Chapter one

Differential Equations

A Differential Equation 1s an equation that contains one or more derivatives of a
differentiable function. An equation with partial derivatives 1s called a Partial
Differential Equation. While, an equation with ordinary derivatives, that 1s, derivatives
of a function of a single variable, 1s called an Ordinary Differential Equation.

The order of a differential equation 1s the order of the equation’s highest order

dervative. A differential equation 1s linear 1f 1t can be put in the form

d'y d 'y dy
oo it X)) e +...+ al(x)g +a,(x)y=F(x)

a,(x)

The degree of a differential equation is the power (exponent) of the equation’s

highest order derivative.

Example
d d :
First order, first degree, linear 2 5y 3—y —smnx=0
dx dx
2 5
d’ d* d
Third order, second degree, nonlinear ;: + ;ZV _Y =
dx dx dx

Solution of First Order Differential Equations

1) Separable Equations

A first order differential equations 1s separable if it can be put in the form

M (x)dx+ N(y)dy =0



Steps for Solving a Separable First Order Differential Equation

i Write the equation in the form M (x)dx+ N(y)dy=0.

ii. Integrate M with respect to X and N with respect to ) to obtain an equation

that relates ) and x.

Example
Solve the following differential equations
d x
dx dx siny+ycosy
Solution
d 1
(a) —y=(1+y2)eJC = edx— ~dy=0
dx I+y
J.exdx—_‘. L —dy=C = & —tan” y=C
1+y
tan” y=e*-C = y=tan(e’ -C)

) & .x(2 X+ ) = (siny+ycosy)dy=x(2Inx+1)dx
dx siny+ycosy

I(siny—l—ycosy)dy—jx(Zlnx+l)dx=C

Isin(y)dy + _[ yeos(y)dy — 2_[ xIn(x)dx — dex =C

i | x
—cos(¥)+|ysiny— |sin(y)dy|-2| In(x)x —— | —x—dx |-—=C
() +ysiny - [sin(y)ay] [() o } .
2 xl
—cos(y)+ysiny+cosy—x2lnx+7—7=C

ysiny—xInx=C.



Notes

D ()& ()dy+ £(0)g,(y)dx =0 Separable

2) L (%) dy + /2(x) dxre0
g,(») 2 (v)

D [A@re Wy +[,(x)xg,(Wldx  Not Separable

Separable

Example
L=x. f(0)=sm(x), g)=y. g,(y)=tan(y)
1) xydy +sm(x)tan(y)dx=0 = xydy = —sin(x) tan(y)dx

y = sin(x) dip

= Separable
tan(y) x
o Z g 208 0 0 s By, B
y  tan(y) ¥ tan(y)
tan(y) dy=— L6 dx Separable
y v’
3) (x+ y)dy + (sin(x) + tan(y))dx = 0
(x+ y)dy = —(sin(x) + tan( ) )dx Not Separable



Special Type of Separable Equations

d
If d_y = f(ax+by+c); then let z=ax+ by +c and the resultant equation may
X

be reduced to a separable equation.

Example

' , . . dy _ 2
Solve the differential equation — tan"(x+y)
X

Solution
z=x+y = L1+ d_y
dx dx
d_y=%_1 = %—l=tan?‘(z)
dx dx dx
4z tan*(z)+1 = £ sec’(2)
dx dx
dz 2
—— = dx = cos“(z)dz = dx
sec”(2)

J.cosz(z)d:—.[dx=c = J.H(:(;ﬂdz—jdx=6‘

1 1.
—z+—sin(2z)—x=C
2 -
While z= x+ y, then the solution 1s

%(x+y)+isin(2(x+y))— x=C



Homogeneous Function

If f(Ax, Ay)=A"f(x,y) then f(x,y) is homogeneous function and »n

represents the degree of the homogeneous function.

Example
For the function f'(x, y)=x" + y” then

S (2, 2y) = (2)" +(AyY
— ilxl +}~2y2.
= ﬂf(x2 —I—y2)= Af(x, )
So, the function f'(x, )) is homogeneous with degree 2.

Example
For the function f'(x, y)=x+ »* then

(e, )= Ax+ ()

=+ Ay
= i(x + /?.yz)
So, the function f'(x, ) is not homogeneous.
Example
fe,)=x*+y*+5 (Non-homogeneous)
f(x,y)=x+xy+x (Non-homogeneous)
f(x,y) =cos(xy) (Non-homogeneous)
Flxy) =cosle’ £9°) (Non-homogeneous)
flx. )= COS[EJ (Homogeneous)
y
5
el = COS(—J (Non-homogeneous)
¥



Homogeneous Equations

The differential equation M (x, y)dx+ N(x, y)dy is homogeneous if M and N

are homogeneous functions of the same degree.

Example
D (x* + y))dx+ xydy =0
This is homogeneous because M and N are both homogeneous with degree 2.
2) (x° +y*)dx+xydy =0
This is not homogeneous because M is homogeneous with degree 3 while N is

homogeneous with degree 2.
3) xdx+(x* + y)dy =0

This is not homogeneous because /N is not homogeneous.

