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Lecture-Ten

Boundary Layer Equations

1- Von Karman Integral Equation.

From the 2" law of Newton's and momentum equation for a C.V as shown in Fig.(1) the following
equations can be written

d — - >
YF=— [ pVdv+ [ pV(V.n)dA.

Y F, :p(u+a—udx)2dy—pu2dy+p(v+a—vdy)( +a—u dy)dx—puvdx

YE = p[u +2u—d +( dx ]dy puzdy+pvudx+pv— dydx+pu—dydx+
6v au
6y ay
YFE = p(2u—+u—+v )dydx

(dy)? = dx — puv dx

After disregarding second — order terms & Z—; = - Z—Z from C.E.

-'-ZFx=p(u—+v )dxdy (1)
The summation of forces on C.V may be written as

YE =pdy— (p+— dx)dy+ (rx +—’“ dy)dx—rxdx

YE = pdy—pdy— adxdy + 1, dy + a—;dydx —1,dx

% F = (- 52+ 5%) dxdy 2
Equating Eq s(1&2)
p(u—+ v )dx dy = (——+ar") dxdy (3)

Figure 1: Distribution of pressure forces on control volume.
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The shear stress is very nearly equal to
T, = ug—;; Substituting in Eq.(3) gives

ou ouy _  10p 3 9%u
p(uﬂ_l_ 175)— p6x+(p) dy? (4)
Table 1: Masses and momentum fluxes on control volume faces
Surface | Mass flux Flux of x-momentum
(1-2) ( ou ) u 2
— d -~
p ”+ax dx | dy p<u+axdx> dy
(3-4) pu dy pu*dy
(2-3) ( +6vd)d ( +6vd)( aud)d
plv 3y y | dx plv 3y y)lu 3y y | dx
(4-1) pv dx pv udx

From the Integral method of momentum equation for Von Karman integral as follows

foh( —+v )dy fh 1dpd +f vaz dy (5)

Where h isan undeflned dlstance from the wall to outside the boundary layer. Integrating the second term

in the integral by parts, we have

[fy vodyl = [vull - [fusidy - — - —(@)
From C E, vat y=his given by ;

d ou
v= Iy =~ [ 3t SRR0
Substitute Eq. (b ma)andu—U aty h
[fohvz—;dy]z—U fhaud +f u—dy ————(0)

CASE (A) j—z -0

Substitute Eq. (c) in EQ's (8.9& 8.10) and neglecting Z—Z =
h
Jy p(u—+ u—— Uooa)dy = -

fohp(z __U )d_’y—— _____ (e)
J-th (Uooa—— Zua)dy_‘[o _____ (f)
Slnceg_z a

ou

h
Jo P ((Uooa)—a(uz))dy=fo
TO:p:—xfohu(Uoo—u)dy
5
T0=p:—xf u(Uy, —u)dy

= b (=50

since h=96

To
pU%

(6)
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To _ ﬁ
pU% — dx )

Since 0 = [} 5= (1 —) dy )
Eqg. (8) is the Von Karman equation without pressure gradient dp/dx=0
CASE (B) 0

When the pressure gradient in Eq's (4 or 5) is included and from adding it in Eq. (e) as followes
_ldp _ dUoo

b dx o from Bournalli's Equation
NOthp (—U Z—z+ ZuZ—z— Uoodd%) dy = —1, )
g (U) = Unod ue
Z_:_ (uUs) — ua:: Substituted in Eq. (9) after multiply by (-1)
ol g = VoG4 u Gz =5 (uUo)| dy = =3
In above eqn. Zua—u:aaix
ohaa [u(u—Uoo] dU°°f (Up u)dy:_%o
0=l o (1——)dy
5d=f (1——)dy
"-;——(U29)+ U, 6ddU°°
;— U2+ 6+ 2U, dU—°°+U de;w
= U3 i Pt 20+6)Uu"2 10)
We assume
Cr = U —— and H = 7

Cris the frlction factor and H is the shape factor.

