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and our limits would be u’s. Here’s the rest of this problem.

[ 2t\i-at dt=-
_ ___[_%(33)2J =é(33@—1)

We got exactly the same answer and this time didn’t have to worry about going back to t’s in our
answer.

So, we’ve seen two solution technigques for computing definite integrals that require the
substitution rule. Both are valid solution methods and each have their uses. We will be using the
second exclusively however since it makes the evaluation step a little easier.

Let’s work some more examples.

Example 2 Evaluate each of the following.
(@) ji(l+ w)(2w+w? )5 dw [Solution]

-6
(b) J 4 5= > dx [Solution]
L (1+2x)" 1+2x

1
(c) Ifey +2cos(zy)dy [Solution]

0
(d)J 3sin(§j—5cos(7r—z)dz [Solution]
3

Solution
Since we’ve done quite a few substitution rule integrals to this time we aren’t going to put a lot of
effort into explaining the substitution part of things here.
5 2 5
(a) L(l+w)(2w+w ) dw
The substitution and converted limits are,
1
U=2w+w du =(2+2w)dw = (l+W)dW=§dU

w=-1 = u=-1 w=5 = u=35

Sometimes a limit will remain the same after the substitution. Don’t get excited when it happens
and don’t expect it to happen all the time.

Here is the integral,
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Y (14 w)( 2w+ w? 5dW:l ® U8 du
=) 291
1 35
=—u® =153188802
12|,

Don’t get excited about large numbers for answers here. Sometime they are. That’s life.
[Return to Problems]

-6
4
(b) J 5= > dx
> (1+ 2x) 1+2x
Here is the substitution and converted limits for this problem,

u=1+2x du = 2dx = dx=%du

X=-2 = Uu=-3 X=—6 = u=-11
The integral is then,

-6 11
Jr . 7 > dx=lj a0 =2 du
L (1+2x)" 1+2x 2J) u

:%(—2u2 ~5In]ul)

-11

:1 —i—slnll 1 —E—SInB
2\ 121 20 9
=£—§In11+§ln3

1089 2 2
[Return to Problems]

1
(©) ery +2cos(y)dy

This integral needs to be split into two integrals since the first term doesn’t require a substitution
and the second does.

1 1 1
IOZ e’ +2cos(zy)dy = Iozey dy +j02 2cos(zy)dy

Here is the substitution and converted limits for the second term.

u=nxy du = zdy = dyzldu

N |-
U
c
I

Ny

y=0 = u=0 y=
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Here is the integral.
1 1 2 .r
IOZey +2cos(zy)dy = Iozey dy+;J‘o2 cos(u)du

z
2

> 2
:ey‘s +—sinu

T 0

1 2 T
=e2 -’ +=sin=—=sin0
T 2

1
:e2—1+3

T
[Return to Problems]

0
. (2
(d) J 3sm(§)—5003(n— z)dz
3
This integral will require two substitutions. So first split up the integral so we can do a

substitution on each term.
0

0
J 3sin(§j—5cos(ﬂ— z)dz =J 33in(§}dz —IiScos(;r— z)dz
z 3
3

T

There are the two substitutions for these integrals.
Z 1
du = Edz = dz=2du

V=r-—-12 dv =—-dz = dz =—dv
T 27

1=— = V=—o z=0 = V=r
3 3

Here is the integral for this problem.
0

J 3sin (éj—Scos(n— z)dz = GJ',(:sin (u)du +5_|'2”,, cos(v)dv
z 6 3

> +5sin (V)]s

=—6cos(u)

=3x/§—6+[—¥]
3

=¥ 6

2

[Return to Problems]
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The next set of examples is designed to make sure that we don’t forget about a very important
point about definite integrals.

Example 3 Evaluate each of the following.

(@ J_52 e dt [Solution]

(b)J > a0 dt [Solution]

Solution

()Jsz 8’

Be careful with this integral. The denominator is zero at t =+ and both of these are in the

interval of integration. Therefore, this integrand is not continuous in the interval and so the
integral can’t be done.

Be careful with definite integrals and be on the lookout for division by zero problems. In the
previous section they were easy to spot since all the division by zero problems that we had there
were at zero. Once we move into substitution problems however they will not always be so easy
to spot so make sure that you first take a quick look at the integrand and see if there are any
continuity problems with the integrand and if they occur in the interval of integration.

