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Section 3-9 : Undetermined Coefficients

In this section we will take a look at the first method that can be used to find a particular solution to a
nonhomogeneous differential equation.

Y e p()y'+q(r)y=2g(r)

One of the main advantages of this method is that it reduces the problem down to an algebra problem.
The algebra can get messy on occasion, but for most of the problems it will not be terribly difficult.
Another nice thing about this method is that the complementary solution will not be explicitly required,

although as we will see knowledge of the complementary solution will be needed in some cases and so
we’'ll generally find that as well.

There are two disadvantages to this method. First, it will only work for a fairly small class of g(t)’s. The
class of g(t)’s for which the method works, does include some of the more common functions, however,

there are many functions out there for which undetermined coefficients simply won’t work. Second, it
is generally only useful for constant coefficient differential equations.

The method is quite simple. All that we need to do is look at g(t) and make a guess as to the form of
Ye(t) leaving the coefficient(s) undetermined (and hence the name of the method). Plug the guess into
the differential equation and see if we can determine values of the coefficients. If we can determine

values for the coefficients then we guessed correctly, if we can’t find values for the coefficients then we
guessed incorrectly.

It’s usually easier to see this method in action rather than to try and describe it, so let’s jump into some
examples.

Example 1 Determine a particular solution to
Yy =4y =12y =3e*
Solution

The point here is to find a particular solution, however the first thing that we’re going to do is find the

complementary solution to this differential equation. Recall that the complementary solution comes
from solving,

Y =4y -12y=0

The characteristic equation for this differential equation and its roots are.

r’—4r—l2=(r-6)(r+2)=0 = n=-2, n=6

The complementary solution is then,

y.()=ce™+ e,

ﬁt lhis point the reason for doing this first will not be apparent, however we want you in the habit of
finding it before we start the work to find a particular solution. Eventually, as we’ll see, having the

cornplemeptary solution in hand will be helpful and so it’s best to be in the habit of finding it first
prior to doing the work for undetermined coefficients.
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Now, let's proceed with finding a particular solution. As mentioned prior to the start of this example
we need to make a guess as to the form of a particular solution to this differential equation. Since
g(t)is an exponential and we know that exponentials never just appear or disappear in the
differentiation process it seems that a likely form of the particular solution would be

Y. (1) = Ae”

Now, all that we need to do is do a couple of derivatives, plug this into the differential equation and
see if we can determine what A needs to be.

Plugging into the differential equation gives
254" —4(54e” ) -12(Ae* ) = 3¢”

-74¢" =3e*

So, in order for our guess to be a solution we will need to choose A so that the coefficients of the
exponentials on either side of the equal sign are the same. In other words we need to choose A so

that,

-T74=3 — A=—-—

Okay, we found a value for the coefficient. This means that we guessed correctly. A particular
solution to the differential equation is then,

);U)=-%c“

Before proceeding any further let’s again note that we started off the solution above by finding the
complementary solution. This is not technically part the method of Undetermined Coefficients
however, as we'll eventually see, having this in hand before we make our guess for the particular
solution can save us a lot of work and/or headache. Finding the complementary solution first is simply a
good habit to have so we’ll try to get you in the habit over the course of the next few examples. At this
point do not worry about why it is a good habit. We'll eventually see why it is a good habit.

Now, back to the work at hand. Notice in the last example that we kept saying “a” particular solution,
not “the” particular solution. This is because there are other possibilities out there for the particular
solution we’ve just managed to find one of them. Any of them will work when it comes to writing down

the general solution to the differential equation.

Speaking of which... This section is devoted to finding particular solutions and most of the examples will
be finding only the particular solution. However, we should do at least one full blown IVP to make sure

that we can say that we've done one.
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[‘Exumplc 2 Solve thtTol_lownng vp
. . ’ 18 :
' =4y ~12yale )-(0)=7 Y(0)=-=

Solution
| We know that the general solution will be of the form,

)=y (1)+Y, (1)

and we already have both the complementary and particular solution from the first example 5o we
don’treally need to do any extra work for this problem.

