
Triple Integrals

The notation for the general triple integrals is,

ltl

lll f F't'')dtt

Lel's start simple by integrating over the box,

a =fra,blx[c,d]*[r,s]
Note that when using this notation we list the x's first, they's second and the z's third.

The triple integral in this case is,

III r @, y,,) ar = L ( Il 1., y, z)dx dy dz

Example 1 Evaluate the following integral,

[![try, ar, B =1231"Ir,z]"[o,t]

Solulion
Just to rnake the point that order doesn't matter let's use a different order from that listed above.
We'll do the integral in the following order.

ffltu' ar = I,' l,!',try dz dx dy

=!,'[]+u"ll,*0,
= I ,' l'r+xy * ay

= |.'?f yl'^av
":

=I,fi'g)4y=1s
i

The volume of the three-dimensional region E is given by the integral,

rt =!l[ ar

Let's now move on the more general three-dimensional regions. We have three different
possibilities for a general region. Here is a sketch of the first possibility.

Fact

z = ur(x,y)

z:ur(x,y)
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ln this case we will evaluate the triple integral as follows,

Example 2 Evaluate

in the first octant.

Solution

I[l r {r, r, z) dv = 
IIU:,'r'::," 

(x, t,,) az)a.t

[[[2, aV where E is the region under the ptane 2x +3y +z = 6 thar lies

0

So D will be the triangle with vertices at (0,0), (3,

sketch of p. !

0

0), and (0,2) . Here is a

'l.: lr ll
0<z<6-2x-3y

We can integrate the double integral over D usift either of the following two sets of inequalit
0<,r<3

)
0s vs -ax+2

1

o<x< -1r*l2'
o<y<2

lllz,ar = ff lfi " "zra,fa'i: t/, t" "

= !lzxrll-"-" a.t

r3 "-?,*,
= J. J. 

t - 2x(6-2x -3v)dvdx

= l,{tr, - 4x'z y -3xy2)l,i'.' *

= l,1o-8x2 
+ t2xdx

=(!*o-9", *0",)l'\3 t )1,

x = -]y+3
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Example -l Determine the volume of the region that lies behind the plane x+ y+z = 8 and in

front ofthe region in they:-planethat is boundedby z = + J, and z = I ! .

Solution 
3

J

1

1"
0

I

dy

=49
5

Here are the limits for each of the variab'"r.O,

. t 

'.= !,, .:,,JJT_

4v='sllt
0<x<8-y-,

, = ill u, = IIU:-,-' ar)az
,, t,

f a rt,[r lz
=JoJ";'' s-Y-zdzdY

' fo, ''r"o
= I l8z-yz-!r\l' a,tt 2 )1,,

f ^' 4

f',^ + s7 3 i 33 ,- I tzY- ----Y-=Y'+-Y-Jo 8' 2" 32

=( rr1 -! r, -1 ri*-11 
", 

ll'
(. - t6' s' 32' )1,
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Example y' Evaluate ttlr!;a; dV whereg is the sotid bounde dby y =2x2 +2zz and

the plane jr= 8 .

Solution Here is a sketch of the solid E.

z

I

e0

-t

-2

2x2 +222 =8

x=rcos9
= x2 +22 =4

z = rsin0

x'+z'=r'
2x2+222</<8

0<r<2
0<g#.2n . ,'

fff -:--- l J I 18 /---_T I
fllV3"r' +32' dV = | | | l-, ^,.J3r' +322 dyldA
"'' JJL.zt'+z=' ')

v
g2468

f(, 

-rl8

= I I {y./r", +322ll a,q
J J \ /h 

'r 
*t--:

rr f-7--:--- ^ ,
= JJ J:("' + z')(a -(zr' +zz.))al

3(x' + 

")(8* 
(zr' +2',))= Jt4 $-zr,y

= Jj r$-zr')
=.,6(st -2r')

yl..lsrA; dv = IIJI (t, -2,')a
ti

='8 Ii !:(t, -2,'), a, ae

= .,6 [" (9,,-?,,)l' -

J,,\3 t )l,ot

=,[s f " 128 ,, -256Ji 
x

Jo 15 15
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