Change of Variables
substitution rule that told us that,

j:f(g(x))g'(x)dx=J‘:lf(u)du where 1 =g(x)

First we need a little notation out of the way. We call the equations that define the change of
variables a transformation. Also we will typically start out with a region, R, in xy-coordinates
and transform it into a region in uv-coordinates.
Example 1 Determine the new region that we get by applying the given transformation to the
region R.

2
2 Y
(a) R is the ellipse x +—

u
I and the transformation is x = —, y=3v.

(b) R is the region bounded by y = —x+4, y=x+l,and y==—— and the

. o | |
transformation is x = E(u +v), y==(u-v).
Solution
2

(a) R is the ellipse x° +£ =1 and the transformation is x = —, y=3v.

There really isn’t too much to do with this one other than to plug the transformation into the
equation for the ellipse and see what we get.

(4] B2

ut 9y’
+

4 36

=1

w+vi=4
So. we started out with an ellipse and after the transformation we had a disk of radius 2.

(b) R is the region bounded by y=-x+4, y=x+1,and yzﬁ—— and the

transformation is x = El(u o v) o = —l—(u jv).

Let’sdo y =—x+4 first. Plugging in the transformation gives

| |
—(U-v)=—=(u+v)+4
TR R
U—v=-u—-v+8
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Now let’s take a look at y = x+1,
1

2

Finally, let’s transform y =4 -4,

1

(u—v)z%(u+v)+l

U—v=u+v=2
=2v=2

v=-—]

44

2
3u-3v=u+v-8
dv=2u+8
vEZ4)
v
4k (4"4)
2=
=14
173
4

The Jacobian is defined as a determinant of a 2x2 matrix, if you are unfamiliar with this that is

okay. Here is how to compute t

he determinant.

a b
=ad - bc
d

c

Therefore, another formula for the determinant is,

o
a(«\’~)’):6u ov _QQ}_)_G_XQ
o(u,v) | Y| Oudv ovou
ou Ov
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Change of Variables for a Double Integral

Suppose that we want to integrate Vi (x, y) over the region R. Under the transformation

x=g(u,v), y=h(u, v) the region becomes S and the integral becomes,

[ tyaa [[ (etuny a2

——dudv

o(u,v)

If we look just at the differentials in the above formula we can also say that
- G(x,y)
O(u,v)

Example 2 Show that when changing to polar coordinates we have d4 = r dr d@

du dv

Solution The transformation here is the standard conversion formulas,

X =rcosf y=rsin0
The Jacobian for this transformation is,

ox - ox
o(x.y) lor 36|
or0) | &
or 00

cosf —rsin@

|sin®  rcos6

rcos’ 0 — (—rsin2 9)
= r(cos2 0 +sin’ 9)
=r

We then get,

9(x)

a(r.6)

Example 3 Evaluate ” X+ ydA where R is the trapezoidal region with vertices given by
R

dA = drd@ =|r|drd6 = r dr do

(0.0). (5.0). (3.3) and (3.-%) using the transformation x = 2z + 3y and y=2u-3v.

Solution
FFirst, let’s sketch the re ion R and determine e uations for each of the sides.
¥
3 55
i (3.)
2 L
V= Y==x+5
1 L
13
(O’O) |
1
=101
F ==K
)

T 2R
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Let’s use the transformation and see what we get. We'll do this by plugging the transformation

into each of the equations above.

Let’s start the process off with y = x.

2u—-3v=2u+3y
6v=0
y=i()

Transforming y = —x is similar.
2u=3v=—(2u+3v)

4u=0
u=0
Next we’ll transform y = —x +5,
2u—3v=—(2u+3v)+5
4u =

U=

Al W

Finally, let’s transform y = x-5.
20-3v=2u+3v-5

—6v=-

2 and v=2 ands

The region S is then a rectangle whose sides are givenby u=0, v=0, u=

the ranges of v and v are,

(=}
IA
<
IA
EN RV
=)
IA
<
INA
| w»

Next, we need the Jacobian.
8(x,y)
u,v) % -3
)

The integral is then, ﬂrerdA f(f 2u+3v)+ (211—3v)|—]2’dudv

S
J I“48ududv

=6-6=—-12

4a’v
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Example 4 Evaluate .UX —xy+ > dA where R is the ellipse given by x” — xy+y° =2 and

using the transformation x = \/—2—u \/_v y= \/-2-u+\/_v

Solution
The first thing to do is to plug the transformation into the equation for the ellipse to see what the

region transforms into.
2=x"—xp+)?