[Return to Problems]
b
®) J 2— 8t2

Now, in this case the integral can be done because the two points of discontinuity, t =+, are

both outside of the interval of integration. The substitution and converted limits in this case are,

u=2-8t du =-16t dt = dz=—%dt

t=3 = u=-70 t=5 = u=-198

The integral is then,

5 -198
J ®og=—2 [ Loy
3 28t 16.) 50 u

-198
=—=In|ul
4

70

—-2(In(198)-In(70))

[Return to Problems]
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Let’s work another set of examples. These are a little tougher (at least in appearance) than the
previous sets.

Example 4 Evaluate each of the following.

(a)j e* cos (1-€*)dx [Solution]

(b) J [Solution]

© Jg sec(3P)tan(3P)

= $/2+sec(3P)

12

dP [Solution]

(d) j_% cos(x)cos(sin(x))dx [Solution]
2 2

(e)J sv—m;dw [Solution]

1

50
Solution

(a)'[ "o cos (1-e*)ax

The limits are a little unusual in this case, but that will happen sometimes so don’t get too excited
about it. Here is the substitution.

u=1-e* du = —e*dx
x=0 = u=1-¢"=1-1=0
=In(1-7) =  u=1-e"""=1-(1-7)=x

The integral is then,

J:n(l_”)ex cos (l—eX ) dx = —I: cosu du

=—sin(u)|’

—(sinz—sin0)=0
[Return to Problems]

(b) J @dt

Here is the substitution and converted limits for this problem.
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u=Int
Ine® =6

t=e> = u=Ine?=2

The integral is,
b 4
J Mdt = j;u“ du

5
[Return to Problems]

©oly

sec(3P)tan(3P) 4P

(©
= 3[2+sec(3P)
Here is the substitution and converted limits and don’t get too excited about the substitution. It’s

12

a little messy in the case, but that can happen on occasion.
1

=—du
3

du =3sec(3P)tan(3P)dP = sec(3P)tan(3P)dP

u=2+sec(3P)
VA
= u=2+sec(2]=2+x/§

P=

b

P= = u=2+sec(%}=4

oy

Here is the integral,
Esec(BP)tan (3P) dp _lr u_% iU
= #2+sec(3P) 3722
12
4
1
2 242

1[43—(2+J§)§J

1(8—(2+\/§)§’]

So, not only was the substitution messy, but we also a messy answer, but again that’s life on
[Return to Problems]

occasion.
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(d)j cos(x)cos(sin(x))dx

This problem not as bad as it looks. Here is the substitution and converted limits.
u=sinx du = cos x dx

VA
X=

5 = u:singzl X=—1 = u=sin(-z)=0

The cosine in the very front of the integrand will get substituted away in the differential and so
this integrand actually simplifies down significantly. Here is the integral.

J‘_;;cos(x)cos(sin (x))dx = J'lcosu du

(),
sin (1) —sin(0)
(2

=sin(1)

Don’t get excited about these kinds of answers. On occasion we will end up with trig function
evaluations like this.

=sin

[Return to Problems]

2 2

(e)J' —dw
iw

50
This is also a tricky substitution (at least until you see it). Here it is,

u:E du=—i2dw = izdw:—ldu
w W W 2
w=2 = u=1 W:i = u=100

50
Here is the integral.
2 2
—d =—=| e"du
L W '[
50
1 [
=——e
2 100
_ 1 1 100
-5l )

[Return to Problems]
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In this last set of examples we saw some tricky substitutions and messy limits, but these are a fact
of life with some substitution problems and so we need to be prepared for dealing with them
when the happen.

Even and Odd Functions
This is the last topic that we need to discuss in this chapter. It is probably better suited in the
previous section, but that section has already gotten fairly large so | decided to put it here.

First, recall that an even function is any function which satisfies,

f(-x)=f(x)
Typical examples of even functions are,
f(x)=x? f (x)=cos(x)

An odd function is any function which satisfies,
F(=x)=-1(x)
The typical examples of odd functions are,
f(x)=x° f (x)=sin(x)

There are a couple of nice facts about integrating even and odd functions over the interval [-a,a].
If f(x) is an even function then,
a a
J:a f(x)dx= ZIO f (x)dx
Likewise, if f(x) is an odd function then,
a
[~ f(x)dx=0

Note that in order to use these facts the limit of integration must be the same number, but
opposite signs!