- 1 Vo
i + 0(2+H Ve (112)
From Eq s (10 and 11) the case of =0 &dU—"° =0
No gradient of pressure along the x aX|s
o _ o _1
pUL ~ dx 2 cf (12)

2- Approximate Solution to the Laminar B.L.
We have four conditions that proposed velocity profile should satisfy on flat plat with zero pressure
gradients.

u=0aty=0
u=Ugaty=46
ou
a—Oaty—6
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2%u
ﬁ =0aty=0
Let UL = A+ By + Cy? + Dy3 is a cubic polynomial will satisfy the four conditions.

From above conditions
Aty=0,u=0
==0=4  —————- ()

o)

Aty=46 u = U,
—=1=BS§+C62+D6° ————- (b)

o)

Aty—6 5—0

U _ 2
ay—B+2cy+3Dy

B+2C5+3Ds*’=0 0 0o————= ()
At y=0

Zyﬁ 0=2C+6Dy———>C=0 ————(d)
FromEqg.(c) = B=-3D6> = ————— (e)

From Eq. (b) B=%—D62 —— ==
Equating (e & f)
~3D§2 =~ — D§? —————D=——; B==

Hence a good approximation for the velocity profile in a laminar flow is

w _3(vy_1(2)’
Uo 2 (6) 2 (5)
Let us now use this velocity profile to find § (x)and t,(x). From Von Karman's integral Eq's (6 & 7)
o _ 4 fu (1 _ L) d
pU%  dx Y0 Uy Uoo Yy
3

Assume the velocity take the following form UL = 2—; — % in the B.L. Calculate the thickness

and the waII shear.

p‘iloz ~ @ O(SUZo (1 _UL) dy

;oU2 - a f ( 263) (1 - 33’ 263) dy

4

_d —_ . 2 —_ —_
dx ( + + )dy

To

pUZ 462 454 253 454 466
T d 63 9 6y* 3
To 4 (_X_L+L_Y___)dy
pUS dx“0 \28 462  46* 283 466
o _ d 3y2 9y? | 6y>  y* y’ ]
pUZ 46 1262 2064 863 28661
To _ _ 2 _ 9o i:l
pUZ T dx 5 5 + 5 8 28
T
°2 = —(0.1392) = 0.1392 —
pUS dx dx
. To = 0.1392 pUZ dé&/dx (13)
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At the wall we know that 7, = ug—ﬂ or using the cubic profile
y=0

ou — 2 _pg= 3
M B +2Cy +3Dy? = B = (-)Us
3

Equating the foregoing expression (13 & 14) for 7,(x), we find that

0.139pU% = = (Uoo %)
3

6dd = 0139pU dx = 10. 8—dx (15)
Fromusingatd =0 atx = O (the leading edge) Eq. (15) is integrated to give
_ : VE
6 =4.65\/vx/U, multiply by\/—E
_ X
& = 4.65 Tres (16)
Where Re, is the local Reynolds number. Substituted Eq. (16) in Eq.(14) giving the wall shear as

v
X Uy

0.323pU%
= R’e’x (17)

The shearing stress is made dimensionless by dividing by% pUS,. The local skin friction coefficient C;
its

T, = 0.323 pUZ

To

0.646 _ 0.646
—pU2 \/_ JRex
If the wall shear is integrated over the length L, the result per unit width is the drag force.
Fp = [, Todx = 0.646 pU, /Uy, Lv  Where t, from Eq. (17)

F, = %646 pUsL (19)

JRer,
Or Fp, = fOL Todx = To.L = CF.%pUZO.L since 7, from Eq. (18)

(18)

Fp _ 0.646 pU%.L _ 1292
%pUgo.L %p U%.L/Re;, Rey,
Where Re;, is the Reynolds number at the end of flat plate.

. CF:

(20)

Ex.1
Assume a parabolic velocity profile and calculate the B.L thickness and the wall shear. Compare
with those calculate above.
Sol.
The parabolic velocity profile is assumed to be

UL=A+By+Cy2
With three conditions
u=0aty=0u=Uy,aty=25; g—;anty=6 ~A=0

1=A+B&+C8%=BS5+C6?:
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0=B+C=*26
Then A=0; B =§ ; C=— 52 The velocity profile is
U _ ¥ ¥
@ = 25 52 (a)