= 2y” ~iuv +—2-v2 -[Zu2 —2v2)+2u2 +iuv +£v2
3 3 3 3

NG}
=I5 4+ 2 5
o(x.y) 2 %\/;

4
+3

o

S
Slw
&lw

The integral is then,
du dv

Ifxz—xy+y2dA JJ u+v
R

Do not make the mistake of substituting x2—x + 2=2 o W2 +v? =1 in for the integrands.

the integral out will convert to polar coordinates.

J:;'.xz —xy+y*dA :JJ 2((4(Z+v2)$ T%dr
:if;”.f(:(rz)rdrde
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Let’s now briefly look at triple integrals. In this case we will again start with a region R and use
the transformation x = g (u, v, w), y=h (u,v, w),and z = k(u,v, W) to transform the region

into the new region S. To do the integral we will need a Jacobian, just as we did with double
integrals. Here is the definition of the Jacobian for this kind of transformation.

o ax o
ou Ov oOw
6(x,y,z) , 6_y Yy Oy

a(u,v,w) ou v ow
0z 0z &
ou ov ow

The integral under this transformation is,

o(x,y,z)

UJ../"(-YJ’.Z)(/V = f(g(u,v, w).h(u, vow),k(u,v, 14)) :
i 8(u,x,w)

N

dudv dw

As with double integrals we can look at just the differentials and note that we must have
a(x,y, z)

aVv =
a(u,v,w)

dudv dw

Example 5 Verify that dV = p*sin ©dpdOde when using spherical coordinates.

Solution
Here the transformation is just the standard conversion formulas.

X=psin@cosO y=psingsinf Z=pCcosQ

The Jacobian is,
Bl 3.7) si.nfpc?s() ~p§ingosin9 pcos<pc959
W:sm(psm() psingcosf pcosq?sme
cos @ 0 —psing
=—p’sin’ pcos’ O~ p*sin@cos’ Psin?6 +0
—pzsin3</;sin29—0—p2sin(pcosztpCOSZG
:—pzSin3(p(00526+sin26)-pzsin(pcosz(p(sin29+c0529)
=—p’sin’ - p?sinpcos’ g
:—pzsin(p(sinz(p+cosz(p)

=-p’sing
Finally, d¥ becomes,

av :l—pz sin (pldpd@dqo: p’sinpdpdé de

Recall that we restricted ¢ to the range 0 <@ <7 for spherical coordinates and so we know that
sing >0 and so we don’t need the absolute value bars on the sine.
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Surface Area

Here we want to find the surface area of the surface givenby z = f(x,y) where (x,y) isa

point from the region D in the xy-plane. In this case the surface area is given by,

s=[[JIZF+[4T +1aa

Example 1 Find the surface area of the part of the plane 3x+2y+z =6 that lies in the first
octant.

Solution

2:./'(-\3}") then z=6-3x-2y SO Jo=-3 and f\,:—Z
The limits defining D are,

0<x<2 OSyS—%x+3

The surface area is then,

S = [[[-3] +[-2] +144
D
L1
= \/ﬁjoz——z—xw%dx

= \/I—Z(—%xz +3x)

2
0
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: Example 2 Determine the surface area of the part of z=xy that lies in the cylinder given by
X’ +y* =1,

Solution  Here are the partial derivatives,

fo=y Sy =%

The integral for the surface area is,
Bi= Fryi4ldd
/
Given that D is a disk it makes sense to do this integral in polar coordinates.
S = H,/ x*+y*+1dA
2]
2 pl =
:_[Oﬂ.for\/l-lrr‘ drdo

