2) Linear First Order Equations

A differential equation that can be written in the form

dy
—+P(x)y=0(x)

dx

where P and QO are functions of X, is called a Linear First Order Equation. The

solution 1s

1
= [ P(X)O(x)dx
J.P(x)dx

where p(x)=e

Steps for Solving a Linear First Order Equation

1. Putit in standard form and identify the functions P and Q.

ii.  Find an anti-derivative of P(x).

— : : : x)dx
iii.  Find the integrating factor p(x)= ej .

1v.  Find p using the following equation
1
y=———0| p(x)O(x)dx
p(x)

Example

Solve the equation 2 By=5"
dx

Solution
Step 1: Put the equation in standard form and identify the functions P and O . To do

so, we divide both sides of the equation by the coefficient of dy/dx, in this

case X, obtaining

2 ly=x = Pwe-I. 0W=x,
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Step 2: Find an anti-derivative of P(x).

[ P(xydx= |- e —3jldx = —31In(x)
x x
Step 3: Find the integrating factor p(x).
X )ex =3 ln% 1
p(x)= SR _ g o A8 ")
X

Step 4: Find the solution.

o __ L (L
P [ PO (x)dx i | [xs ](x)dx

= xﬁ%dx =x3(—l+C]=Cx3 i
X X

The solution is the function y = Cx’ —x*.

Example
Solve the equation (1+x*)dy +(y—tan™ (x))dx=0.
Solution

Dividing the two sides by (14 x*)dx

d tan”'

s & P (Zx)=0

dx l+x X

dy o B tan ' (x) 1 tan ' (x)

. o = P(x)= , Q=
de 1+%° T4t () 1 ga*" = 144

J.P(x)dx = Il+1x2 dx = tan (x)

tan~! (x)

p(x)=e
i 1 tan™ (x)
etan (x) o etan (x) dx+c
4 J. 1+x"
z=tan(x) = dz= : <
1+ x
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P _

g™ Py _[e‘ x zdz +C
=xe —je:dZ+C
=igg —g +

=: [ -1
etan (r)y = tan—l (x)etan (x) _ etau (x) S C
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Steps for Solving other Form of Linear First Order Equation

There 1s another form of differential equation that can be written in the form

d
d—x+P(y)x - 0(y)
Y

where P and Q) are functions of y . The solution is found as follows:

1. Putit in standard form and identify the functions P and Q.
ii.  Find an anti-derivative of P(y).
iii.  Find the integrating factor p(y) = eJ il

1v. Find x using the following equation

1
S d
= [ P(NO)ay

Example
Solve the equation e*’dx+ 2(xe* — y)dy=0.

Solution

Dividing the differential equation by e*’dy to get

@+2x—2ye_”=0

dy

dx 2 -2y
—+2=2pe = PO)=2, 00)=2ye”
y

[PGYay 2y
=ée

[POYdy=[2dy=2y. p(y)=e
x= e%_[(ez}' X2ye_2" )dy +C = eYx= ZIydy +C

2

e?x= 2%+C Y. @ E= 0
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Reducible to Linear

+* The general form
dy
—+P(x)y=0(x)f(»)
dx
where the function f is ) to any power 7.
+ Also, it may be in the following form
d
—+P(02(1) = 0h()

where the function g and / are functions of ).

Example
d
Solve the equation LW = In(x)y"
de x
Solution

Dividing the two sides of the equation by y2

1 dy+—_1 ()
y dx Xy
Letz=l = %z_%ﬁ s @z_yzg
Y ac  y*dx dx o
——Z+—Z=ln(x)
x X
%—lf=—ln(x) —5 P=__1
dx x

-1
J'P(x)dx = J'?dx =—In(x)
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1
P(x) = QPO ) _ ) el“[ﬂ o
X
p(x)z = [ p(X)Q(x)dx+C
1 1
—Z'= —I—ln(x)dx +C
% X
2 2
x y 2 Xy 2
Example

d ;
Solve the equation d_y + xsin(2y) = xcos*(p)
X
Solution

Dividing the two sides of the equation by cos*(y)

1 dy +y sin(2y)

=% = secz(y)j—y+

cos’(y)dx  cos () % cos’(y)
secz(y)d—y+xzsm(y) =% = secz(y)d—y+ 2xtan(y) = x
dx cos(y) dx
Let z=tan(y) = ;=secz(y)@ 2 21 2
dx dx dx sec (y)dx
§+2xz=x = P=2», O=x
dx

jp(x)dx _ ex]

J.P(x)dx = IZxdx =x = px)=e

p()z = [ px)IO(x)ds+C

2
x-

e 2= J.exg(x)dx+C = ¢ tan(y) = 62

+C

K

. 2sin(y)cos(y) _ .



Another Form of Reducible to Linear

+ The general form may be as follows

da
d—x+P<y)x = 0(3)f (%)
3%

where the function [ is X to any power 7.

¢+ Also, it may be in the following form

d
d—x+ P(»)g(x) = 0(»)h(x)
34

where the function g and / are functions of x.

