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Section 4-1 : The Definition

You know, it's always a little scary when we devote a whole section just to the definition of something.
Laplace transforms (or just transforms) can seem scary when we first start looking at them. However, as
we will see, they aren’t as bad as they may appear at first.

Before we start with the definition of the Laplace transform we need to get another definition out of the
way.

A function is called piecewise continuous on an interval if the interval can be broken into a finite
number of subintervals on which the function is continuous on each open subinterval (i.e. the
subinterval without its endpoints) and has a finite limit at the endpoints of each subinterval. Below is a
sketch of a piecewise continuous function.

|
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In other words, a piecewise continuous function is a function that has a finite number of breaks in it and
doesn’t blow up to infinity anywhere.

Now, let’s take a look at the definition of the Laplace transform.

Definition
Suppose that f(t) is a piecewise continuous function. The Laplace transform of f(t) is denoted
E{f(l)} and defined as

c{f()=["e"r(t)ar )

There is an alternate notation for Laplace transforms. For the sake of convenience we will often denote
Laplace transforms as,

With this alternate notation, note that the transform is really a function of a new variable, s, and that all
the t’s will drop out in the integration process.
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Now, the integral in the definition of the transform is called an improper integral and it would probably
be best to recall how these kinds of integrals work before we actually jump into computing some
transforms.

Example 1 If ¢ # 0, evaluate the following integral.
J-re” dt
0

Solution
Remember that you need to convert improper integrals to limits as follows,

j”e” dr = lim [ e dr
0 0

n—o

Now, do the integral, then evaluate the limit.

'fo e dr=lim| e dr

n—w 0

= Iim(le"’]
n—ow C O
: (1 1]
=lim| —e" ——
n—wm c c

Now, at this point, we've got to be careful. The value of ¢ will affect our answer. We've already
assumed that c was non-zero, now we need to worry about the sign of ¢. If cis positive the
exponential will go to infinity. On the other hand, if c is negative the exponential will go to zero.

n

So, the integral is only convergent (i.e. the limit exists and is finite) provided c<0. In this case we get,

j : e dt = —% provided ¢ <0 )

Now that we remember how to do these, let’s compute some Laplace transforms. We'll start off with
probably the simplest Laplace transform to compute.

Example 2 Compute £ { l} -

Solution
There’s not really a whole lot do here other than plug the function f{t) = 1 into (1)

cily=[ e ar

Now, at this point notice that this is nothing more than the integral in the previous example with
¢ =-—s. Therefore, all we need to do is reuse (2) with the appropriate substitution. Doing this gives,

Ll J-:e"“" dt= _—Ls provided —s5 <0

Or, with some simplification we have,
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gL provided s > 0
s

Notice that we had to put a restriction on s in order to actually compute the transform. All Laplace
transforms will have restrictions on s. At this stage of the game, this restriction is something that we
tend to ignore, but we really shouldn’t ever forget that it’s there.

Let’s do another example.

Example 3 Compute E{e”’}

Solution
Plug the function into the definition of the transform and do a little simplification.

L {e‘”} = J.ou e Ve dr = fo eV gy

Once again, notice that we can use (2) provided c =g —5. So, let’s do this.

£{e"’} = J.Om e gy

=— provided a—s < 0

L = provided s > ¢
S5

Let’s do one more example that doesn’t come down to an application of (2).

Exﬂmple 4 Compute ,C{Sin (a[)}.

Solution

Note that we’re going to leave it to you to check most of the integration here. Plug the function into
the definition. This time let’s also use the alternate notation.

L{sin (ar)} =F(s)
= I:e""’ sin (ar)dr

= |lim Oue"” sin(at)dr

n—.

Now, if we integrate by parts we will arrive at,

F(s) = lim —Ge-“ cos(az)j

h—®»

n
—-ifone'” cos(at)dr
o

Now, evaluate the first term to simplify it a little and integrate by parts again on the integral. Doing
this arrives at,
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F(s)=lim l(l—e_‘”’cos(an))—i

novaltig a

s o

Now, evaluate the second term, take the limit and simplify.

F(s)= nm(é(x —e™ cos(an))—%(le"‘“ sin (an)+§ [e " sin (at)dzjj

h—on a

- l—i(iJ‘:e"" sin (ar) dtj

e\

I 55w Sk
=—— i ) dt
=i _[0 e " sin(ar)

Now, notice that in the limits we had to assume that s>0 in order to do the following two limits.
lime™ cos(an) =0

n—x

lime™ sin (an) =)

n=»x

Without this assumption, we get a divergent integral again. Also, note that when we got back to the
integral we just converted the upper limit back to infinity. The reason for this is that, if you think
about it, this integral is nothing more than the integral that we started with. Therefore, we now get,

F(s):é—:—zF(.s')

Now, simply solve for F(s) to get,
£{sin (at)}=F(s) == = - provided s > 0
a

-

As this example shows, computing Laplace transforms is often messy.

