Chapter Three

Gamma & Beta Functions

I. Gamma Function

Definition

T'n)= o° x™ e™dx ;n>0
& ') =T(n+l) /n ;n€ER-Z%

Results:
(1) I'(n+1) = n I'(m) ; n >0 , where I'(1) = 1

(2) T'(n+1) = n! ;:n€ N ( convention: 0! =1)

(3) T(n) I(l-n) ==n/sin(nm) ;0<n<]l

In Particular;

T(1/2) = Vn

Examples:

Example(1)

Evaluate of” x* e ™dx

Solution

A x¥eTdx = of* x7 eFdx = T(5)

T(5) = T(@d+1)= 4! =4(3)2)(1) =24



Example(2)

2 o
e “dx

Evaluate o x "
0)'00 g 0 g R ij G T I'(3/2)
32= Y +1

T'(32) = T(%+1) = % T(k) =%in

Example(3)

2

Evaluate DJ‘D %2 g 2 dx

512= 32 +1

I'(5/2) = T(3/2+1) = 32 T(32) = 32.% I'(%) =32.%.\n = %n

Example(4)
Find r(-%2)
(W) +1 =%

T(-172) = T(Ya+1) /(5) = -2 T(1R2) = -2n

Example(5)
Find I'(-3/2)
(-32)+1 = -%

T(-3/2) = T(3/2+1) /(-312) = T(-12) / (-2/3) = (-2~n )/ (-2/3) =4~n /3



II. Beta Function
Definition

B(ma)= off x™ (1-x)"dx : >0 & 1>0

Results:

(1) B(m,n)= T(m) I(n) / T(m+n)

(2) B(m,n) = B(n,m)
(3) o/ sin®™'x . cos™'x dx = I'(m) T(n) / 2T(m+n) ; m>0 & n>0

@) of” x%' / (14x) .dx = Tq) TA-qQ) = T/sin(gn) ; O<g<l

Examples:

Example(1)

Evaluate ' x* (1-x) 3 dx

Solution

a T (lex)y de 8 [l=m) "k

=B(5,4)=T(5) [(4) / T(9) =4!.3!/8! =31/(8.7.6.5) = 1/(8.7.5) = 1/280
Example(2)

Evaluate [ = of' [ 1/ 3N[x*(1-x)] ]dx

Solution

f e 0J'1 x 23 (l_x)-lﬁ s 0J'1 o 131 (l—x)m']dx

= B(1/3,2/3) = T(1/3) T/3) / T(1)

T(1/3) T(2/3) = T(1/3) T(1- 1/3) =n/fsin(w/3) = =n/(N3/2)=2n/3



Example(3)

Evaluate [ = o' Vx . (I —x) dx

Solution

I = gf" 8% ([l—g)dx =o' " (T-x)y* "tk
=B(3/2,2)= I'(3/2) T(2) / T(112)

r'(3/2)= ¥r

I'(5/2) = T(3/2+ 1) = (3/2) T(32) =(32). Yaln =3n /4
I(772) = T(512+1) = (5/2) T(52) =(5/2). 3N /4)=15Vx /8
Thus,

I = (%in). 11/ 15z /8) =4/15

I1. Using Gamma Function to Evaluate Integrals

Example(1)

Evaluate: 1= o/° X ® e ™ dx
Solution:

Letting y = 2x, we get

I = (11128)f” y° e Y dy = (1/128) T(7)=(1/128)6! =45/8
y y

Example(2)

Evaluate: 1= of” Vx e ™3 dx
Solution:

Letting y =x° , we get

2

I = (13)f° y™ e¥dy=13) T(12)=z/3



Example(3)

—k xM
Evaluate: [= ojm -l e

Solution:
Letting y =kx" , we get

I o= [Li¢n.k@0eyg 09 o el oF v r1 rpn Oy plamelyn]
I1. Using Beta Function to Evaluate Integrals

Formulas

(1) of' x™ (1-x)""dx = B(m,n)= I'(m) T(n) / 2T(m+n) ; w>0 &a>0

(3) of™ sin®™'x . cos ™'x dx = (1/2) B(m,n) : m>0 & n>0

4) of” x¥' / (14x) .dx = I'(q) T(1-q) = I/sin(qgm) , 0<q<]1

Using Formula (1)

Example(1)
Evaluate: 1= of* x> /N2 -x) .dx
Solution:

Letting x =2y, we get

I = @) y> (1-y) " dy= 8n2).B3,12)=6402/15



Example(2)
Evaluate: 1= of* x* \J[(El2 I ) .dx
Solution:

Letting =2 y , we get

3/2

I = @72 vy Q-y)? dy= °/2). BG2.32)=2° 132

Example(3)