S

One of the more common mistakes in these problems is to find the complementary solution and then,
because we're probably in the habit of doing it, 2pply the initial conditions to the complementary
solution to find the constants. This however, is incorrect. The complementary solution is only the

nonhomogeneous differential equation and the initial conditions must satisfy that solution instead of
the complementary solution.

So, we need the general solution to the nonhomogeneous differential equation. Taking the
complementary solution and the particular solution that we found in the previous example we get the
following for a general solution and its derivative.

y(1)=ce™ +c.e™ —ie"
= 7
Y'(1)=-2ce™ + 6c.e” —?c"

Now, apply the initial conditions to these.

18 3
—=y(0)=¢, e

15
= )"(0) = —-2(" +6C2 —7

\'l_ ~3

Solving this system gives ¢; = 2 and ¢z =1. The actual solution is then.

y(1)=2e +¢* -%e"

This will be the only IVP in this section so don’t forget how these are done for nonhomogeneous
differential equations!

Let’s take a look at another example that will give the second type of g(t) for which undetermined
coefficients will work.
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| Example 3 Find a particular solution for the following differential equation. W
' _|"-4l|"—|2_\’=5in(2I)

| Solution . v
| Again. let’s note that we should probably find the complementary solution before we proceed |
onto the guess for a particular solution. However, because the homogeneous differential

cquation for this example is the same as that for the first example we won't bother with that
here.

Now. let’s take our experience from the first example and apply that bgfe. The ﬁm cntpple
had an exponential function in the g(1) and our guess was an exponential. This differential
cquation has a sine so let’s try the following guess for the particular solution.

Y. (1) = Asin(2r)
Differentiating and plugging into the differential equation gives,
~4Asin(2r)-4(24cos(2r))-12( Asin (2r)) =sin(2r)
Collecting like terms yields

~16Asin(2r)-8A4cos(2r) =sin(2r)

We need to pick A so that we get the same function on both si
the coefficients of the sines and cosines must be equal. Or,

cos(2r): -84=0 = A=0

des of the equal sign. This means that

sin(2r): -164=1 = A=-|'_6

Notice two things. First, since there is no cosine on the ri
must be zero on that side. More important
to drop out, as it must in order for the gues
but if A =0, the sine will also drop out and
around will also keep the cosine around.

ght hand side this means that the coefficient
ly we have a serious problem here. In order for the cosine
s to satisfy the differential equation, we need tosetA=0,
that can’t happen. Likewise, choosing A to keep the sine

What this means is that our initial guess was wrong. If we get multiple values of the mm;q:‘. i g
are unable to find the value of a constant then we have guessed wrong. 4 X

One of the nicer aspects of this m
hthisauthcprohlemwasthe
Buess. Our new guess is

ethodisthatwhenweguessmngouvmw en sy
cosine that cropped up. So, to counter this let’s add a cosi .

Y, (1) = Acos(2r) + Bsin (2r) 58 ” ,.-.""‘,__

£ing this into the differential quation and collecting like |

© 2018 Paul Dawkins



Oitterential Equations 152

3 ]\\)\(:;' V;llf\m(:l)r--l(—llxun(21)~ZIfuus(Zl))— o -

ll(hus(ll)~llsm(2l)) sin(2r)
(—44- Sb‘—ll'4)cns(21)~(—48‘8,4—l28)sm(21):sin(ZI)
(—I6.-I—88);‘05(21)*(8,4—I6B)sin(21)=sin(21)

Now, set the coefficients equal

cos(2r) -164-88=90
sm(Zl) 84168 =
Solving this system gives us
| |
A=— B = —
40 20

We found constants and this time we guessed

correctly.
equation s then,

A particular solution to the differential

ne had shown up we will see that the same guess will also
work.

ey will all come back to two types that we've already done as well
as the next one.

Example 4 Find a particular solution for the following differential equation.
‘ Y =4y -12y=2P =1 +3

|

| Solution
Once, again we will generally want the com
with the same homogeneous differential e

plementary solution in hand first, but again we're working
| the same homogeneous problem) so we'll
|

quation (you'll eventually see why we keep working with
again just refer to the first example.