Example 5 Integrate each of the following.
@) ji4x4 —x?+1dx [Solution]
0 5 . )
(b) J:lox +sin(x)dx [Solution]

Solution
Neither of these are terribly difficult integrals, but we can use the facts on them anyway.

(a) '[f24x4 —x%+1dx

In this case the integrand is even and the interval is correct so,
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J‘_224x4 —x?+1dx = ZJ‘024X4 —x? +1dx

= [£x5—1x3+xj
5 3

748

15
So, using the fact cut the evaluation in half (in essence since one of the new limits was zero).
[Return to Problems]

2

0

(b) I:OO X° +sin(x)dx

The integrand in this case is odd and the interval is in the correct form and so we don’t even need

to integrate. Just use the fact.
10 .
X° +sin(x)dx =0
0

[Return to Problems]

Note that the limits of integration are important here. Take the last integral as an example. A
small change to the limits will not give us zero.

468559

9 5 . _ _
[, x°+sin(x)dx=cos(10) - cos(9) - = —78093.09461

The moral here is to be careful and not misuse these facts.
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Applications of Integrals

Introduction

In this last chapter of this course we will be taking a look at a couple of applications of integrals.
There are many other applications, however many of them require integration techniques that are
typically taught in Calculus Il. We will therefore be focusing on applications that can be done
only with knowledge taught in this course.

Because this chapter is focused on the applications of integrals it is assumed in all the examples
that you are capable of doing the integrals. There will not be as much detail in the integration
process in the examples in this chapter as there was in the examples in the previous chapter.

Here is a listing of applications covered in this chapter.

Average Function Value — We can use integrals to determine the average value of a function.

Area Between Two Curves — In this section we’ll take a look at determining the area between
two curves.

Volumes of Solids of Revolution / Method of Rings — This is the first of two sections devoted
to find the volume of a solid of revolution. In this section we look that the method of rings/disks.

Volumes of Solids of Revolution / Method of Cylinders — This is the second section devoted to
finding the volume of a solid of revolution. Here we will look at the method of cylinders.

Work — The final application we will look at is determining the amount of work required to move
an object.
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Average Function Value

The first application of integrals that we’ll take a look at is the average value of a function. The
following fact tells us how to compute this.

Average Function Value

The average value of a function f (x) over the interval [a,b] is given by,

1 b

avg :E a f(X)dX

To see a justification of this formula see the Proof of Various Integral Properties section of the
Extras chapter.

Let’s work a couple of quick examples.

Example 1 Determine the average value of each of the following functions on the given
interval.

(@ f (t) =t -5t + GCOS(ﬂ't) on [—1,%} [Solution]
(b) R(2) :Sin(ZZ)el_COS(ZZ) on [z, 7] [Solution]
Solution
(a) f(t)=t*-5t+6cos(zt) on [—1,%}
There’s really not a whole lot to do in this problem other than just use the formula.

5
:ﬁjitz —5t+6cos(7t)dt

avg 5
2
5
2
=3(1t3—§t2 +Esin(m)j
7\3 2 Vd .,
1213
T 6
=-1.620993

You caught the substitution needed for the third term right?

So, the average value of this function of the given interval is -1.620993.
[Return to Problems]

(b) R(z)=sin(2z)e"*** on [z, 7]

Again, not much to do here other than use the formula. Note that the integral will need the
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following substitution.

u=1-cos(2z)
Here is the average value of this function,

avg

() J';[sin (2z)e"**) gz
_1
2
=0

4

el—cos(z z)

-

So, in this case the average function value is zero. Do not get excited about getting zero here. It
will happen on occasion. In fact, if you look at the graph of the function on this interval it’s not
too hard to see that this is the correct answer.

Riz)
e 4 )
LAY A
II,.'- ||I 2+ JIIIlll_.' |III
_r'r |I 1 -I(.l" |I
Iy | ¢ |
L L | & | L L
-3 U S yd 1) 2 A
1 A 1 II i
|I 7 \ .:I
| 1
I| ."'lllllr -2 I' .-";
|III al.".l _ 3 IIII i
I\M, a "\._'J.r'.
[Return to Problems]
There is also a theorem that is related to the average function value.
The Mean Value Theorem for Integrals
If f (x) is a continuous function on [a,b] then there is a number c in [a,b] such that,

[*f(x)ax=f(c)(b-a)

for the proof.

