
Change of Variables
substitution rule that told us that.

ln ^t / ,\ rtl
L, I lx (x)) E'(x) dx = l, f (u)a, where u = g (x)

First we need a little notation out of the way. We call the equations that define the change ol
variables a transformatign. Also we will typically start oui with a region, R, in xy-cooridinates
and transform it into a region in ay-coordinates.

Exymfle 'l Determine the new region that we get by applying the given transformation to thereglon fi' 
, !, u

(a) R is the ellipse x I-= I andthetransformation is .tr=_. v =3v.ro 2'
(b) Ristheregion bounded by y=-x+4, /=x+l,and y=! -4 andthe-1a

rranslormation is x = !(, *y), y =1(,-r).2' ' r' 2\-' ''Solution

(a) l? is the ellipse r' * #= | and the transformation i, x = 1, | =3v .
JO

There really isn't too rnuch to do with this one other than to plug the transformation into the
equation for the ellipse and see what we set.

fo)'. (3u)' 
= l\2) 36

u' 9v2

-T- 
= t436

u'+v'=4.,t'-'
So. we started out with an ellipse and after the transformation we had a disk of radius 2.

(b) R is the region bounded by y = -x +4, ! = x+l,and y = :-:and rhe;3
rransformarion is x =\(r*r), y=*(rar).

,/ ,l'

v
/3 5\\t'Tl

v=xy

:l

-2

-3

,o)

l_7\T

Let's do I = -x + 4 first. plugging in the transformation gives

l, ' I

,\, -, ) = -rlu + v)+ 4

u-v=-u-v+8
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Now let's take a look at y = y q1 
,

l, l.
*(u-v)=7fu+v)+l2' ' 2', /

1.,t.-v=u*v=2

-2v =2

Finally, let'stransform y=+-+. 
v=-l

l, , l(1, ,) 4

,l'- v) = , [;(a 
*') )-t

3u-3v=u*v-8
4v =2u+8

v =!+2
2

(4.!)

-6 f '*4, 3

u=4

(-6,-1) Y= -l (4,-1)

The Jacobian is defined as a determinant of a 2x2 matrix, if you are unfamiliar with this that is
okay. Here is how to compute the determinant.

l" bl= 
oa - n,

lc dl

Therefore, another formula for the deter

o(',y) 
=0(u,v)

minant is,

la, aA

la, arl _ ar ay ax ay

la, aya a, tu- a, a,
la, a'l

Definition

The Jacobian of the transformation x=g(u,v), y=h(u,v)is

la* axl
a$'Y) =lu a"l
a(u,v) lay 4

ldu Avl
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of Variables for a Double In

If we look just at the differentials in the above formula we can also say that

Suppose that we want to integrate f (r, y) over the region R. una"i tr,, t**rorr*oti-
v = S(u,r) , y = h(u,v) the region becomes S and the inregral becomeso

IIr @.r)a = ll ,C(u,,),h(u,4)la;\''Y!ln, *t) JJ ''lo\u,v)l

ao =l*'410, o,

Exampte2 Show that when changing t" ,[liJJrl,nu,., we have dA = r dr d0

Solution The transformation here is the standard conversion formulas.
x=reose

a,

a
0r

o*l
ael
^loyl

NI

We then get,

Example J Evaluate ll x + y al where R is th.e trapezoidal region with vertices given by

(0.0). (5'0)' (*,*) ana (i.-i) using the transformario n x = 2u+3v and y = 2u -3v.
Solution
First. let"s sketch the re ion R and determine e uations for each of the sides.

(; ,i)

1

(0,0)

-t

-2

'y=x-5

y = rsin0
The Jacobian for this transformation is,

o(*,v) 
=0(r,0)

lcos0 -rsin gl
=l I

lsin0 r'cosg 
I

= r cos2 o - (-r sin' e)

=r(cos'0+sintg)

=r

Y=-x+5

-3multiple In
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Let's use the transformation and see what we get. We'll do this by plugging the transformation
into each ofthe equations above.

Let's start the process off with y = )c .

Transforming ! = -x is similar.

lNext we'll transform y = -x+5.

Next, we need the Jacobian.

The integral is then.