Solution of Homogeneous Equations

A homogeneous first order differential equation can be put in the form

P _ (z)
dx 5

This equation can be changed into separable equation with the substitutions

d d
y=2 = = o~ S
£ dx dx
d
Then becomes v x = F(v)
dx

which can be rearranged algebraically to give

dx av

—=0
X P=FW)



with the variables now separated, the equation can now be solved by integrating with

respect to X and v. We can then return to X and y by substituting v=y/Xx.

Example
Find the solution of the differential equation
dy _ x*+y°
dx 2xy

that satisfies the condition y(1)=1.
Solution
Dividing the numerator and denominator of the right-hand side by x gives

_ Ly o LtV
dx 2(y/x) dx 2v

= F(v)

1+v° B " 14" _3vz+1

v-F)=v+ =

) 2v 2v 2v
dx av dx 2vdy _0
x v-F) x 3+l

The solution of this equation can be written as

@+J. 21:dv =C = lnx+lln(1+3v2)=C
x £ | 3
3Inx+In(1+3v*)=3C = Inx’+In(1+3v*)=3C

elnx3+ln(l+3v3) — e3C — elux3 % eln(l+3vj} - e3C

2
PA+3)=C" = x3(1+3y—2J=C'
X

x4 8x7 ="



The condition is that when x =1 then y =1 and the constant C" can be found
(1)’ +3(1)(D)* =C" = C'=4

The final solution is x* +3xy* = 4.

Reducible to Homogeneous

If the differential equation has the form

dy  ex+tby+e

dx ax+by+c,

Fo

; b
Case1:if A=  then z=agx+by
az 2
. a b . .
Case 2: if —# b_ then intersect the two lines ax+by+¢ =0 and
a). 2

a,x+b,y+c, =0 to find the intersection point (4, k) and let

x=X4+h = dx=dX,and y=Y+k = dy=dY



Example

» : . dx  4x+6y+5
Solve the differential equation — = ———
dy 3y+2x+4
Solution
dy 2x+3y+4
dx 4x+6y+5
2 1
a1=2 612:4 — i:—:_
a, 4 2
b=3 b=6 = h_3_1
b, 6 2
al bl
So = = Case 1
a, b,
d d
Let z=2x+3y = &£ pgas
dx dx
dy 1(dz ldz 2 z+4 dz_3z+12+2

=—|—-2 = = = = —=
dx 3(dx ] 3dx 3 2z15 dx 2z+5
dz 3z+12+4z+10 dz T7z+22 2245
= == = —% dz.=dx

dx 22+5 dx 2245 7z +22
j22+5 de—[dx=C = jg—gx 1 de—[de=C
72422 7 7 7z+22

jgdz—j ? e dz—[dx=C

7 7%x7  Tz+22

2

—Z—ixln(7z+22)—x=C
7 49

%(2x+3y)—%><1n(7(2x+3y)+22)—x=C



Example
Solve the differential equation (2x+ y—3)dy =(x+2y—3)dx

Solution
dy x+2p—3
dc 2x+y-3
1
a=1 a =2 — @4, .=
a, 2
by=2, b,=1 — i=2
bl
a, b
S0 —F — = Case 2
aZ 2
X 2y —8 =0 e (1)
79 +y =3 =0 ... (2

= y=1
Substituting into (2), we get
2x+1-3=0 = x=1
The intersection point (4, k) = (L1).
Let x=X+1 = dx=dX
y=Y+1 = dy=dY
qr’ X020 413
ax 22X +D+T +D-3
X el g s dy X +2Y
2X +24+1—3 dX 2X+Y

10



dy _
X ,,r
- v=£ ey d—Y=1+2v=F(v)
X ax 2+v
dX+ dav ~0
X v=F(@)
v—F(v)=v—1+2v
2+4+v

2v+v -1- 2v vi—1

2+v 2+
% 22+vdv 0 = InX+ IZ+Vdv=C
X v-1
24v A4 N B _A(v-1)+B(v+])
v—-1 v+1 v-1 v —1

2+v=A(v-1)+B(v+1)

P

2 2

5 J- 1/2dv J-3/2dv C
v+1

InX —%ln(v+1)+%ln(v—l)= €

lnX—lln(£+l)+§1H(£—1) =C
4" ¥ g

(=1 )+§1n((y_l)—l)=C

In(x— 1)——1 ((*c— D 2 =)

Il



2) Linear First Order Equations

A differential equation that can be written in the form

dy
—+P(x)y=0(x)

dx

where P and QO are functions of X, is called a Linear First Order Equation. The

solution 1s

1
= [ P(X)O(x)dx
J.P(x)dx

where p(x)=e

Steps for Solving a Linear First Order Equation

1. Putit in standard form and identify the functions P and Q.

ii.  Find an anti-derivative of P(x).

— : : : x)dx
iii.  Find the integrating factor p(x)= ej .

1v.  Find p using the following equation
1
y=———0| p(x)O(x)dx
p(x)

Example

Solve the equation 2 By=5"
dx

Solution
Step 1: Put the equation in standard form and identify the functions P and O . To do

so, we divide both sides of the equation by the coefficient of dy/dx, in this

case X, obtaining

2 ly=x = Pwe-I. 0W=x,

12