Note that this is very similar to the Mean Value Theorem that we saw in the Derivatives
Applications chapter. See the Proof of Various Integral Properties section of the Extras chapter

Note that one way to think of this theorem is the following. First rewrite the result as,

rlaj: f(x)dx= f (c)
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and from this we can see that this theorem is telling us that there is a number a < ¢ <b such that
fog = F (c). Or, in other words, if f (x) isa continuous function then somewhere in [a,b] the

function will take on its average value.

Let’s take a quick look at an example using this theorem.

Example 2 Determine the number c that satisfies the Mean Value Theorem for Integrals for the
function f (X)=x"+3x+2 on the interval [1,4]

Solution
First let’s notice that the function is a polynomial and so is continuous on the given interval. This
means that we can use the Mean Value Theorem. So, let’s do that.

_[14x2 +3x+2dx:(c2 +3c+2)(4—1)

4

[1x3+§x2+2xj :3(c3+3c+2)

30 2 1
%:3c3+90+6
2
0:3c3+90—%

This is a quadratic equation that we can solve. Using the quadratic formula we get the following
two solutions,

c= ﬂ ~ 2593
Cc= ﬂ — 5593

Clearly the second number is not in the interval and so that isn’t the one that we’re after. The
first however is in the interval and so that’s the number we want.

Note that it is possible for both numbers to be in the interval so don’t expect only one to be in the
interval.
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Area Between Curves

In this section we are going to look at finding the area between two curves. There are actually
two cases that we are going to be looking at.

In the first case we are want to determine the area between y = f (x) and y =g(x) on the

interval [a,b]. We are also going to assume that f (x)>g(x). Take a look at the following

sketch to get an idea of what we’re initially going to look at.
¥

T

In the Area and Volume Formulas section of the Extras chapter we derived the following formula
for the area in this case.

b
A=["f(x)-g(x)dx (1)
The second case is almost identical to the first case. Here we are going to determine the area
between x = f (y) and x=g(y) on the interval [c,d] with f (y)>g(y).

d
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In this case the formula is,
d
Azj'C f(y)-g(y)dy (2)

Now (1) and (2) are perfectly serviceable formulas, however, it is sometimes easy to forget that
these always require the first function to be the larger of the two functions. So, instead of these
formulas we will instead use the following “word” formulas to make sure that we remember that
the formulas area always the “larger” function minus the “smaller” function.

In the first case we will use,

b
upper lower
A= PPEF) [ TOWET g a<x<b 3)
. function function
In the second case we will use,
d .
right left
A=J ( |g_ j—[ _ de, c<y<d 4)
. function function

Using these formulas will always force us to think about what is going on with each problem and
to make sure that we’ve got the correct order of functions when we go to use the formula.

Let’s work an example.

Example 1 Determine the area of the region enclosed by y = x* and y = \& .

Solution
First of all, just what do we mean by “area enclosed by”. This means that the region we’re
interested in must have one of the two curves on every boundary of the region. So, here is a
graph of the two functions with the enclosed region shaded.

¥

12

1.

0.8 y=of7

0.6
0.4
y=1
02+
| | | | | x
02 04 0.6 0.8 1 12
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Note that we don’t take any part of the region to the right of the intersection point of these two
graphs. In this region there is no boundary on the right side and so is not part of the enclosed
area. Remember that one of the given functions must be on the each boundary of the enclosed
region.

Also from this graph it’s clear that the upper function will be dependent on the range of x’s that
we use. Because of this you should always sketch of a graph of the region. Without a sketch it’s
often easy to mistake which of the two functions is the larger. In this case most would probably

say that y = x* is the upper function and they would be right for the vast majority of the x’s.
However, in this case it is the lower of the two functions.

The limits of integration for this will be the intersection points of the two curves. In this case it’s
pretty easy to see that they will intersect at X =0 and X =1 so these are the limits of integration.

So, the integral that we’ll need to compute to find the area is,

b
u |
A pp¢.3r ~ OW.eI‘ dx
. function function

:_[:«/;—xz dx

0

Before moving on to the next example, there are a couple of important things to note.

First, in almost all of these problems a graph is pretty much required. Often the bounding region,
which will give the limits of integration, is difficult to determine without a graph.