2u-3v =2u+3v
dv=0
y=0

2u _3v = _(2u+3v)

4u =0
u=Q

2u -3v = -(2u + 3v) + 5

4u=5
5U=-
4

rl::;i,
,- l'... '1r,"

!"i 1...,,

Finaffy, let's transform ! = x - 5 .

zti -3v = 2u +3v - 5

-6y = -5
5'=6 )':.,

Theregionsisthenarectangrewhosesidesaregivenby tt=e,,v.=0,u=f, and v-f ands
the ranges of u and v are, Iri^'

^ 5 i:,.i {g<u<z 'q, Ogv<j4 ,o.. ":,'-' - 6

IIr*,
R

;,,t., 1,:'
o(*,y) lz tl
4rny=lz -rl=-u-6=-12

s

dA = l' l : Qu +3v\+ (2u- 1")l- t2ldu dv
J o'o ' '

^= 
S

= | 'liqSudud,
J ouo

=luz+urloduJo to

5

= f '72a,Jo 2
5

7s li
= Tulo

=121
4
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Example4 Evaluate ll"'- xy+y2 crA whereRistheeilipsegivenby x'-xy+y, =2 and
R

using the transformatio n, = Ji u - J| r, y = rll u* G u .

Solution
The first thing to do is to plug the transformation into the equation for the ellipse to see what theregion tranqforms into.

224=.:*-=-V3 V: JT

rr, - E,)("r,.,8,). [r, .,8,)'

-(ro -urn).zu'+fr*+1,,

2=x2 -xy+y2
( n\2 /

=l Jiu-^l!,| -l\. Y3 J (.

A'
-ruz -*uv+2v,tta

VJJ

=2u2 +2v2

,,*.ti"j#
"'ii:j.*

Do not make the m

the integralout wil

The integral is then,

in for the integrands.

aU.v)
a@r) =
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Let's now briefly look at triple integrals. In this case we will again start with a region R and use
the transformation x = g(u,v,*), y = h(u,v,w), and z = k(u,v,w) to t.ansfo.m the region
into the new region s. T9 d9 the integral we will need a Jacobian, just as we did with doubleintegrals, Here is the definition of the Jacobian for this t<ino of transformation.

lA, 0x A*l
t-

lou ov owl

-lav oy ful-la, a" a-l
lA, Oz Arl
t-
lou ov owl

The integral under this transformation is.

ff I t t r, y. z) tt It = II t, r (u, v, w), h (u, v, w) . k (u,,,,))l##1* * *
As with double integrals we can look at just the differentials and note that we must have

av =l!*'!,')lruor*
lo\u.v,w)l

Exomple 5 Verify that dv - p2 sin E d p riT cttp when using sphericar coordinates.

Solution
Here the transformation is just the standard conversion formulas. ,r:

.r-psingcos? y-psingsinT, z_pcosg

The Jacobian is.

- O( z. v.z\ lsin 
gcosd -psin rpsin0 pcosrpcosgl

" \-.J.- | =lsinrpsing psingcos0 pcosgsingla(p.o.q) | ;;; ;"""" ":;,il"l
- -pt sin3 Ecost 0 - prsin rpcos2 gsin2 o + 0

-p2 sin' $sin, 0 -0- p, sin gcos2 tpcos, 0

- -p2 sin' g(cos, g +sin2 e)- prsinrpcos2 g(sin, g+cos2 g)

= *p'sin3 g- p2 sin qcost tp

= -p2 sing(sin'?g+cos, rp)

FinallY;'dllbseomes' 
= -P2 sinq

ay =l- p' sin qld p d0 drp = p2 sing d p d0 dE

Recall thatwerestricted q rctherange 0 <q<fi forspherical coordinatesandsoweknowthat
sin g > 0 and so we don't need the absolute value bars on the sine.

multiple Integral 35 of 39 <<2013-2014>>



Surface Ares

Here we want to find the surface area of the surface given by , = -f (*,y) where ("r,y) is a
point from the region D in the ry-plane. In this case the surface area is given by,

Example I
octant.

Solution

Find the surface area of the part of the plane 3x +2y + z = 6 that lies in the first
0

6

4

1

0

, =./ (r,y) then z =6-3x-2y
The limits defining D are,

0sx<2

The surface area is then.

1

f,=-3 and .f,.=-2

at
0< y< -1x+3'2

tdA,J+

t5fu

dx

rl2

"il)lo

-21'

dya

3d

-JX

'+[

vl4
a
J
-r+
2

2'x +

-x
,-

x'

l'[-:]'
l-

- -t+t
2t

I

lz J| --J0 2
f1
| _:l
\4

IIJI
l)

I; I"

Jt4l

Jr4 
[

3Jt4

J;''

4l:

-(4[-

.s-

=

=

=

---
- I I l. 1i - -2

" 
= JJ lLf,[ +lf, )- +t d,t
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Example 2 Determine the surface area of the part of z = x! that lies in the cylinder given by
.rt +y'- l.

Solution Here are the partial derivatives,

The integral for the surface area is,

f,=y fr=x

civen that D is a disk it makes sense to do this integral in polar coordinates.

