxdY=dA=rdrd0
and so the.integral becomes,

f' c.FT | ) ,\ e\nl
J . J; cos (x' + y') ax ay = Ji J' 

r cos (l) ar ae

Note that this is an integral that we can do. So, here is the rest of the work for this integral.

lrFl / ) '\ - f:l ,.'ll

, 
)ol. 

' tot("'+ vz)dxdv =J,Ut'n (")1,ae

f;l
= l'rsin(t)deJo z

= lsin (l)
4 \/

''ji'":t '.;

t., 
'

r::/l.r;r:;,;:r
,#
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