Also, it can often be difficult to determine which of the functions is the upper function and with is
the lower function without a graph. This is especially true in cases like the last example where
the answer to that question actually depended upon the range of x’s that we were using.

Finally, unlike the area under a curve that we looked at in the previous chapter the area between
two curves will always be positive. If we get a negative number or zero we can be sure that

we’ve made a mistake somewhere and will need to go back and find it.

Note as well that sometimes instead of saying region enclosed by we will say region bounded by.
They mean the same thing.

Let’s work some more examples.
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x2

Example 2 Determine the area of the region bounded by y=xe™" , y=Xx+1, Xx=2, and the

y-axis.

Solution
In this case the last two pieces of information, X =2 and the y-axis, tell us the right and left
boundaries of the region. Also, recall that the y-axis is given by the line X =0. Here is the graph
with the enclosed region shaded in.

¥

-
El

(S

Here, unlike the first example, the two curves don’t meet. Instead we rely on two vertical lines to
bound the left and right sides of the region as we noted above

Here is the integral that will give the area.
b
upper lower
A= pp_ — . |dx
. function function
:J':x+1—xe"‘2 dx

NPT
21 2

4
T 8 3500
2 2

2

0

Example 3 Determine the area of the region bounded by y =2x*+10and y =4x+16.

Solution

In this case the intersection points (which we’ll need eventually) are not going to be easily
identified from the graph so let’s go ahead and get them now. Note that for most of these
problems you’ll not be able to accurately identify the intersection points from the graph and so
you’ll need to be able to determine them by hand. In this case we can get the intersection points
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by setting the two equations equal.
2x*+10=4x+16

2x* —4x-6=0
2(x+1)(x-3)=0

So it looks like the two curves will intersect at X =—1 and x=3. If we need them we can get
the y values corresponding to each of these by plugging the values back into either of the
equations. We’ll leave it to you to verify that the coordinates of the two intersection points on the
graph are (-1,12) and (3,28).

Note as well that if you aren’t good at graphing knowing the intersection points can help in at
least getting the graph started. Here is a graph of the region.
¥

y=4x+16

With the graph we can now identify the upper and lower function and so we can now find the

enclosed area.
b
upper lower
A= pp_ - ) dx
. function function

=fl4x +16—(2x2 +10)dx

3
= J:l—2x2 +4x+6dx

3

= (—%x3 +2x° +6xj

-1
_b4
3

Be careful with parenthesis in these problems. One of the more common mistakes students make
with these problems is to neglect parenthesis on the second term.
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Example 4 Determine the area of the region bounded by y =2x*+10, y=4x+16, x= -2
and X=5

Solution
So, the functions used in this problem are identical to the functions from the first problem. The
difference is that we’ve extended the bounded region out from the intersection points. Since

these are the same functions we used in the previous example we won’t bother finding the
intersection points again.

Here is a graph of this region.

Okay, we have a small problem here. Our formula requires that one function always be the upper
function and the other function always be the lower function and we clearly do not have that here.
However, this actually isn’t the problem that it might at first appear to be. There are three regions
in which one function is always the upper function and the other is always the lower function.

So, all that we need to do is find the area of each of the three regions, which we can do, and then
add them all up.

Here is the area.
A=["2x* +10~ (4x+16)dx+ [ 4x+16(2x* +10)dx+ [ 2% +10-(4x+16) dx
=I_12X2 —4x—6dx+J’3 —2x° +4x+6dx+.|'52x2 —4x—-6dx
_2 1 3

3
:(Ex3—2x2—6xj +(Ex3—2x2—6x]
3 L3

5

1 2
+ (—— X3 +2x% + 6XJ
s 3

3

14 64 64
=t —t—

3 3 3
12

3
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Example 5 Determine the area of the region enclosed by y =sinx, y =cosXx, X :%, and the

y-axis.

Solution

First let’s get a graph of the region.
¥

1 ¥=CosX

b

y=snx

=
-

g

(=1
B

So, we have another situation where we will need to do two integrals to get the area. The
intersection point will be where

Sin X = C0S X

in the interval. We’ll leave it to you to verify that this will be x = 1 The area is then,

z ) 72
A:IO“cosx—sm xdx+I 4 sin X —cos x dx
T

=(sin x+cos X)E +(—cosx—sin X)‘Zj

= \/E—l+(x/§—1)
=22 -2=0.828427

We will need to be careful with this next example.

