Triple Integrals in Cylindrical Coordinates

The following are the conversion formulas for cylindrical coordinates.
Xx=rcos6 y=rsinf F=z

av =r dzdrdb

In terms of cylindrical coordinates a triple integral is,

'”J‘f (%3 2V = I L i juz s, r f(rcos@,rsin,z)dz dr d6
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4y (c0s6,rsind)

Example 1 Evaluate j”de where £ is the region that lies below the plane z = x + 2 above
K
the xy-plane and between the cylinders x’ er2 =1 and x’ +yz =4,

Solution
0<z<x+2 =5 0<z<rcos@+2

Next, the region D is the region between the two circles x*+y°> =1 and x> + y* =4 in the xy-
plane and so the ranges for it are,
0<6<2r 1< mg?

Remember that we are above the xy-plane and so we are above the plane z =0

mya'V = J-Oz” J.]Z j;cosmz(r sin@)rdz dr do
g
= r"rrz sin@(rcos6+2)drdo
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Example 2 Convert g ,‘ xyzdzdxdy into an integral in cylindrical coordinates.
p o

Solution
Here are the ranges of the variables from this iterated integral.
=< y<1
2
Osx<yl-y from Integral Limits x=41-y" and x=0 equalize the limit of x

X*+y’ <z xt+ )
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-1<y<l Limitsofy
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then ——S@S%

Q<r=<l

r’<z<r

, xyzdzdxdy = j IJ r(rcos8)(rsin@)zdzdrdo
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J.,,pj_[ zr’ cosOsin O dz dr dO
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Triple Integrals in Spherical coordinates

The following sketch shows the relationship between the Cartesian and spherical coordinate systems.

Z

Here are the conversion formulas for spherical coordinates.

x=psingcosH y=psingsin@ z=pCcosQ

2 e 2
+y +z°=p
We also have the following restrictions on the coordinates.
p=0 O<op<rm

For our integrals we are going to restrict £ down to a spherical wedge. This will mean that we
are going to take ranges for the variables as follows,

a<p<b a<6<p o<p<y

Here is a quick sketch of a spherical wedge in which the lower limit for both p and ¢ are zero
for reference purposes. Most of the wedges we’ll be working with will fit into this pattern.
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also

| dV =p*sinpdpddde

Therefore the integral will become,

j”f(x,y,z)dV=I:Ifj;pzsin¢ f (psingcos, psingsin@, pcos p)dp do do
A

Example 1 Evaluate 'U.'[] 6zdV where E is the upper half of the sphere x> +y 422 =1,
I

Solution
Since we are taking the upper half of the sphere the limits for the variables are.

0<p<l
0<0<2r
4
2
el
J.;‘:J'I6de: A .[o J.Op snngo(lépcos(p)dpdgd(p

0<p<

S

The integral is then,

(IR ]

= J'O]’r J;”I;8p35in(2(p)dpd9d¢

:jfjoz”zsin(zgo)demp

2 ‘[05 47 sin (2<p’)[d(p

=-2mcos(2¢)|2
=4

3 o-y? \Jlg_'z_/z 5 P
Example 2 Convert IO I;/ ; j\/,—rz U X+ vzl de dxdy into spherical coordinates.
X2ty

Solution
Let’s first write down the limits for the variables.
0=y <3

0O<x< V9-°

(since this is the angle around the z-axis). T
0<f< 5

The lower bound, z = \/x? +y° , The upper bound, 7 = /] § — > ~y°

upper half of the sphere, 2 4 ¥y’ +z? =18 and so from this we now have the following range for p

0<p<18=32

Now all that we need is the range for ¢ . There are two ways to get this. One is from where the
cone and the sphere intersect. Plugging in the equation for the cone into the sphere gives,

(V757 ) + 22 =18

22+22=18
z*=9
multiple Integral ek ?8 of 39 <<2013-2014>>




we know that p = 3x/§ since we are intersecting on the sphere. This gives,

pcosp=3

3\/5(:05(;):3
COS@ZL:Q = (pzz.
y2 2 4

So, it looks like we have the following range,

w
O<p=<=
=7

The other way to get this range is from the cone by itself. By first converting the equation into
cylindrical coordinates and then into spherical coordinates we get the following,

2§
pcosp =psing

| =tan = .

¢ ® 1

So, recalling that p* = x? +y* + 2%, the integral is then,

S
18-x2- )

d \W \ > 2, 3 (A pn2 kNE) i
j(,j(, J.V[_\.TjTT Xty +z dz¢*¢’f\’~'f” fﬂ ‘[O p'sinpdpddde
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