1

:J:”%@)(lwz)go

do
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Area and Volume Revisited

We'll first look at the area of a region. The area of the region D is given by,
r Area of D = H dA
D

Now let’s give the two volume formulas. First the volume of the region £ is given by,

Volume of E :de
E

Finally, if the region £ can be defined as the region under the function z = f(x,y) and above
the region D in xy-plane then,

Volume of E = J-J‘f(x,y) dA
D

Note as well that there are similar formulas for the other planes. For instance, the volume of the
region behind the function y = f(x,z) and in front of the region D in the xz-plane is given by,

Volume of E = ”f(x,z) dA
D

Likewise, the the volume of the region behind the function x = /(».z) and in front of the

region D in the yz-plane is given by,

Volume of £ = [[ £ (,z) d4
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Home Work:

1 Evaluate;

302
(a) [ j ' - xy) dydx

140

¥t e
(b) r de (x=y)dy, where y, - va? - x?
0 Jo
2 Determine:

%3#2 a/3
(a) f J (2c0s0 - 3sin 30) dodr
0 o

2
(b) ” rxy(erZ)dxdydz
424100

J

(©) j(: dszdex(x +y+2)dy

] 0

3 Form a double integral to represent the area of the plane figure bounded
by the polar curve r = 3 + 2¢cos8 and the radius vectors at § =0 and
€ = 7/2, and evaluate it.

(4) Use iterated integration to compute the double integral of the rectangular r(J‘J‘XdeIA over the
R={xP|l= x= 2,0=y=1} R

2xer d A
(5) Use iterated integration to compute the double integral of the rectangular rjf over the
R=llxy~1= x= 0,0 =y=In(2)). R

(6)Use iterated integration to compute the double integral of the rectangular regi fj sm(x+y)dl}1 over the
‘ Vg
R

":J' = <£ e e s ‘
R t(_)r,y) 0= x= 4,U~y_ 2}.

(7) Use iterated integration to compute the double integral of the rectangular re fjxsin(x Wl A guer the
R={z»|0= x= T 0=y=1} R

rectang

rectang

rectang

rectang

(8) Find the volume of the solid bounded below by the rectar-R 5 {(X, y) I0=x=10= et 2} in the xy-plane andabovi¢

-~

the graph ofZ = S (% ¥) = 2x+ 3y

(9) Find the volume of the solid bounded below by the rectar:’,Q = {(x, y) IT=x=2 1= FE li:'}in the xy-plane and abov

the graph of £ = Jxy)y=xln(xy).
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Further problems

10

11

12

i3

14

ki

3 6
Evaluatej f rsin @ dr de
O

0

pw p3
Evaluate J r3(9 — r¥)drde
0 0

2 3 2
Evaluate | dx J dy[ xy?zdz
40 1 g1

r2 2
Evaluate | dx J (x* +y*)ay

Jo 1

The base of a solid is the plane figure in the x-y plane bounded by x = 0,
x=2,y=xand y = x? + 1. The sides are vertical and the top is the surface
z = x* + y2. Calculate the volume of the solid so formed.

A solid consists of vertical sides standing on the plane figure enclosed by

1
Evaluate the iterated integral ff (12 +Xy+ sz dydx.
0 Jo

Evaluate the iterated integral fij cosydydx.
1 Jo

n(2) 1 5
Evaluate the iterated integral j j e dxdy.
0 1]

Find the volume enclosed by the cylinder x2 + »? =9 and the planes
=0and z=35 - x.

Determine the volume of the solid bounded by the surfaces
y:xza x:)“"z; Z=2andx+y+zw.;4

Find the volume of the solid bounded by the plane z = 0, the cylinder
x? +y? = a? and the surface z = x? + 2.

Find the volume of the solid in the first octant bounded by the planes
X=0,y=0,2z=0, z=x+yand the surface x2 4 y? = g2,

Calculate jszyz dxdy over the triangular region in the x-y plane with
vertices (0, 0), (1, 1), (1, 2).
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