Evaluate: I= of°x V(8 —-x) .dx
Hint

3
Lett x* =8y

Answer

1= (8/3)of' v (1-y)" .dy=(8/3)B(2/3,4/3)= 167/(93)

Using Formula (3)

Example(3)
Evaluate: 1= of” dx / ( 1+x*)
Solution:

; 4
Letting x = y,we get

314

1= /4"y dy / (1+4y) =1/4). TAMA.TA - 1/4)

= (1/4).[n/sin(Y%.n)]l=na\2/4



Using Formula (2)

Example(4)

3

W2 2
a. Evaluate: 1= oJ”” sin” . cos ’x dx

b. Evaluate: 1= oJ”? sin* . cos’x dx
Solution:

a. Notice that: Zm-1=3 > m=2 & 2n-1=2 - m=3/2

1 = (1/2) B(2,3/2)=8/15

b.1 = (1/2) B(5/2,3)=8/315

Example(5)

a. Evaluate: [= OJ-mQ sin® dx
b. Evaluate: 1= 0_[“!2 cos’x dx
Solution:

a. Notice that: 2m-1=6 > m=7/2 & 2n-1=0 - m=1/2

I = (1/2) B(7/2,1/2)=5x /32

b.l = (1/2) BC 12,712) =5%/32



Example(6)

a. Evaluate: 1= /" cos'x dx

b. Evaluate: 1= of*" sin® dx

Solution:

a. 1= of* cos’x = 2 of** cos’x =2 (1/2)B (1/2,5/2)=3n/8

b.1 = I= oJ° sin®*k = 4 oJ* sin®k =4 (1/2) B (9/2, 1/2 ) =35%/ 64
Details

L
Example(1)

Evaluate: [ = Ojoo x % e Pdx
x=y/2

x® =y°64

dx = (1/2)dy

x®e?dx = y°/64 e .(1/2)dy

Example(2)

I= of” Vx e ™ dx x=y"

\(X: y]fﬁ

dx=(1/3)y”" dy

Vx e dx =y"e Y. (1/3)y* dy

Example(3)

Evaluate: [ = 0-[00 B kR g
y=iken®

X =y1fn/ k]!n

xm - ymm! kmm

dx= (1) yf”n-lJ/ K\ dy

Xm eka"n dx =( ym‘n]; kmfn ) e*}" (1/1‘1) y[‘”n_]]!' kl.l’n dy
m/n + 1/n — l=(m+l)fn -1

-m/n — 1/n=-(m+l)/n

I = T1ltn .k[m+l)fn)] Ojoc y [m+D/m—1] o -y dy



IL.
Examples

Example(1)

1= > x> /92 -x) .dx
X =2y
dx=2dy
X' =4y

V2 -x) =V2-2y) =2 V1-y)
X2 /N2-x) .dx = 4y* /2 V(1-y) 2dy

y=0 when x=0
y=1 when x=2

Example(2)

Evaluate: T= of* x* V(a®—x%) .dx

dx= (1/2)a y * dy
V@ -x*) =J(@-a’y) =a(l-y)"

1/2 2

X" Al @ =%") dx= 4y all=y)? (Day “dy

y=0 when x=0
y=1 when x=a

Example(3)

1= oJ7 dx / (1+x*)
x4=y

_. 14
Y

dy= (1/4) y>"* dy
dx / (1+x*) = /9y dy / (1+y)



Proofs of formulas (2) & (3)

Formula (2)

We have,
: th 1 m-1 n-1
Bloia)= o 2™ {—=%x)" dx

Letx = sinzy
Thendx = 2 siny cos”y dy

&
x™ 1-x)""dx =(sin’y)™" (cos’y)"™' (dy /2 sinx cox )

2m-1

= 2 sin ™'y, cos ™y dy

When x=0, we have y=0
When x=1, we hae y=mn/2

Thus,

I=2 ™ sin*™y. cos ™y dy

I = o™ gin 2™, cos™ 'y dy = Blmg)/2

10



Formula (3)
We have,
I=of” x4/ (1+x) dx

Let
v X LC1Ex)

Hence,x = y/1-y
,14x =1 +(y/1-y) = 1/(1-y)
& dx =-[(-y)—y(-1)] / (1-y)* .dy= 1/(1-y)* .dy

whnx=0, wehavey=0
when x—o0, wehavey = lim 4y, x/ (1+x) =1

Thus,
I= o/ [xT / A+x)1dx= J°[(y/1-y) ¥ / (U1-y)] . 1/(1-y)} .dy
=gl [v® #lisie ]ty

= B(q, 1-q) =T(q) I'(1-g)
Proving that 1(1/2)=+r

Tllay= o° 2™ % =" x4
Lety =X "

-
& =y

dx =2y dy
T2 = o v e 2pdy
=2 of" &7 dy

=2(Nn /2) = n

11