Before moving on to the next section, we need to do a little side note. On occasion you will see the
following as the definition of the Laplace transform.

Cir @Oy =]" e r(r)a

Note the change in the lower limit from zero to negative infinity. In these cases there is almost always
the assumption that the function f(t)is in fact defined as follows,

| L) -ifez0
f(l)—{o ifr<0

In other words, it is assumed that the function is zero if t<0. In this case the first half of the integral will
drop out since the function is zero and we will get back to the definition givenin (1). A Heaviside
function is usually used to make the function zero for t<0. We will be looking at these in a later section.
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Section 4-2 : Laplace Transforms

As we saw in the last section computing Laplace transforms directly can be fairly complicated. Usually
we just use a table of transforms when actually computing Laplace transforms. The table that is
provided here is not an all-inclusive table but does include most of the commonly used Laplace

transforms and most of the commonly needed formulas pertaining to Laplace transforms.

Before doing a couple of examples to illustrate the use of the table let’s get a quick fact out of the way.

Fact
Given f(t) and g(t) then,

C{af(t)+bg(t)}:aF(s)+bG(s)

for any constants g and b.

In other words, we don’t worry about constants and we don’t worry about sums or differences of
functions in taking Laplace transforms. All that we need to do is take the transform of the individual
functions, then put any constants back in and add or subtract the results back up.

So, let’s do a couple of quick examples.

Example I Find the Laplace transforms of the given functions. T
(@) f(1)=6e +e" 57 -9

(b) g(1)=4cos(41)-9sin (4t)+2005(101)

(c) h(l):3sinh(21)+3sin(2f)

(d) g(1)=e3'+cos(6l)—e3’ cos(61)

Solution
Okay, there’s not really a whole lot to do here other than go to the table, transform the individual

functions up, put any constants back in and then add or subtract the results.

We'll do these examples in a little more detail than is typically used since this is the first time we're
using the tables.

(@) f(r)=6e +e” +5/° -9

.
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(b) g(l):4cos(41)—9sin(41)+2cos(101)
Gl b R, S P .
s> +(4) s’ +(4)" 5 +(IO)
o As s 36 4 25
PR S HT6 2100

(c) /(1) =3sinh (2¢)+3sin (2)

His}=3 +3

(d) g(r)=e" +cos(6r)—e" cos(61)

4 | s §=3
s )= +: s -
) §=3 s +(6) (s=3)"+(6)’
| S s—3
= +

=37 §7436 (5-3)+36

Make sure that you pay attention to the difference between a “normal” trig function and hyperbolic
functions. The only difference between them is the “+a’” for the “normal” trig functions becomes a

“ 2n

a”" in the hyperbolic function! It’s very easy to get in a hurry and not pay attention and grab the
wrong formula. If you don’t recall the definition of the hyperbolic functions see the notes for the table.

Let’s do one final set of examples.

Example 2 Find the transform of each of the following functions.
(a) /(1) =1cosh(3r)

(b) h(/):lzsin(Zl)

© g(1)

@) f(r)=(100)?
© f(t)=e'(c)

Solution

(a) f(¢r)=tcosh (3)

/2

(1
g

Il

This function is not in the table of Laplace transforms. However, we can use #30 in the table to
compute its transform. This will correspond to #30 if we take n=1.

e F(s)zﬁ{tg(l)}:—G’(s), where g () = cosh (3¢)
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So, we then have,

Using #30 we then have,

(b) 2(r)=1sin(2r)

This part will also use #30 in the table. In fact, we could use #30 in one of two ways. We could use it
with n=1.

Hia)= [Z{If(/)} =—F'(s), where 1 (1) =rsin(2¢)

Or we could use it with n =2,

H(S)zﬁ{rzf(l)}:F”(s), where () =sin(2r)

Since it’s less work to do one derivative, let’s do it the first way. So, using #9 we have,
4s ; 125> ~16
F(S): 5 2 F(S):— x 3
(S' +4) (.s"+4)
The transform is then,
12s*-16
L e e
(32 + 4)

(c) g(l)zt%

This part can be done using either #6 (with » =2 or #32 (along with #5). We will use #32 so we can
see an example of this. In order to use #32 we'll need to notice that

J.l\/;dv:zl% = 1%=£Il\/;dv
0 2 0

3
Now, using #5,

we get the following.

G(S)J(ﬁ][l]:”?

EZS% s

This is what we would have gotten had we used #6.
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(d) £(:)=(100)

For this part we will use #24 along with the answer from the previous part. To see this note that if

g@):ﬁ

f(t)=g(10r)

then

Therefore, the transform is.

(e) f(r)=1g'(1)
This final part will again use #30 from the table as well as #35.

c{rg'<z)}=—;j’;c{g'}

Remember that g(0) is just a constant so when we differentiate it we will get zero!

As this set of examples has shown us we can’t forget to use some of the general formulas in the table to
derive new Laplace transforms for functions that aren’t explicitly listed in the table!
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