5 For this example, gft) is a cubic polynomial. For this we will need the following guess for the
particular solution.

Y.(1)= A’ + B +Ct+D

Notice that even though g(t) doesn’t have arinitour guess will still need one! So, differentiate and
plug into the differential equation,

641+2B-4(347 +2B1+C)-12(4r’ + B +Ct+D)=20 —1+3
=124 +(-124-128) +(64-8B-12C)1+2B-4C-12D =2 -1+3

Now, as we've done in the Pprevious exam

ples we will need the coefficients of the terms on both sides
of the equal sign to be the

$ame so set coefficients equal and solve.
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i <=t = A N
6 f
P -124-12B=0 = pg=t :
6 |
|
;' 64-88-12C=-1 = (C=-) {
9 !
= 2B-3C-12D=3 = D=-i
27

| Notice that in this case it was very easy to solve for the constants. The first equation gave A. Then
| once we knew A the second equation gave 8, etc. A particular solution for this differential equation is
| then

I | l 5

.i Y, (1) === +=" —=1-= |
» LT AT :

AL e i

Now that we’ve gone over the three basic kinds of functions that we can use undetermined coefficients
on let’s summanze. ]

g(t) V-lt)‘uess
ae” Ae”
acos(pt) Acos(fr)~+ Bsin(B)
bsin(pr) Acos(fr)+ Bsin(R)
acos(Bt)+bsn(fi) | Acos(fr)+ Bsin(f)
n™ degree polynomial | Al + A 1"+ A1+ 4

Notice that there are really only three kinds of functions given above. If you think about it the single zi
cosine and single sine functions are really special cases of the case where both the sine and cosine are :
present. Also, we have not yet justified the guess for the case where both a sine and a cosine show up.
We will justify this later.

W{“Mﬁmmwmmmmﬁm The more complicated functions arise by
taking products and sums of the basic kinds of functions. Let's first look at products.

Example 5 find a particular solution for the following differential equation.
Y -4y 12y =re*
Y -12)

W"Mm&udumm mwmuww g\
frst reall 2 good idea but again we've aiready done the work in the first example so we won'tdoit g
:.";" We promise that eventually you'll see why we keep using the same homogeneoss
'?W*W*somuuumuwmumu L
maunmobsmumam“wwn B
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| Okay, let's start off by writing down the guessés for the individ

ual pieces of the function. Th
for the t would be € fuess

Ar+ B
while the guess for the exponential would be

Ce"
Now, since we've got a product of two functions it seems like takin
individual pieces might work. Doing this would give
Ce" (Ar+ B)

g a product of the guesses for the

However, we will have problems with this. As we will see, when we plug our guess into the
differential equation we will only get two equations out of this. The problem is that with this guess

we've got three unknown constants. With only two equations we won’t be able to solve for all the
constants.,

This is easy to fix however. Let’s notice that we could do the following
Ce" (Ar+B)=e"(AC1+ BC)

If we multiply the C through, we can see that the guess can be written in such a way that there are
really only two constants. So, we will use the following for our guess.

Y.(1)=e"(A1+B)

Notice that this is nothing more than the guess for the t with an exponential tacked on for good
measure.

Now that we've got our guess, let’s differentiate, plug into the differential equation and collect like
terms. ‘
e (1641 +16B+84) - 4(e* (441 + 4B + A))~12(e" (A1 + B)) =te
(164-164~12A4)1e" +(16B +8A4~ 16B-44-12B)e" =1e"
~1241e" +(44-12B)e" =te"

; |
Note that when we're collecting like terms we want the coefficient of each term to ha'v‘/e uﬂs\;t
constants in it. Following this rule we will get two terms when we collect like terms. Now,
coefficients equal.

|
4,

le -124=1

|
&,

44-12B=0 = BE=m=

36
A particular solution for this differential equation is then

154

. y,(:):."(__’___'.J=_.'_(34+|)e“

12 36 36
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