Example
Solve the equation cos(y)dx = x(sin(y)— x)dy

Solution

Dividing the two sides of the equation by cos())dy

2

& _smiy) A = @—xtan(y)=—x2 sec(y)
dy cos(y)  cos(y) dy

Dividing by x*, we get

1 dx 1
T ;tan(y) =—sec()y)

x* dy
1 dz —1ldx dx o
X dy x"dy dy dy
dz
———ztan(y)=—sec(y)
dy

j—z+ztan(y)=sec(y) = P=tan(y), QO=sec(y)
ig
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sin( ))
cos()

[ P(»)dy =[ tan(y)dy =| dy =~ In(cos()))

In 1

P(y)dy —In(ecos(y cos(y) V™! (cus :]
)=eJ O _ -ta(eos() _ laleos) _ - Leosr)

Py =sec(y)
p(»)z=[ p(NO()dy+C

sec() x % = [sec(y)sec(y)dy+C

Se‘;(y) = [sec’(Ndy+C = 30UV _ san( )
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Exact Differential Equations

Example
If /(x,y)=C and f(x,y)=sin(x)y)then

i = ycos(xy)+ xcos(xy)d—y =0, or
e dx

df = ycos(xy)dx+ xcos(xy)dy =0
ie, ycos(xy)dx+xcos(x))dy=0
o

From the above equation, we see that M (x,yp)= ycos(xy)=a— and
X

o

N(x, y)=xcos(xy) = o The solution of this differential equation is f'(x, y)=C.
id

Exact Differential Equation Test

A differential equation M (x, y)dx+ N(x, y)dy =0 is said to be exact if for

some function f(x, )

M (x, y)dx+ N(x, y)dy = a9 dx+g—fdy =df
A4

ox

. . _ oM ON
1s exact if and only 1f e
0y Ox

Example
» The equation (x*+ y*)dx+(2xy+cos(y))dy=0 is exact because the partial

derivatives
oM 7 § oON 0O
—=—(x"+ = 2%, —=—(2xy+cos =2
& ay( y)=2y ™ 3(vy (»)=2y
are equal.
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» The equation (x+3))dx+(x*+cos()))dy =0 is not exact because the partial

derivatives
%=£(x+3y)=3, aﬂ=i(xz+cos(y))=2x
dy Oy ox Ox

are not equal.

Steps for Solving an Exact Differential Equation

1. Match the equation to the form M (x, y)dx + N(x, y)dy =0 to identify M and
M.

ii. Integrate M (or N ) with respectto X (or ) ), writing the constant of integration

as g(y) (or g(x)).

1. Differentiate with respect to y (or X) and set the result equal to N (or M ) to

find g'(y) (or g'(x)).
1v. Integrate to find g(y) (or g(x)).

v.  Write the solution of the exact equation as f(x,y)=C.

Example

Solve the differential equation

(x* + y))dc+(2xy+cos(y))dy =0

Solution
Step 1: Match the equation to the form M (x, y)dx+ N(x, y)dy = 0 to identify M .

M(x,y)=x*+)"

Step 2: Integrate M with respect to x , writing the constant of integration as g()).
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Foy)=[M(x, p)de= [ (x* + y*)dx = %+xy2 +2(»)

Step 3: Differentiate with respect to y and set the result equal to N to find g'(y).

o[z ,
—(—+ xy* +g(y)J =2xy+g'(y)
oy\ 3

2xy+g'(y)=2xy+cos(y) = g'(y)=cos(y)
Step 4: Integrate to find (V).

[g'(wydy = [cos(y)dy = sin(y)

Step 5: Write the solution of the exact equation as [ (x,y)=C.

3
%+ xy* +sin(y)=C

Another Solution

Step 1: Match the equation to the form M (x, y)dx+ N(x, y)dy =0 to identify N .
N(x,y)=2xy+cos(y)
Step 2: Integrate N with respect to y , writing the constant of integration as g(Xx).
f(p)= [ N(x,y)dy = [ (2xy +cos(y)dy = xy* +sin(y) + g(x)

Step 3: Differentiate with respect to x and set the result equal to M to find g'(x).

0 ~T. 2 "
6—x(xy +sin(y) + g(x))= 3 +g'(x)

VHg)=x"1+y = g=x
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Step 4: Integrate to find g(x).

3

’ i 2 _x_
J.g(x)dx—_[x dx = 3

Step 5: Write the solution of the exact equation as [ (x,y)=C.

3
%+xy2 +sin(y)=C

Reducible to Exact

A differential equation M (x, y)dx+ N(x, y)dy =0 which is not exact can be
made exact by multiplying both sides by a suitable integrating factor p. In other words,

the equation
pPM (x, y)dx+ pN (x, y)dy =0

1s an exact equation for an appropriate choice of p.

Method to Find the Integrating Factor

ar_av
w If wz f(x) or Constant then p(x)= eJ e
N _au
o If Mz 1 () or Constant then p(y)= eI T

M
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Example

Solve the equation 2 ydx+ xdy =0

Solution
oM
M(x,y)=2y = —=2
Oy
N(x,y)=x =5 6_N =1
Ox
This equation 1s not exact
oM 0N
dy ox 2-1 1
= e P X
- e f(x)

o
J. f(x)dx—jxdx In(x)

F(x)dx i
=ej. =el{ ) =X

p(x)
Multiplying both sides of the equation by the integrating factor p(x)=x, we get
x(2yde+xdy)=0 = 2xpdc+x’dy=0

oM

which 1s exact because —— = 2x and 5_ = 2x, and the solution is
X

f(xy)=[2xyde=x"y+g(»)
6 2 e e ’
5(;; y+g(y))— x"+g(y)

FHg'(=x" = gu=0
g=[gWdy=C = «y=C
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