. i 1
Example 6 Determine the area of the region enclosed by x = 5 y’—3and y=x-1.

Solution

Don’t let the first equation get you upset. We will have to deal with these kinds of equations
occasionally so we’ll need to get used to dealing with them.

As always, it will help if we have the intersection points for the two curves. In this case we’ll get
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the intersection points by solving the second equation for x and the setting them equal. Here is
that work,

1 o
+1=—y°-3
y 2y
2y+2=y" -6
0=y*-2y-8

0=(y-4)(y+2)
So, it looks like the two curves will intersect at Y =—2 and y =4 or if we need the full
coordinates they will be : (-1,-2) and (5,4).

Here is a sketch of the two curves.

Now, we will have a serious problem at this point if we aren’t careful. To this point we’ve been
using an upper function and a lower function. To do that here notice that there are actually two
portions of the region that will have different lower functions. In the range [-2,-1] the parabola is
actually both the upper and the lower function.

To use the formula that we’ve been using to this point we need to solve the parabola for y. This

gives,
y=%+2X+6

where the “+” gives the upper portion of the parabola and the “-” gives the lower portion.

Here is a sketch of the complete area with each region shaded that we’d need if we were going to
use the first formula.
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The integrals for the area would then be,

A= [ N2x+6—(—2x+6)dx+ [ 2x+6—(x-1)dx
= [ 2V2x+Bax+ [ V2x+6 - x+1dx
- I::Zm dx+f1\/2x+6 dx+ji—x +1dx

4 16

3 3 °
_207 4Ly +[—1x2+xj
3|3 | |2 B
=18

While these integrals aren’t terribly difficult they are more difficult than they need to be.

Recall that there is another formula for determining the area. It is,

d .
ht left
A= “g_ - e. dy, c<y<d
. function function

and in our case we do have one function that is always on the left and the other is always on the
right. So, in this case this is definitely the way to go. Note that we will need to rewrite the

equation of the line since it will need to be in the form x = f (y) but that is easy enough to do.

Here is the graph for using this formula.
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The area is,

rd .
ht left
L A T Bt Y
function function

C

(.

r4 1
= (y+1)—(—y2—3jdy
J 22 2

r4 1
= —Ey2+y+4dy

J -2
1.1
—— Yy +-y +4
( 6y 2y yj

=18

4

-2

This is the same that we got using the first formula and this was definitely easier than the first
method.

So, in this last example we’ve seen a case where we could use either formula to find the area.
However, the second was definitely easier.

Students often come into a calculus class with the idea that the only easy way to work with
functions is to use them in the form y = f (x) . However, as we’ve seen in this previous

example there are definitely times when it will be easier to work with functions in the form
x=f (y) . In fact, there are going to be occasions when this will be the only way in which a

problem can be worked so make sure that you can deal with functions in this form.
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Let’s take a look at one more example to make sure we can deal with functions in this form.

Example 7 Determine the area of the region bounded by x =—y* +10 and X :(y—2)2 .

Solution
First, we will need intersection points.

—y? +10:(y—2)2

~y*+10=y* -4y +4
0=2y*-4y-6
0=2(y+1)(y-3)

The intersection points are y =—1 and y =3. Here is a sketch of the region.

This is definitely a region where the second area formula will be easier. If we used the first
formula there would be three different regions that we’d have to look at.

d .
ht left
-] o)t
. function function
I 2
_j_l—y +10—(y-2) dy

=f’l—2y2 +4y+6dy

The area in this case is,

3

:(—éys +2y° +6yj

-1
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In this section we will start looking at the volume of a solid of revolution. We should first define
just what a solid of revolution is. To get a solid of revolution we start out with a function,

y=f (X) on an interval [a,b].

¥

2
1
1
1
1
1
1
1
:
a

We then rotate this curve about a given axis to get the surface of the solid of revolution. For
purposes of this discussion let’s rotate the curve about the x-axis, although it could be any vertical
or horizontal axis. Doing this for the curve above gives the following three dimensional region.

Y

What we want to do over the course of the next two sections is to determine the volume of this

object.

In the final the Area and VVolume Formulas section of the Extras chapter we derived the following

formulas for the volume of this solid.
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