=l;'l, r,lr*i arae

= f ,' :(i)1t."1:l1,ae

= 
I"' :s" -t)ae

=?L(11 -t)3( )

s=ffr[-'*t+tal
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we'll first look at the area of a region. The area of the region D is given by,

AreaofD =l[oo

Afea and Volume Revisited

Finally, if theregionEcanbedefinedastheregionunderthefunction ,=-f (*,y) andabove
the region D in xy-plane then,

Note as well that there are similar formulas for the other planes. For instance, the volume of the
region behind the function ! = f (x, z) and in front of the region D in the xz-pf ane is given by,

Likewise, the the volume of the region behind the function x = -f (y,z) and in front of the
region D in theyz-plane is given by,

Now let's give the two volume formuras. First the volume of the region E is given by,

volume of E=lllo,

Volume of E = ll t (*,yy a,a

votume of E = Il t (r,r) a,q
l)

Votume of E = ll f (y,r) a
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lfomo Sortl

I [va]uate:
4afr(

{d I I g1-xy)dydx
Jt Jo

ta ryr

(b) | dr | (r - l)dy, where y1 - yp-p
JtJ J{}

2 Determine:

/3tt p,/l
(u) | | {Zcos0-3sin3d)d0dr.'JoJn

ftf?d
(b) lllxY{z+2)drdydr

,tz ,tr .to

ttfF
(u) | dzl ill(*,y+t.ldy

JO J] JO

I Form a cloublc intcgral to reprcsrnt the area of the $ane figurc boundeiiby the;rorar cune r:3+2cosg and the radius l'ectsrs at g:o and
0 : r!2, and evaluate it.

' (4) use iterated integration to compute the doubre integrar ot the rectannr'., .JJ f ydA over the rectangR={(x,y)lt= xs 2,0sy= t}. 
R

(5-l u:9 iterated integration to compute the doubre integral of the rectangurar r I I 'x 
et d A, 

ovor the rectangR=i(ny)l-ts x* 0,0sysln(Z)). 
'rirvvrYr v' rrre 

R

(6)use.iterated integration to compute thedoubte integrat of the rectangutar regi ,|f 
t*O +fidA 

over the rectang^ t, 'l- ,{,g*r=n} fn=[(a.p)lu<xs 
4 Z)

(7-l u:9 iterated integration to compute the doubte integrat of the rectannro, *Jfrsin(ry) dAou"rrhe rectangR={(x,y)l0s xsrT,O.y*ti. 
R

(8) Find the votume of the sotid bounded betow by the rectanf = {(a y) | 0 . x. l, 0 * .y. 2} in the x/-ptane 
andabovr

the graph otz = f(x, Y) = 2 x + 3 Y

(9) Findthevolumeof thesolid bounded betowbytherectanS= {(x,y)ll =x= 2, 1* y. e}inthe x/-ptaneandabov
thesraph otz = f(x, Y) = xln(xY)
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2

Furtilrr*r prohlarnr

I Evaluate [" f*o r sin g dr do
Jo Jo

1Zn pj
f,valuarte I l rr(g * Pldrdd

JO JO

gZ 13 slEvaluate I d"l Ayl xyzzdz.ro Jr .t 1

k,vatr-urte [" * [t," , -r t') ayJo Jr
The lrase of a sotid ts lhe -pl::lu flqure in tlle x1u plane bcnnded b;z x : o,x : 7,l' :j and y : x3 * l- The sides are vertical anrj the top is the surfacez : x2 * t'- c^atcrrlate the 'f:lume of thc .s'lid so formecl.
A solid consrsts of verticar sides standrng r:n trre prsne frg*re enclcxed by

Evaluate the iterated integrzl 
(2 fL , " .\

Jo Jo ft +xY+ f )dvdx
Evaluate the iterared inregrat f f ^ 

cos y dy dx.
Jl JO

Evaluale rhe neraled inregrat ["o' [t e^rz t d x dy
tn ,n

Find the volume enclosed by the cyllnder xt + f : 9 and the planesz*Oandz:5"*x"

fetl;m-ine othe volurne of the sorid trounded by the surfacesy : x*, x : l"o, z : z and x +y + z * 4.
Itind tlre volume 

'f the sorid bounde{by the prane z * o, the cyrinderx" +f : rta and the surface z : xz +rp.' 
--- r----Y -'

Find the vstume of ttre soltd in the nrst octant bounded by the planesa : Q / : O, Z * O, Z : x+yand ttre surf,ace xa + lF : az.
tf

calculate 
J J 

*r' dxdy over the trtangular regron rn the x-y prane with
vertlces i0, O), (1, l), (1, Z).

9

1()

Lr

TZ

13

!4
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