This is substituted into Von Karman's integral equation (6 ) to obtain

A

2y 4y y3
N e L
_i[ZL_‘*LJFE__erZL_V_Sr
- 26 382 483 382 483 564l
d 4 1
== |s-26+36-15+36—24]
dx 3 3
d 4 1 1 1 1
—a[l—?fz—?frﬂ@
:1(30—25—3)5 iié‘
dx 15 dx 15
. 2,py2%  _____
“To= 15 pU dx (b)

Jdu
We also use 7, = u5| y=0
From Eq. (a)
2
To=HU Uoo g _____ (C)
Equating Eq's(b & c) we obtain

zd_5_
15'0U HUo

6dd = 15U— dx Using § = 0 at x = 0 after integration
6 x v

fo 6dé = fo 15§ dx

E 15X

2 =)

. § =548 /% - ———(d)

This is 18% higher than the value using the cubic profile, the wall shear is found to be

Ty = % Substitute Eq. (d)
_ 2uUq U;.o
To= 543 \wx
. 2 | v 0365pU%
7o = 0.365 pUs, TUm = JRes

This is 13% higher than the value using the cubic velocity profile.

3- Solution of Turbulent B.L. Power — Law Form.
The power— law form is

7 Re, < 107
o (X)l/n n= 8 107 <Re, < 108 21
9 108 < Re, < 10°

6
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The Balsius formula is an empirical relation for the local friction coefficient

1

_ v \a
C; = 0.046 (uw ) (22)
We have Cr :1;02 ——> T4 =Cf%pU§0
2 [>e]
1/4
s T = 0.023 pUZ (=) (23)

Substitute the velocity profile in Von Karman's integral Eq. 6 with Re, < 167
o _d 8|y /7 y %
=t |0 (1- ) )|
Ty == pUL— (24)
Equating EQ's (23 & 24) for t,, we find that
1

5% ds = 0.237 (&) ax

Assuming a turbulent flow from the leading edge L>>x; , from integration the above eqgn.
> 1/4
F=0237 (=) «x

4
After taking the root (4/5) and multiplied by (x/x)Y® gives the following

5 = 0.38 x (Re,)~'/? (25)
Substituting Eq. 8.30 for § in to Eq. (22) we find that

C; = 0.059(R,)™"/°* for Re <107 (26)
The drag force = Fp =10 A = Cfé pUZ (LW) (27)

Where W is the width of plate and Cs from Eq. (26).

Ex.2
Estimate the boundary layer thickness at the end of a 4-m-long flat surface if the free-stream

velocity U, = 5 ? Use atmospheric air at 30C° . And predict the drag force if the surface is 5m wide
a) Neglect the laminar portion of the flow
b) Account for the Laminar portion using Re.,;; = 5 * 10°.

Sol.

?Let us first assume turbulent flow from the leading edge. The B.L thickness is given by Eq. (25). It is
5 = 0.38 x Re,~/®
§=0.38%4x (=) Y5 = 0.092m

The drag force is using Eq's (8.31 & 8.32); Re = %

Fp = Cp %2 pUZ(LW) = 0.059(Re )™V/5 +~ pUZ (L. W)

5x4

-1/5
Fp = 0.059 ( ) #21+116%524%5=1032N

1.6%10~5
Re, = 5—4_ = 1.25 = 10° . Hence, the calculation is acceptable
1.6%1075

The distance is found as follows
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Ueox
Recn-t_ = 5 * 105 = —O:: L

5%10%%1.6%107>
X, = S e——— 1.6m

The B.L thickness at x; is found from Eq. (16) with
. x;, __ 4.65%1.6
6= 4.65¢R—ex = Jonos 0.0105m

To find the origin of turbulent flow, using equation of B.L thickness in turbulent as
0.38xr 0.38x§

5 =0.38x (Rey) ° = =
52

1
(5
v

[

= & (U%o)l/s where § = the same at end of L.B
/ 0.0105)°/4 5 1/4
= ( 0.38 ) (1_6*10_5) = 0.2663m

The distance x; as in figure is then
xp=L—x,+x'=4—1.6+0.266 = 2.666M
To find the B.L thickness at the end of plate using Eq. 8.30

* -1/5
§ =038 Re™/5 = 038 * 2.666 * (o)

1.6x1075
§ = 0.0662m
The value of part (a) is 28% to high when compared with this more accurate value.
T.B.L

Xt

4



